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WARPTEE N B ) WFFE IR AR LT JCvk L 2 A S B R AR T A7 7E.
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AR IR BT
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Bes, N dimV = dimnull 7 + dimrange 7. AT H A9 5 2 () FDGHH 0 PR A 32 022 BE A3 oG
SrN MG S ] DIk I 0 (BR T 7E 9D TS ol R A T L FH B X
PIAR).

o 4T ATNG T HRLME TR AR Z 0TS, AREAUELERBNE. &
ATLARPESE T, FRlE AR R A A B R e 45 R 1)1,

o B85 F . BFRAME T, vIKHIRGI TR/ T, X —AVER G T B A RHE
i, AREEEIRSIGOMEER, Hie “EmEss B] EREE SR B— R FIE. B
J& , XANEEERA T UE A 28 8] B RN MR T BT AR B E =M. AR
BIEABFEMT, R/NEIEGR TEEMEM. Filn, AR M N mi A 2 mE AT
XEAMLRE . ARG AR, nT Bk SE 5.

o 56 . AT T NS A, IR AR IE A SRR hr it 2 R AR 4 T HoR B 01
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MY PNZS I 3F 1 HXTHE (BRAEEAR D oD 15 b oS Tkt BN S ), 7R/ DET N Eoess 4 T2 00

X, FEBk SE WA SR T, DL 6C 1A St /N

e FR2f A PR s R MEAREUIR B RE ), 2 LU DR AT (T e e 1 e B SR O B2

HerEbR. BeE R Rl SOk E Y IR ECE R 2RI S . RO T TR, R

SRR IR DA E L S B E AR, JFEORTE IR Ea2. fE—1 iR, dHEEIA

AT 7 A0 2 Z ).

B BUE R T 5| FAFA I AR R — e Em B 8, X8 80 5 A AL M0

J7 RS 0 TR R .

EELEPHHESER

THE B EE R E R TSR, B EATE BB EHE. 2500, A

SRR T IR OGS, OB AR LA CEO T AT R ARG At

o [ 23 (A AR B AR A A R A B (2.34)

o LRMEMLFIEAE ! (3.21)

o WIRF=C, MAFHEMHLIELE (5.19)

o AR F=C, AL =MANAAE (5.47)

o MIPH-iiti FLZEANSFSE (6.14)

o MEhII-ia R (6.32)

o THEH (7.29 F117.31)
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o A FEME (7.70)

o F=CHHIE T FHEZ M it 3 (8.22)

o MR dimV =n, P4V ESCH n EAMERAEEEET 1 (9.37)

SFE YRR A E E g A 7

o MAZH I ANEH B T BA-L A H i+

o Mhnie/ NP, DHREEZ ARSI, G AR T HA TR F =
FARERER TR MBS (DL 5C Y ), XTI e 2 450F (UL 5D 5 ) FIScia 2 (O
7B A5 ).

o T A AL F Ry Z T (UL SE 45 ).

o BTG T PR/ NG (UL 6C 7).

o BT QR Jrfi AR B S /N5 (DL 7D 45 ).

o MAE, A FAH RIS T N—"NARZS [ 2 75 —A> (ATREANRIY ) NARZS [ PR, T
AMULGE T N— Nz [ 2] 3 SR (0L 7E 795 ).

o WAL 27 A IR, X S EORMIT AR, FHH4T SE s % (DL 7E 75 ) R s
(UL 7F 35 ) (kB 5 1R 37

o MK T A BRYE N FRAS (] L2 e i /N, R (B o, TEZRMELT B ioE
SO R K B SE (DL 7F ).

o BTHG T A EA IRAE(E B A WL A T8 /N (UL 7F 755).

o WG ARAS T iz @ e . iR 7 2AMRAEE maE2sm v E—081, W
FETER T ) SCRIE [ SR V i — 3 (I 8.9).

o HIHIE 9 METAMACEL, WAEFTMNLMER, — kA, ZEEMHERAKER. 175X 07E
A 2 AR E S, IR SO OO T .

o IR, DIIEARA G PR m s, flin, & XHERZS RAESAE 2R A mA 2 E A,
XLJFORE RO AME.  IESCFRM 11 53008 10.5 5.

TAHRIE L TABammEn, WAEHFRAESHE (REAR E/FL)
WA T ARG, YOREHRIM A, e AR AR AT E SRR AL
FIEE IE. A 7 i G FEAR.

PUII A P 2 A AR AR |

Sheldon Axler
[H 4 LM ST K2
Rk - https://linear.axler.net
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ARG LA 28 AL BB RN T ST 20 s, NS, AR a4
AR THCEER A ™, e BRG], W/ RERALAIRR TN, ZJ5 XAER
(] A B 0 E P 2B RGeS H b B STk e A A (e R — IR B AT
%5, WATFARFEA. IR AT, S AR IR AS T s AR 45 R0 3 A B SR A1

ABIEFZ NPT ARUSERE. ABRET ek 375 e FEB. A
AR RITA b FRUE] TR LTI EEREe, Hid i 2 B Rl T X — R el
. SEPURRP TR AE 30 ProR i T T iRE I, R A IR A A B >k B WA A 25
SR,

PRV AARZ, VR 2 ST DIEEF 2 0. X A sk =2 e, ik
HEEL— N, UARFZIRA R PTA STlik . {2 Noel Hinton, WAFINE [E 37 K22 1) — £ 5%
AL AR S DU R B A RN B E L A AT AR 2. X T oTBR e B B —fr, 3 eir 3k
PRAERGE T Ry, 7 5!

TR RS TR IR T ZE B 5 T IR B, I AR VFIR B el AR S 0 N A AU R Ak
FE. R R M T P AR G R e, AT S IR e R T IX I H——Loretta Bar-
tolini 25 T 8B WURR TAEAYATE5R47, 1M Elizabeth Loew 25 T 28 PURR TAERY G 300, TRVIER
i David Kramer, i EH05¢ 08 7 gl TAE, JHIFRE % T2 AR

A ZRER IR IR 4715, Carrie Heeter. fiFHARFL, seihdk, MIRMALUILET X —
BRIRAST TAE. ERANSIELRED, ALV Moon (BB IRIAE “CT1EE” 1)
RIS T — KA R, MIZEAR T 5EZ PR, Moon ZE4RFE T IR,  FRATARIEEA b
B TR R AR SO,
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. AEARE, B R E S RIS AT AR R

TESNEARKT, NSRS S RO — 0T, il 275 21 S F) e BRI B TR 220 ) DL i
PRI, FAl PR A 28 SR S S A P T U

FOAT AT TR = 2 s (X e ] HE )] R R C, BB A 3 ) s A
FAPRE2IIE, E=s e A 2 BRI B ik s ks e 5.

i, BOMEHeT=m. PaBZ TrEsE, RN TEZTES. fa, RAx
FETZRBA CGERITTRIIFE ) ST A EM CGEUITAHZEG IR ).

B18gsi04 S|IN ‘lusewn( siNo alslg

= ' WS e
BA#HA - & F R (René Descartes ) 1 324 E & 2 A % #F ( Queen
Christina of Sweden ) #f#4Leg TAE. S F R T 1637 F L KT A@mA-%
ARRAGEF@AALE, B E A W EHES

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]
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1A R" F0 C"

EH

RRIZC AR T LBES R AR, KWEE, B T iERATAT LIRS 7
M. ARSI -1 AR, BHM o, JF L EEsra s AR, ExC
SE N

1.1 EX: £# ( complex numbers ), C

o —NEHE—NTHITX (a,b), Ha,b e R, AIKRMSIHEXE K a + bi.

o EREHITHIRMESH CFoR:

C={a+bi:a,beR}.
o C L% (addition ) F15€:% ( multiplication ) & XK
(a+bi)+ (c+di) = (a+c)+ (b+d)j,
(a + bi)(c + di) = (ac — bd) + (ad + bc)i,

Hdra,b,c,d eR.

&

W2k a € R, IRATATHE a + 01 FFEFRITIA o thil, FATK RUN C AT FRATER
B 0+ bi IS bi, K0+ 1 51 L

ERE RIS E AR T XA R 748 - B4 (Leonhard Euler) 1777
W): SRRSO = -1, JEH—RAN  FEARAES DRREA V=T
WKt TR A3, P E B R Bk e SR 2

ir=-1.

AEEBEPAZHORRM A HENICE 2 = -1, s AN (78 1.3

2 ), PREVE T DS EEDEHE T R, T ORA B Tt f.

12 fil: SPMEREZE
iz 1.3 s s B E BRI AT S 4Pk, FTRABRE (2 + 31) (4 + 51) A1
(24 30) (4 +51) =2 - (4+5i) + (3i) (4 + 50)
=2-44+2-51+3i-4+(3i)(5i)
=8+10i+12i— 15
= —7+22i.

AR DL, ZEOINE RIS EORE BA TN ARSI AFA T B r R
FE.

(BRI ZZAEF) (% wri ) Sheldon Axler [F] FARik ., e [#]
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1.3 SHHERMER

A] 32 ( commutativity )

XFA a,BeC, A a+B=B+a L] af = pa.
AT A1 ( associativity )

SFTHA a,8,1€C, #HE (@+p)+A=a+(B+2) LK (af)d = a(BA).
B4 T ( identities )

MTH1eC, WA A+0=aL ka1l =a
fniEi# T ( additive inverse )

XTEA @ e C, M B e CMlifGa+p=0.
%% IT ( multiplicative inverse )

TN aeCHa#0, #AFAEME—T B e CHH B =1.
S ECHER ( distributive property )

XFRA A,a,B€C, #A A(a+p) = da+ 8.

LI O] FHEA AR B SR M ROk | ZRORIEIE SGIEW]. 3% N R I BT s
T UNRE ] B2 RORIE B ] St G Al 5T T D B A D

14 B SHFEERZHE
N T UM THA o, p € CHIA of = pa, B
a=a+bi H p=c+di,
Hrbra,b,c,d e R, B MG E LG
= (a + bi)(c + di)
= (ac — bd) + (ad + bc)i
D93
Ba = (c+di)(a + bi)
= (ca — db) + (cb + da)i.
K L PGS & SRR LS SEBOIE A vl Sk i 45 o = Ba.

Tk, BATE CELEINES O THE DT, K5 HIX LW ITE R BAIEMBRLE
B

1.5 TX: —a. Bi% (subtraction) , 1/a. &% ( division )

i o, B € C.
o & —a F/N a WINEMIG. T2 —a BME—H15
a+(—a)=

RAILER 8 #TNO

(EPRE P IZEAEFE) (FHwRR ) Sheldon Axler [#] FARiE . A [i#]
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o C LIREME S

B-a=p+(-a).
o MT a#0, & 1/afil L TR o WIREYTT. T2 1/ ZHE—HE

a(l/a) =1

BT
o X T a+0, BRI o WEXH

Bla=p(1/a). .
RAET R E X, WETUERX TSR 2 Fctid ey e 2, AR T iIES.
A, FAERREC. .

B, ARFATIEN] T — 0 & F e R, AT E Y F 984y R 8¢ C i), X4
JE PRI T Y.

FF T E NARSE (scalar) . s@%y, ®AFHF ZBEA R A C AAFIRE
Ui BRI R , AR (field) #9554
(P gt SO) I, SR “Prid” X (BERZE 80 B ERRIA T ).

YT @ e F L —DIEREE m, FATEX " F/R o HFE m IR

d"=a- .

———

mia

XAE XA, X T A o, B € F FIFMAT RS m,n, £
(am)n —a™ K (aﬁ)m — a,mﬁm‘

A

TERE LR FIC Z R, FAEHE AT ERH] T

1.7 #l: R>FAR?

o W R? (ARn] LUK HARNE—AF 1 ) S22 e SE80us Ik iy 4645 -
R*={(x,y) :x,y €R}.

o HE R (IR] LUK HAUAE I 1 =4S 1a) ) R if i S8 = e i s B 5
R ={(x,y,2) : x,y,z € R}.

A R R S = AR, ATE o B e A A

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]



1A R" f= C" 5

1.8 EX: 4 (list) . KE (length)
o MR n BARGFUEEL. — M KEHN n AR n MEIFRICE, XL REERE. H

(U PETE I SRR N
o WIAMULZMAER, 4 BACYEATHA MR A BRI AR R HES AR TR,

HREE Y, BEHhrRLE Sy WERFERKREA n AR A n TA (n-
WEIERIEE SE k. TR, KR 21045 tuple) .
= MNEFX, TSR (a,b). KEEH 3 HME AP =J08, WTUSIR (x,y,2). KE
N n L] R R XY

A IFA T A — MR MA R . HEiFict, e X, BHEMEAARK
B, H KB RARREEL I, XTI (x,x, .. 0) BING, FRATATLABLE “BATRMK
BE”, FrLVEARA.

—MMREER 0 ABERARRZEAEN: (). FATFRXEERXIRERLL, &R T l—LE A
HBF LR IAMETE.

HGARIEAPTT I ZES . (A, WIFRE S, JFHERRA S W M eLa i, i
BRIENEAS S8

1.9 #l: AVS&EH
o 4 (3,5) Ml (5,3) EAAHAERY, (HEES (3,5} Fl {5,3} JEAH%RY.
o Al (4,4) Fl (4,4,4) EAMER (KEARSE), (HES (4,4} M {4,4,4) HETHES {4},

FE 5 R? AR RISt %, JATKE R F (5T R C) FFENK 2 0 3 #
AT B ) T B R ]

1.10 i25: n

TERTEFIRNET, B n BOYHE—FE 2 19154 .
111 EX: F', #%5 ( coordinate )
F' 22K EA n > F HIoR A siE 4
F' = {(xi,..., X)X Fk=1,..., nf x; € F}.
X (xp, .. xp) e M kedl,..., n}, AR xp 2 (x1,. .., xn) PSR k A-88%R. .

WRF=R, Hn%T 2803, 2 F i EidE L S5HTm R? AR #Y2E AV &

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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112 4]. ¢c*
C* Fb 2 A i DU S B AH I 2 TR I 2R

C4 = {(Zl’ 22,33, Z4) $ 215225 73,34 (S C}

WA n >4, RATHTERN R T8y THBREE - A - SUa4F (Edwin A, Ab-
WS 25, C! AT LAREIAE—ASFm,  bott) 49 (F@E ) (Flatland: A Romance of
HEWT n > 2 15E, NG L 1 ¢ Many Dimensions ), 3+ HABRGE T £ &
AT, AAT, BME n AR, FefidmTiitn & R 8924 R defTikde R 69 AR K
7E R? 8§ RS tPIRKERTEb7E B vhb T tse T 1884 9 il if AR A B 1Rk 48 5 v 2
B pln, PR inkiE e LnE. Ea@=E SLE R R0

1.13 EX: F* g% ( addition in F )
| Qe SR )11 7SRy <8 DIV o ransya | i D)1

WRFAME B F RN n DAL, AR B HARARRIE, TEAERT LI
AT HLRIRAT O B BRI, BN, ERRIERE ORISR, FRATHIAE F* iy x My,
RPREHAERA T (xr, . oux) BT (s ) REEESEBAAGIC S

WHRx,yeF, A x+y=y+x.

WEER B x = (x, ..., x,) €F Hy=(y,..., v,) € F. A4
x+y=(x,..., X))+ iy eees V)

= (X1 + Y1, X+ V)

= (Y1 X1, Y0+ Xn)

=(Vise--s V) + (1,0, Xn)

=y+x,
HPE - AFEIANEERALZETF W MEEN, F=AFFTRALZENF F kiR
WO T R m

AR FSA RS Byt i A5 BART RV
LAEIEN AR, g R — AR L AE R TRk R, flan, i x e B, AL x
T (v x) RAFRACE, W0 EEAGEMIPTUR. WURTTATRONE, R x fR e Bl
JFH AR 0 4

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]



1A R" fo C" 7

X BIATUAM R 8 77 A~ 00 78 EISEMZAD, £55 0 R KEN n 194,

B P PHOLE; EAL, B 0MF R — 8L IMATRES NNRRIMIL, e EAS
TSR, PO AR b SCSRE A TR 2R 0.

1.16 f: R#E LT XHERERAEWEH 0
g (002 P AT XKk
XSTTFRrARx e F*, HAx+0=x.

ALY 0 52 1.15 g KAYZH, TARE 0, BEATRNIFAE P ot (HAbR ) A0
Ko mlmik.

FIEA B TR B ERAR. Fofi M 7E R? ha kil
., RTRATATLIAE —4Enggeim (angR e iisE%e L) (@,b)
AJIXANZS ], R PRET R RS v = (a,b). AR v
BATAK v B, TIHERMESTFE . 5 (a,b) 45
HIF Sk, WEFTR. SIRATHE R o= B VER LN,
FATHARE N EE ( vector ) . T R2 9 EAA 5 XA E.

S HE R TP R AR AT, FRATAT LA % P4

2 (AR ERREST ), I BRI B R m . //r

HEE AL, IR A bR 5 AR AR T R % R g i (AR
I ), AR T A T AP AR 3 R R T S A
[ R BE AT ], BT AFRA A R B A 1 T 1) —AEE.

HHATH R Hp i B sl s A i g Ff A7 SE RO A BEa et TICAE, askst FURA )
FA TR, MRV PR ZHT S M BB A A, BRI w4z [ P Ry, B
JEIX LA [ TR I R BYTCR —REA A TR I E X

B, (2, -3,17, 7, V2) B RS fl—AeE, LZFFFORFBUTRAXTALE, 4

AT /R QA JERR S R R — AN B R o s xsono s ALFRATL, KATLAR A RO

f—AN T, TCAEHL R LTSGR TAPR. AR 2 A Rk A LT 7 i R AL 2.

(HE7E -0 Ko, KRBy ERORARST. B, &A16F
Al R L

BHZ—T, A4 Fr hPi TR Z e
X, SRR ARAR AT I B B e (0 113). BERA MBS, 16 R® XA
b, Ik BA R LR, v

BRI TARIE R? Ry P i L AL 38 v SFATE30, u
SRR A S« MR GES, WAEPR. B4, ubvZ
Flu+v BRFTIRT u MRS, 1T v IR .

TEFE TR AE SO, HATH s B A R 0 241 0 € B~ GOk i)

u+o

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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1.17 EX: F* bpyniEiEst ( additive inverse in F* ), —x
XFx e FY, x WIGEETT, 10/E —x, e PR E —x e .

x+(—x) =0.

HE, s x = (x

R i [ e A T e KRR RS 1 AL 7 o )
L, R P B T ORI RE A e . TE A ////////ﬂ
FFL, BRI —x 1SRRI, x (0 LA AR, (1 [///////
SR 7.

FHESE BRI . SR TR, TkfiAny  — AEASmEEL.
DU I L T 5 X F g . BOE B PIATEEE , AT TR A A bR, A5l
PR R, RN, SR R TSR B . R, ORI
e, ORI TIHERRG. ELRHEE, AT R SO B P — R R TRLL F i —A T
LRI AE X

1.18 EX: F* HEFRERE ( scalar multiplication in F" )

A5 F PRy R 3R ( product ) Sl il Bk ] B Y4 — AR BRI L A 1A 2
HY:

At A eF H (x4,..., x,) € F*.

&

bR R DEA R L F P ORERER— MRS aE
B M AS>0Hxe R, 4 xiiesx &R, FE—A@mE. AT, RRXR P
SRR LR 9 A ik, gl SRREASaEAR, FE-AE £
Yo, WTER e, RABE x gk gmks R OoFF, ERGES BAKRFREIL
JFEORIG A, BT RIS RERIYCT A 2/ 1 IREKT 1.

MR A<0HxeR?, 4 xS x
FRIA HACRE R x 19 || 5w, dnsbkk

3
7. —2¥
X 1
#/
R Rk
X TR IME

—MMEEXAE—FES: BREEELPHNAFRNICE (BRIEOM 1), HAarfA e 1.3 h5)
A TE RN RIS s AL A, R AT C BRI, & ST ANk AR ks A A B
BEGWRE. BN — I 2EE (0,1}, BERAEENINERSREZR, RT 1+180E
ST 0.

(BRI ZZAEF) (% wri ) Sheldon Axler [F] FARik ., e [#]



1A R" f= C" 9

TERAF A A S SER R A C ZAMYBATECE. 2R, LrEErhF 2@ T R
FIC BE X E BAEN]JCHT S B Al 7 HAAE A B0 iGr. fEX AR h i 2o (bR
TH 6 WA TR, XM ), R DL F & SRER AL (TidE R A1 C),
WERIR S VOXREM TS, A LE4REL “F J& C” i, X Tiksei it (BRI T NI Ry
S8, ARKHEAR AT LUK X — AP el “F 2R CERE AR EH R B0 F P2
AR ). —SBER, Bl 1C 352813, TEAEF LIRGE 1+1 #0.

= S 1A >

1. a+B=B8+a X a,B € C 7.

29 (@+B) +A=a+(B+) XA a,B,1 € C T,

3 EM: (af)d = a(BA) MITA a,B,4 € C WAL,

4 iEW: A(a+B) =da+AB XA A,a,8 € C 7.

5 EH]: XME— @ € C, HBAELEME—1Y B e C il a+B=0.

6 WEH: XfE—aeC (a#0), M B e CflifHap=1.

7 UEH .
~1+3i
2

SR (BRERNSL FET 1)
8 K i MM AHR TR,
9 3K x e R* flify
(4,-3,1,7)+2x =(5,9,-6,8).
10 RN A AR A € C T
A2 -31,5+4,-6+7i) = (12 - 51,7 +22i,-32 — 9i).

11 iEH: x+y)+z=x+(y+2) XA x, v,z € F* 07
12 W : (ab)x = a(bx) X x € F" #l a, b € F i{07.
13 ER: 1x = x XA x € F* BT
14 W : A(x+y) =Ax+ Ay XA A € F flx,y € F* i07.
15 iEH: (a+b)x = ax + bx X a,b € F fl x € F* {57

UL SR, 1 — 5 F 20
CHAKLE. ” EWZIE, “REANE T
—3x| G - FF R (Lewis Carroll ) (& 245 418132 ) ( Through the Looking Glass )

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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1B MEZFEPEN

A8 S 2S [E SIALIE T Fr Ao FbR s dk bR . ik R A ZS S, JFE
AEETC; BATCEMA — D IEIs; bkl 24565 5 1 Eirm Rk stgak a1 mi
FIARRE AN AR IR TC R 5 TN RN o TR 3 o 7 L ok R ke

AT = g A —MEG V, XNES V BAW R E— BB B i fds &

1.19 EX: W% (addition ), #RE3€i% ( scalar multiplication )

o HHV ERMER A EE, EHE—Xu,v e VN -ANTER u+veV.

o BEHV LMIRERELE TR, BHED 1 € F BN v € VXN E—ATTHR
Av evV.

IAERAMSRLT TR R IHES, WL 1 2s Al g e T
1.20 EX: EEZE ( vector space )
— N EEFEE-NMESR V, V EAINE R R ke T SR
A3t ( commutativity )
MFHAB u,veV, BA u+v=v+u.
A& S ( associativity )
XFRA u,v,w e VUKIIE a,b e F, #0H (u+v)+w=u+ (v +w) LIX (ab)v =
a(bv).
HRi%IEZ TT ( additive identity )
MFHAveV, AFIE0eV i v+0=y.
fniEi# T ( additive inverse )
TN veV, BIFEw e VIR v+w=0.
5eiE1EZ T ( multiplicative identity )
SFHAveV, #A lv=y.
SBECER ( distributive properties )
YT u,veV LN a,beF, #4 au+v)=au+av H (a+b)v =av +bv. .

LA B LT 5 A A B T34 VLR A

121 ZEX: [= (vector) . = ( point)

[ 4525 [8] A U R PR M B .

)5S (6] [ bR v T F e b, M| ATFERBESEYInN, A& UL Y
= F EREEZSE ( vector space over F ), TMIAZULUL V 2— &=, 41, R &R
AR ESE], T C JE C A As ).

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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122 EX: SEEEZE (real vector space ) . EEEZIE ( complex vector space )

o R I yfa) i s [ A 5 i) fi 25 ).
o C iyl i 2 [ A A 1] 2 ().

&

W, FRPERCEE 2 nT LA BRSO, ZEATRERE. NI —BHBOE F RS T
WwEh, MCH LR R E.

A I AR R R s B RAENAEENE (0}, EREE—AA
2 F Erym sl (URN HATRIEX — ) . F 37 3eA ] w25 () 54tk 1 3l K.

123 fl: F®
Fog O Fh oo Ry 7 91 It i 4645 -
F* = {(x;,x2,...):x €F, P k=1,2,...}.
Fo AN AR ek i) SCHAnFAT U Y —F -
(22, .. )+ (Y2, .- ) = (X1 +YLx2+Y2,.. ),
A(x1,x2,...) = (Axy, Axa, .. L),

A TXEE X, F gion F R R asE] (/RN AATHE ). 34 e 2 6] H A Ik 1450
24 0 )75,

T A A i) S A ) S B — 1 R B

o R S E—NMES, IBAFS FmM S 3| F BRTA BB R ES .
o Xf T f,g € FS, Ff +g e FS S U XWREL: X THiAE x €S,
(f+g)(x) = f(x) +g(x).
o XfFAeF 5 feFS, TIAS e FS 2l FaUE XAIRE:. X THif x e S,
(Af)(x) = Af (x).

&

2N FIRIC S RG], S S EXE [0,1] B F =R, Jf4 RIGU ZA ke X ]
[0, 1] b S PREUTTHI B SR
PRI S A ATIRIE T ] F R 25 i = 5 458

1.25 fi: FS 2— 1 EEZIE
o WA S B AETES, IPA FS CHFf a8 LU bk Aibr ek ) & F L2 ).
o FS ik o2 T LR 0: S > F: X TUfAxes,

0(x) =0. 2T E

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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o MTF fe¥S, fRIMERTCRM FAEXHRE -f: S - F: T xes,
(=f)x=-f().

s ) B R RS ) BS B — M), WA RIGT 8T KA [0, 1] kag sk
FNEA (x,....x,) € B BATgifE—4 EEE, mARL &%, aEEmE—,4
MAES {1,2,....n) 5 F (9RRE x, RENG  WFESK, ALETRZL, RHATIEN
(x1,..., xn) PSR ke NAARE AR x (k) THIASZ: X SRS
SRR, s, AT B B FO2m . i, FATHT LI Fo B U2,

RGBA PR B i 23 [0 21, (HAELZ T, FAl 175 2SI 1 i 28 (] i —SE AR
PR

I f 23 8] (952 CESREAFAEMENEAETE, ML PR A R X ME SR ME— ).

1.26 fnik1E%E TE—

— A i S [ A E— PR A E ST,

iEAR R O0fO BRE—NHESREV & mEELZT. 2
0=0+0=0+0"=0,
HpE NEERIZFANOZMEESET, F_NEFTRIZFANTREMN, F=NEE K
TRENO ZMEEETL. TR0 =0, AT VIUE—IMmikEE L. [ |
] 45 [ B C R v BAETEINEC w, BREmESEP S v +w = 0 LAY ITE.
FETORMZERE, s B B TR AR A —A k.
1.27 Ik oE—

T 7 2 ] LA i PG A ME— A it

IERR &V EBHERNE. veV. BRikwhfw #EvWmE#tt. Fa
w=w+0=w+(W+w)=Ww+v)+w =0+w' =w’,
Hibw=w, @HERIE. -
AT mE—, BTLA T R S A 2L T

128 i85 : —v. w—v

Lv,weV, 4
o —v FR v BN TIT;

o w—vEXHw+(—v). .

AR IUP A R RS K m i zs(a). O 7R S A v g mEasm], JA 1B
PRI BUR A, ] —07 7k -

TEABRIARIR IS, VRIRF ER ) 2 [E

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [



IB &&= 18 &9 & 3L 13
R TORME SR, XM 0 FaRrEtraE (30 e F), EX4GMAY 0 Fn g m &
(V Bk iE ST ).
1.30 [E=E5%01H%k

XFFEAv eV, #A ov=0.

R xtFvev, RA1TF
Ov=(0+0)y =0v+0v.

T WA A A L Ov ty kit TTHEE 0= 0v, & AL m
TR TR, 035 v e 130 TOSRFE V éhmiks ¥ ioki &

S50, BAR 130 M1 131 BAFEIEARRIAY, B RE EREERGILY, RASRER

CADEARSEARE. EWEp, 130 %y  HaEmEfaRiorcek. B, £

BRAt O RV Al R TR AN T 0, i 131 1.30 89380 P L i A 5 Bk .

ST ATt i ik O TR T il it 0.

131 #H5ME=0H%k

YT aeF, #A a0 =0.

R X FaeF, ®A1F
a0 =a(0+0) = a0 + al.

WA FLH I E a0 89wk T 5% 0= a0, 4 AAAFIE. u
BAEFRATIER, WR v P — " InE ok Dibra -1, IR REZIn R Wik,
1.32 [EE5% -1 #H3k

TN veV, #A (1) = -v.

iR xfFvev, £M1F
v+ (=lpv=1v+(=v=(1+(=1))y=0v =0.
EANARTFRA () w kv 272 0. A4 (-)v #2v EmEdn, oA [ |

= ] 1B

1 IEH: —(=v) = v XSHE— v € V AR ROT.

2i%aecF, veVHav=0, iF: a=08{v=0.

3 wv,weV, MBENTAGHERE - x eV i1 v+3x=w.

4 FHEAEMESEE. XNFHEERESRE L (1.20) PREEKR, SEAHEH P —
% BMF—2%7

5 UERH: FERMEZSEE X (1.20) H, ki oo S50 nl LB B X — S5 f——

Ov=0Xrf veV .

CHL, ZEM 0 J2E 0, A 0 J& V A E AT,

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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BT “FARTAFR”, F8RRN T BRI EE, RS 3 R R R RAT

‘&

6 %> co Fil —oo FIRATE R PRI AFIRR. MRIC THAEFE RU {co, —co} ERYNIEHIIR
AL AT LIMTE S BARTS, PSRRI SRR E S, X T e e R, AT TE X

—00, #H1t<0, 00, <0,
100 =40, #rt=0, (=) =140, #1=0,
00, Ft>0; —o0, #t>0;

DY)
t+o00o=00+f=00+00 =00,
1+ (=00) = (=00) +1 = (—00) + (=00) = —00,
00 4 (—00) = (—0c0) + 00 = 0.
AR INE AR I EIZ TN R U {o0, —co} JE R LRI S5 [AING? ff#RE—TF.
7 WS B MESER, A VS ERM S BV IR NES. 78 VS L LA SRMIE
Pritafers, JHER A X BEE S VS 2 i) 143 [H].
8 I V & |n] A [A].
o VINEAL ( complexification ) il Ve, 55T Vx V. Ve PITTR VAR (u,v), Hh
u,v €V, AEFAHEEGHE u+iv.
o Vo bmyfmkE XA
(uy +ivy) + (up +1ivp) = (uy +uz) +i(vy +vo)
XA wy, vy, u2,v2 € VIO
o Vo By bRk Ll
(a + bi)(u+iv) = (au — bv) +i(av + bu)
XA a,b € R FTA u,v e V AL
UEBEA AN s A s 3108 SURY Ve S5 [ 15 [H].
FueVERTu+i0 Am VLA Ve 9—AF4&. ZH—k, bV HE Ve TR
Al R #iE C 49T .

(BMERFIZXAF ) (Fwik ) Sheldon Axler [F] FARA . FTFA [iF]



IC F=N 15

1C FZIq

WSS ], FATAT ARRY 78 ) 25 (Rl 1)1
133 EX: F=I8 ( subspace )

W v FE U RS v EAMRIRINEES T, Ik Abr R Iekis B e as m, AR
2 U SRR V F=21E].

&

BT RS TR RSN T  AAMEARE “GEFZE" (linear sub-
R 25 A ) B ) FR T space ), XAnF & &—4f,
134 FZEMEHE
MHACYE VT U RV =AM, U2V FasE.
Hns%E1EZ 5T ( additive identity )
0eU.
3 FhniEEH ( closed under addition )
uwelU BREu+weU.
It FHREFREE A ( closed under scalar multiplication )
acFHueUBEWKEauel.

@

B B UEVE—AF=E, Homip LEREGIEBFLEML, TAAU ESRK
HEEENEN, UbikR ER=ALME F(AARucUFKAROZTAREOCU ).
Rz, BRUFRER=A£4. g— B0, PRVE—AFTRUARR—AT
ANEABET ViR EL TAE U B, & 2P, RLBFIEYR U F 28Ry &tk
SAKHRETV EfpkEU LRAEL  EA0EU
W, BEAEAMHRIET V ENFEREE U LA EXH.
WRueU, o LR F=A%M, wu B IR2TEELFT (-Du] WEUF. BRU
FHENTRAHAE U T nEE T
MEZRREANEART D, WG TRHME, FTUEHHER, BAENEEL
WEE v e oL, Fib, URHERE, #EV HF=HE. |
HE V IN—T8, MRS PR =R R E BTN V B T2SE]L ARNE
2 BAT IR AR A T 45

1.35 fl: F=Ig
(@ MR beF, WL HHY b=0H0],
{(x1,%2,%x3,x4) € F* 1 x5 = 5x4 + b}
& F* 1125 ().
(b) & LAEIXIA] [0, 1] Y244 8L S H R EUE U AR 52 RIOH (125 [A].
() % XAE R AR fSE RO A AR 52 RR ()25 (). HETRE

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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(d) M HAYY b =00}, &XIEXIE (0,3) FHMHE £/(2) = b R GESEERE £ A4
EH 7 ROD K530,
(e) WFRA 0 BT B HUF I i A C™ 1)F 45 1A

WiE LS, TRk R {0} RVERNTFER, MV AHRV
BB PR LS R. fltn, EiEg o) HRRTER. ZRRRVETERE, BA
EFHR PN IELL R BB S =X F R LA AGEER, Bbiias 2
—gEit X, L) FEAR kT AR, FmiklEFL.

W e, of WSEET c kU F SE” X—458.

R® (T2 a4 {0}, R2 i B A Bk, LI R2 A%, R® (T2 {0}, R3
A RS A B, RO AT B, DA RO ARG JEB B R TS ARA S, W
MERZAER R? il R? (A XS T2 ), YA IE T —2 g2 TAZ G, X TS
TR,

F = AR

PR, Fef 1 o Fash FERGFEERR-ATER (LITA-
MARATE FHRBE. TamZAmme  12), ZLRRRAVBF 40 72
AR . RA.

1.36 EX: FZEAIF ( sum of subspaces )

[FEaY

WS, iCVE Vi +---+V,,. BEHREIHIB,

Vit +Vy={vi+---+vu:vi eV

A TBILAA 1258 8] Z R 515

1.37 6. F° WF =@z
ik U 2 B2 s Z AR = AR5 T 0 T A TR MR EE S, W g PP hifi—14
FER AR E T 0 T AT TR SR
U={(x,0,00cF:xecF},W={(0,y,0) eF:yeF}.

B4,
U+W={(x,y,0) e F*: x,y e F},
PRI EA TSR E.

1.38 fl: F* F=E=z0
Bis

U={(x,x,y,y)eF :x,yeF},W={(x,x,x,y) € F*: x,y € F}. 2TRE

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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WA IR S MRS S, RATATLAGEL, U 2 F* HPaipe A~ A b A 45 HE PSP AR S5 1
Fia JCEA RS 5, W & F* s = A AnAHSE A BT JC R U 4 5
HeR U+ W AR, R U PH—IEK (a,a,b,b) MW FEH—ATTE (¢, ¢, ¢,d),
Hira,b,c,d eF. Ffi1H
(a,a,b,b)+ (c,c,c,d)=(a+c,a+c,b+c,b+d),
KR U+ W RN ICE BRI A 2R bR A S, BRI
U+W C{(x,x,y,z) e F*: x,y,z € F}. (1.39)
RUER {(x,x,y,2) eF* i x,y, z e FY AR T U+ W, & x,y,z€F, 4
(X,X,y,Z) = (x’x’y’y) + (0,0,0,Z_y)»
ERXAWE—AEEU T, BAMEEW P TR (Gx,y,2) e U+ W, B (1.39) %
INIALE OGRS R sy, I
U+W={(x,x,v,2) eF4:x,y,zeF},
XEW, U+W JZ&H F* R 55 0 A ST R= A

HRRIEEREM, TAEREAL R T2 0], bR Bl 1A AR iR/ 1
ZEE]) CEHY, AT—T2S00], WRE S BrA R, dupfd & X LR A ), !

BB Vi, Vo BV T, BBV 44 Vi REUMOIELE Vi,V T2

BHETUATREV, +---+V, AbmE @WEZHREFFEZRAGRENTRS®
B470 BMF A FREREAENAL,  TTROE SR-GTEMOBATE
BT 1345 W, Vi+---+V, 2V TR, B, ese - FERZ e, X

Vieo Vo, BEATF V44V, & (} b, 2E-—RGOFAAN TR, sy
TERXE, ZE v +---+v,, £HhEL,  RAOTFRRENSHE
v FRONFAETHBRZO). R, FMAV,... .V, W TFZEAHELEVi+--+V, (BHT
RELAAEEFARNTENG). @, Vit +V, ZBRADANEEV, ...V, TR

B0
BV, Vi B VISTFEEREL Vy+ -+ V, IR TTRAR ] LIS X A
Vit Vg,
HA A vy € Ve, TN TERMBOGRE S Vi + - - +V,, AR i SRR — ] AT 2t 2
RITEOL. XA EE, BTLLESAE T Rmmair (M) DIRBRINATS (o).

VJE3C: The next result states that the sum of subspaces is a subspace, and is in fact the smallest subspace containing all the summands (which
means that every subspace containing all the summands also contains the sum). AL summand 24 “SRFI”, st HTRAMF25 00
HRE AR EEUE, TR & X W2 55 e FrERE, MR- EgRLrsn, Bae
WA B X e S [, Bl Ul 72 Rl AT &1 & TSR P28 )Y X pE— s )z .

(BRI ZZIAESF ) (5 vik )  Sheldon Axler [#] FARA | FTFA [#F]
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141 EX: HF ( direct sum ), &

BVi,..., V, & V BF25 ).

o WRV +---+V,, MHEANITREREM vi + -+ + v, (HHE v € Vi) XFIE K fE—
WFRR R, WHRFEEZHMV +---+V, HEM.

o MRV +---+V, BEHM, B2HAVI&-- -0V, KFR Vi +---+V,, HPIEES 0 Fn
BEAL R RN AN,

142 #l: BNF=EBER
i U 42 F° thiga — 0% T 0 TR m i i 2510, W g B P aim Ak br
S50 By FIA [h A B 5 [
U={(x,y,0) eF’:x,y e F},W=1{(0,0,z) e F* : z e F}.
MWL F =UeW. R HITHIE.

143 fl: EANFEENEN

BB Vi R P RIR TS k AvsbRsh, JU A \oplusHP T TX F AT .
AHERREIA O HIFTAT I RERO L T2 0. B0, Vs = {(0.x,0,....0) € F" : x € F). TB4
F'=Vi@--- @V, HRiATTHRIE.

A7 st BB B 5] L 51— R R AT 14 HL A

144 . —PAREEMEF
iz
Vi ={(x,y,0) e F* : x,y € F},
V, ={(0,0,z) e F° : z € F},
Vs ={(0,y,y) e F*: y e F}.
A F =V +Vy+ Vs, BRI (x,y,2) € F #AT LIS AL
(x,v,2) = (x,y,0) +(0,0,2) + (0,0,0),
TR FEAL L DR Vo, BT RTE VL Y, AN RTE Vs .
SR, B2 ANSET VL, Vo, Vs BEAT, R (0,0,0) 5 RAIES vy + vy + vy (P4
vi € Vi) TR IE—Fh. B, Feff

(0,0,0) = (0,1,0) + (0,0, 1) + (0, -1, -1),
I H AR WA

(0,0,0) = (0,0,0) + (0,0,0) + (0,0,0),
PPN EX AR — D RETE VB, EANETE V. B, FEEAMEE VL i
Vi+V,+ Vs ANEEAL

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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FAIE LESR A A A5 o W—AREARIPamTaR, ©
TRILANE MR B ORISR, A REERAEE R AR X AN T AN
M? S| AR BRI, R AEEE X Hfe P HEANATE REE— bl
HERF O ME—HbFIR B — 138 S . SR FEAGAE L R T,
145 EMPEHE
e vi Vi & VTN, AV +-+V, M, BHACYH v+ -+, (HE

& v € Vi ) o 0 [fE— ﬁﬁi@l‘g‘/l\ vy #RHL 0.

ERl B RBEVI+---+V, BREM. BL2HEFNEXEEAR vi+-+v, (EFE v eV,)
R0 By — 7 REZEEFA v #EO.
REBEA v+ +v, (EFEvieV,) Rr0 -7 R ZHEAN v #IO0. Tk

HVi+-+V, BHM, veVi+--+V,, WdEv ev,. .., Vo € Vi, H

V=V 44V,
HTRAXDRFEZE -0, BREFu eVy,..., Upm € Vi, HATHA

v=ui -+ Uy,
F o WA F AR, AT FE

0= —up)+-+ W — ).

EAvi-ueVy,..., Vin—lm € Vi, FTUL EREZH, B M vi—ue BETO. HTvi=uy, ..., Vi =
U "’E"’ﬁ%ﬂﬁ [ |

V=

BFORIERLG I TRRPIA Ty TRRAGES = FOL AR
FRA BRI — A P LTARARARTR “FHT" KRR,

146 BWNFZERE
B U Mmw RV rasE. IR

U+WEHM < UnW ={0}.

Pl HABEU+W ZEHEM B veUnNW, L 0=v+(-v) (EFveUH -vew).
HHOZEHUFHES WHHENE—FKT, AURNEZ v=0. HkUNW={0}, %*
M5BT —ANJ7 16 By A 9.

HTIERAR—Fm, AEREZUNW={0}. HTEHU+W ZHEM, BRiXucUweW
=R

O=u+w.
AT ZAEH, RIORFRHu=w=0(RIE145). EXEXWHu=-weWw. fitbhuecUnw.
FHhu=0, 4 EAXTHw=0, XHHTKTIEN. [ |

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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SR E TR T m s, TERGARRRTFROFR R, T
e R e T LSRR TE S E e
UK — % 23 0] HAE T 0 bR ARig Ry, AT ERRTRAMAR, BAHCMAHL
FAE] 1.44 SEREMT A TEXARGIT, Rl FOPTAESEAANTERMEMEL TR
AVinv,=VinVs=V,NnVs={0}. R AR TS (O,

= il 1C s~
1 XF PP R RAIS T4, FIRHES N P Y745,

(a) {(xl,xz,x3) eF?:x; +2x+3x3 = O}
() {(x1,x2,x3) € F* 1 xy +2x, + 3x3 = 4}
©) {(x1,%2,x3) € F¥ : x1x0x3 = 0}
(d {(Xl,xz,x3) eFix = 5x3}
2 B 1.35 HhOC T TS AR I 45
3 IEBATEIXE] (—4,4) RO /(- 1) = 3f(2) (AT ISAE PR AR £ 1Y R4 123 [H].
4 & beR, WEH: FEXE [0,1] J:E’J(Wﬁ/@fo f=b Eﬁﬁﬁ;’:ﬁ?ﬁf E’J%QEROI] )25
&, HHALE b=0.
5 R? B EE mmasa] C* 72507
6(@{mboeR*a—bﬂEIERwﬁ%|w
) {(a,b,c) € C*: a® = b3} AR C HF25[H]?
7 WEMIEZG ] AR U S R MAEE AR, TR XTIk A CBOmikion” EiA
(BEMHRE e UMA -uel), P4 UZE RT3,
8 #ith—fl: R? WAEZE T4 U, WEMrEIES M, HAE R 1250,
9 PREL f: R —» RFCAHEEAN ( periodic ), WHRAE—IER p 15 f(x) = f(x + p) XFTH
x € R, M R 2| R BRI REFIBLUEE & BASZ RR (2517 I51EMRE.
10 &V, F Vv, & VT2, E: KB VvinV, 2 vV IFAS (L
11 GEW: V AR — TS MR SRR VR F25 [H).
12 W v A RIS V s i, Y EACY S —ME T
13 ik V=R EBIRER V s E, Y ECY NS A
KESJAT A 128 % T, LFZA AR R F 3RS AN T E G, Xib
MM LERHARATT .
14 %
U={(x,-x,2x) eF:xeF} 5 W={(xx,2x) e F :xcF}.

PS4k U+ W, IR NI AT S5 A A2,

15 & U &V FE0E, 84 U+U A

16 V 1Y “Fasla)ingk” @83 nl a5 omp b, ik U M w 2V 7250, 058 U+W =
W+U?

AR, DR A RIE SRR, SURTER] 1.38 HLIRKE.
SUIFAS ] Z AL ABHE KRG “addition of subspaces”.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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17 VI “FEEEINE" @R T8E60 HmiGid, WR v, v, Vs &V INFEE, 264
(V1+V2)+Vg =V1+(V2+V3)r.2
18 VI “FZS MmNk a58A A A EST? MR +-23 [0 A ki
19 TERHES T — . RS2 Vi, Vo, U 2 V I FASIE], R 2
Vi+U=W+U,
)I_!Uﬁ‘ﬁ:Vz
20 &%
U={(x,x,y,y)€F4:x,yeF},
RFH—DFEM W, FEF=UeW.
21 &%
={(x,y,x+y,x—y,2x)€F5:x,yeF},
RKFH—ANFEEW, FEFP=UsW.
22 %
={(x,y,x+y,x—y,2x)€F5:x,yeF},
KB W =AEA R {0} F25E] W, Wo, Ws, S =UoW, oW, e W,.
23 JEMIEEE B AR Vi, Vo, U S V g TASTE], ORI R

Vv=vieU H Vv=V,oU,

G v, =v,
ﬁi%%iﬁ&?% A RS AA R, S F2 2K, 2% A H
.
24 BRELf: R > REFRNIBEI (even ), #
f(=x) = f(x)
XA x € RO, BREL f: R - REFHNER (odd ), #
f(=x)==f(x)

XA x € RO, A Ve fBR R EAYSCEHRER R ES, 4V, /0ER R LAYSHA R
BASES, IEW: RR=V. e V,.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]



£2E AREREZIE

e L —mrh A= T s ). e REBOCHEN A RERE R M a2 1], MR EA T
LRI PR A ) 22 1],

TATINF R R AR SR AR, X5 FIRATGRN LTSS, 4
PEARSCHES B A RA A T TRZ —.

[ 2% [B) ) B ) e 45 (R R — S i 4 B BR/NEI AT LA fE 2 T e, SOR B fif
HEMA AR A2 B, FRATEEE R, 1052 (B R AR A AR B, X TR AThE
RE S Ja) 2 [B] ) AR R

ARFE AW T28 [0 Z R 45 A =R .

M TMRIEEARER DRI

o FI{ERR L C.

o VAREF LAy &2s(a].

B Ay A %% T 375 % M S AR ( Princeton, New Jersey ) #9-%-#k 2747 & 5 #F %L % (Institute for
Advanced Study ) F#. &% - %R EA (Paul Halmos, 1916-2006) EX ERXHAZEFHT F
— AT LRI . oS REIPTE G RMERI D T 1942 F Bk (5 =0T 1958 SF iR ),
BB L5 RF i AAER.

VABHEST, alist of vectors MUFLLEREE R “—dlait” o8 “—AEdl” (HTHAGHZ M), lists of vectors Gt —FF A 0] 4.

~Tr
(EMHRHRZXAEF ) ($ Wik ) Sheldon Axler [#] RARik . fTr8 [#F]
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2A KA B FNZ T R

M — B B S U RS SRR L. 25, 3T R RooR, RO
FXAE ., B0 (2,-7,8) € F°. BRI, BUERMIGES B EH (XA mEE TS F
s HAR R S WA OCER ). O TRERIRYE, A R A R AN RS SRk, i,
(4,1,6),(9,5,7) 5 R® R BEN 2 Ay 4.

21 iES: mEA

5 A, FA E B A B S HE .

2o 4H & A0S AR 22 18]
B —A ) 2H R ) R DA FR A ES S, ROz s R LS. T 2 e
HIRE .
22 TEX: Z&M4HE (linear combination )
VA vy, .y, WEEAEEIE I

avy+---+a,,vm

W, i ay,... a, €F.

23 fl: R & EAE
o (17,-4,2) & R K JEN 2 R4 (2,1,-3), (1,-2,4) WEMHE, WHh
(17,-4,2) = 6(2,1,-3) +5(1,-2,4).
o (17,-4,5) RJ& R KR 2 WmEA (2,1,-3), (1,-2,4) MWEMAE, HRIREAEL
ai, a, € F A3 FGr
(17,-4,5) = a,(2,1,-3) + a>(1, -2, 4).
WEZ, KMrBRa
17 =2a, + a,
—4=a, -2a,
5=-3a,; +4a,

Jofi (ORI A TR ).

2HEF AL “linear combination of the list” ( UWLHESCFESCE X 2.2 #9 1-—17 ), A AT “linear combination of the previous ones” ( ones
% vectors, UL 2.22 (BESCRISC), B “RIERZEALE” A CHEANSMEA ST RULRETTREL I, R HEEE R —
523 B P A PR 1) o 43 3 bR i SRR ]

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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24 EX: KA E (span)
V R vy, . v BT PR S T RS FRN v, .. v, FUSKRECEE, 04E
span(vy,...,v,). HZ,
span(vy,...,vy) ={avi+---+auvy, :ay,....a, € F}.

AE S HRAL () I3RMZE L {0}, .

2.5 fil: A =IE

A, AR FR
o (17,-4,2) € span ((2,1,-3),(1,-2,4));
o (17,-4,5) ¢ span ((2, 1,-3), (1,-2, 4))

BUBEFMAHAE “EHKKZ=E" (linear span ) , & AITKAES (8] A9 & E—FE.
26 MEANKKRZEERR/IMESEPTERENFZIE

V' i e 2 A S (B R d /NI AL I e i 2 P I TR Y VRS

WA R vi,...,vm = V BN E4.
KAV span(vy,...,v,) &V B F=E. mEEZETTET span(vy,...,v,), EW

0=0v;+---+0v,,.

i H, span(vy,...,vy,) XAnEERE, EH
(avi+---+auvp)+(Ccvi++cuvm) = (@ +c)vi+--+(an+Cm)Vm.
WA, span(vy,...,v,) MAREFREHA, HX
Alapvi+---+ayuvy) =davi+ -+ Aa,vn,.
T2, span(vy,...,v,) B2V EFZEE (F 1.34 747 ).

BNV RV, v, NEEASE (T HARE, E220AKF, Yar=1HHEME
a#MEFT0). TEspan(vy,...,v) BEENve. RZ, EHFREXNTARETREMMELZ
HUM, BTV IENEA v W FZE B E4E span(vy,...,v,). B, span(vy,...,vy)
RENNEEHAAEE vi,...,v, BV EFZNHE. [

W span(vy, ..., v,) FTV, RATEEGE vy, ..., v, KBV,

SJEC span, SR EFESCH, R RIS —FE, (4 ARSI R AR M) LA TR B, B
TIITFEARIRS, A — A b2 ) o A BRA i fat R A B SRR AT 5 R B B 1

4JRC spans, BiEYEE = AFREREOE A

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [



2A FKR A IA) e M T K 25

2.8 Bl —/HAL F" B94AH
B n MIEEEE. FRATTAEZEUEH
(1,0,...,0),(0,1,0,...,0),...,(0,...,0,1)
SRR Fr. R S kAT RS kA ARARE 1, T AR ARARER S 0.
B (xi,. .., x,) € F*, R4

TE, (..., x,) € span ((1,0,..., 0),(0,1,0,...,0),..., o,..., 0,1)).

BUERRA 14 AR — S E .

29 EX: BIR#m@E%E ( finite-dimensional vector space )

AR —A ) E 2 (] )y A i 2 KRR, DR i ) s )2 A PR AN

R 2.8 K, XFTEANIERE n, F* AR BRAE R [ 528
LI E R TR R R WA RBEL, SAAKEAAREK
f). .

210 EX: WK ( polynomial ) . P(F)
o XI—A el p: F - F, WRIFHE ap,...,a, € FHEXA z € FAA

2
p(@)=ao+aiz+axz” +---+ani",

WFR p A FREAE F PRSI,
o P (F) ERBIE F H ek Z i i mir 5.

&

A I A IME AR R IZ T P (F) 2 F _ERYm s8] (VRN AAT50E ). P, P (F)
e FF (fRdy F 3 F 3R 800 B d 25 ) ) fg—4>-23 1)

IR =200 (o —4 i F 2 F R80Tl RN, IR Hrh—fh3on
B ET —M, WSR2 —F ERYESET 0 RKE, L e ITA RECR N
0 CHSRARX XA FELANE, HHMEEENH, ZIFRIMTZUENE—2I48). &Hig: —

M2 R R ZHAME e, T&, Tide e 7420k
211 EX: SWMARIKREL ( degree of a polynomial ), deg p

o X—NZLUi p € P(F), WIRAFHE ap,ay, ..., an €F H a,, # 0 fif3%514z € F, #f
H

p(@)=ap+az+---+an”,
AB2HRVE p WIRERE m.
o MUEMESET 0 2T IR ECH —co.
o 2T p MEGLH deg p.

FERTE S, BATAE —c0 < m, XEWEZIX 0 JET P (F).

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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MTARGEER m, P, (F) FR ZBAE F H HIHCNE T m (9P ST i a.

AR m 2 ETUREEL, B4 P (F) = span(l, z,...,z") (MEFRATS X Fom—A ik, XA
MRS 7). T, MTENEEE m, P, (F) #RZATBRYE [ &2 ).

213 EX: ZiR%EEZZ 18 ( infinite-dimensional vector space )

IR — AR S AR FRAER), e 2T BRZERY.

214 f: P(F) BILIRZER.

ZEPF) THEE KR, 4 m FREXNAT 2R EREL IBAXANAH
B [ R Z IR B AN L m. DT 2 AFEXN R sk s [ L. PRI A 4 e
K P(F), T P(F) & JohRYER.

SR
Bk vy, ..., vm €V H v € span(vy,..., V). WRIEREASEINE XL, 1 al, ..., am €F,

fiifs

v=avi+---+a,Vn.
ZExAN R, PR B EME—? R o, C JE 7 — by H 2

v=civi+- -+ CnuVm.
B LR AR, FRATTAH

0= ((11 - C1)V1 +-0t (am - Cm)vm-

F2&, BITEOET (vi,..., Vi) BIERPEL A, WARXFER R 0 BIME— 73, BBt d &
KT AR BN 0, IBAHA ar — o #BHFT 0, XWHMBERE D ar FTAHNM c,
(PR UG AT WA 2 A e U SR — 1Y ). XAMEIEAR T 2L, BT AFRA T 7 LA 9 44 % 2P
ToKe—HAE N HE L.

215 EX: Z&MZXx (linearly independent )
o X TV I —A AL vy, v, WSS
aivi+:-+a,v,=0
BOL ay, ... am € F ME—EBOT R0E 0y = -+ = a,, = 0, IPAFRZINRA N LT
KH.
o MUEZS A () HRLIMETICM.

&

EHEHESUI, v, v RERPEICCR), M HACY span(vy, ..., v,,) PEIEE R AR A
REME—H TR v, .., v IIERTEAL A

AL A RMAICS” WE? O 2F OME S AR T RN 2 € F (9 &k UCR, XIBAHDRIBIRE f -z 25,z € F. X
RS BT AR, (AR 7 S B, JERERE R TUR A

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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216 fil: Z&EFTxA
(a) A THHIA (1,0,0,0), (0,1,0,0),(0,0,1,0) 7£ F* 22t I kny, BiX ar,az,a3 € F H

a;(1,0,0,0) +a»(0,1,0,0) + a3(0,0,1,0) = (0,0,0,0).

FH Utk
(ay,az,as3,0) = (0,0,0,0).

Ll ay =ar =ay =0. T4 (1,0,0,0), (0,1,0,0), (0,0, 1,0) 7& F* Hr 22t I LM,
(b) W m BRI T U4 1, 2, .. ., 7" 75 P (F) HOR8e Mooy, ik ao, ay, - . - an €F
H

ag+az+---+a,z" =0,

DX HLFA PR AT PIIERE B P (F) FROCK. BAXTHA z € F, #A
ag+az+---+az" =0.

IEATET S ATIBEE ( H 4.8 IRATAE ), XEMAE ao = a; = =0.T&1,z...,2"
J& P(F) FPyLi o oe4l.

(c) IZs [ FPEE A | A AU METC R, Y HACS A P A2 0.

(d) mEzs BN 2 WA R TORN, 2 HACY A AT — [ s ERAS A ) — ) 2
HOE AN

AR — AT R BR RS ), A A9 ) A R ) AT e e 6. AR A 4T
BOIE I — 5.

217 EX: &M% ( linearly dependent )
o MR V P By—AN A RLNETCRH, B E S ERXH.

o MEHEZ, XF V M EL v, Vs WRGEAREN 0 W a
apvy+ -+ ayv, =0, AN AR CH.

218 fil: ZEHHXA
o (2,3,1),(1,-1,2),(7,3,8) 7 F* Hr@de bk, Hh
2(2,3,1) +3(1,-1,2) + (=1)(7,3,8) = (0,0,0).
o 41 (2,3,1),(1,-1,2),(7,3,¢) 1€ F* HFOZZRMARCH), M HAY ¢ =8 (RN HATRIE ).

o W V rh—A i A ) R HA i B R MRS, IR A R AR 2 AR O
(). [HERH : Selax N2 b ) —A )i 5 A T Al ) i ML A 1B, SRS HRA )
A BER S —M CXFEERTSRLL -1) B, ]

o VAN E W 0 Ay AR LMEAIOCHY. (X2 b —fARH] )

S [ ek (R b it (PRI 1) e AR e AR 252

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]



28 %2 F ARG GE SN
P ARG B TR, BRI, e —MERMEMEXm A, Hhwa A
T de A T HEAE 4 [ et A s B L. I, FRATTAT P BB 1) o, AN ERAR %
20 15K A ).
219 ZMHEXMS5(IE ( linear dependence lemma )
Bvi, .o v g VIR — AN EREASCH. IBAAETE ke {1,2,...,m} T2
Vi € span(v1 ..... vk—l)-
PR, WA kR RS v, . v TREBRES k 00, JBAF A1)t AR 1] i 2
15K A B35 T span(vy, . . ., Vi)

Q
IR E A HED vy, .., v R EEAXE, TUFEL2H 0 W ay,. .., a, € F{#4&
aivi+---+a,v, =0.
Ak AL om} B a2 0 R AH. AL
a A1
Vg =—"Vy— " — Vi-15
ag k
WAEEA T vy € span(vy, .. ., Vio1)-
WAEMBK K Z{L,..., m} ¥ —{E 5 v, € span(vy,. .., Vie1) BCOLE TR A by, ..., b €F
R
Vi =b1V1+"'+bk_1Vk_1. (2 20)
8% u € span(vy,..., V). MLEE ..., cm € F 5
u=civi+---+cmuvm.
EERERXF, RATT UK v BHER 2200 WES, FEEAXAu L THvi,..., Vi B E
kFERMENHELANKRSEF. T2, ANHEDv,..., v EEE kAR T ZEEH
Y 7K Ak, 2 1] n

WREMA S B k= 1, B4 vi € span(vy, ..., Vi) R vy =0, PR span() =
{0}, IIETER, AR k=1, IRALMEAIICNES | FRAUE R i R — 0 e B EE . — B &
o AR IE AN 2 2 — Se % SR I RR IR TS B0, BHERE 0 4L, F2s) {0},
DU S A LB T ——45 0% X sei I Wb, SR IEB R A AR, 35550 BRI
— T X SERETR G L.

221 f: &EMEXESIEA L WRIME
Z & R? Rl
(1,2,3),(6,5,4), (15,16,17), (8,9, 7).

M S EMEER, XRED 4 (AURZNEMCH). TREMMHES B URRNT, 7P
ke {1,2,3,4) fEAFAH P & DR Rz P HHEE T A R AR G RADRE B4R
i k R/ ME. #THE

(MR F S IZXAES) (% w9hk ) Sheldon Axler [Z] ZAhik . 4TI []
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FELMAR R | B, Y HACY AP A5 T O BRA R k= 1. BFh (1,2,3) &~
S 0, BT T2 TARER &k = 1.

FERMEAR OGS (B, Y HACY A P32 5 — A i AR A B A AT & = 2.
SR, JEATETE ¢ € RIETE (6,5,4) = ¢(1,2,3). THEX TZAHARNIAGER £ = 2.

FELMEAR RS | B Y HACS 2 o = AN S 2 A A ) f A ML S A AT & = 3.
TREXTABI AL, FRATEEAE RSB a, b € R 1R

(15,16, 17) = a(1,2,3) + b(6,5,4)

BOL. RSN T — A AR SHWARE o, b MEM A, A&
HITHES S & R, BATRE a =3,b =2 & FRFFEN—M8 (IRA] AA75IE ). T2
XPTABIRL, k=3 R RS | B i) & {H.

MAERAN R CHEER. ERU, V M IOCAARA KT v Pk i.
222 ZMTLXENKE < KRANKE

TEA FRAET RS [R] R, B A2 C ) 21 A B /N T iS5 T4 5 a2 I

WEER Bk uy, ..., Uy £V PHEHET LA, FEREw,..., wa KR V. BRANVFEEWA m <n.
EMARITRARKRTRXNEH, HFEAm P, 5, F—FPBENT AT uw BE
HHEDSw.

FE]1

A BN wi,..., wn, EREREEZ V. EZATF KN uy TH-NEMEEXA (B

A ouy BBE B owy, ..., wy WAL E) BEZ, 4
Ui, Wiy oo ny Wn
=R R .

T, HAEMKETE (2.19), LR ATHE IR EZZATHECHENNE
WEEAEe. WEHu,..., um ZETLK, EHbu #0. TE, wy TETLRAFHET
S EEHKRZE (B AmKAZE {0}). Ak, MR ERN, KA
AUBRENSw UEH u R LEw HROFAB (KENn) KR V.

TBEk(k=2,..., m)

HE k-1 FRENAB(KENn) KRV, FAH, u £ BNKREZEE. TE,
¥ouy BHEE u, ..., upo FHBENBF, THE-ANLMEHELH, HKEHn+1. RFEL
MAXETIE (219), ZATHE-—HMEATHECI MW HENKRZEF. XdT
Uiy ug EEELKMN, XANAHELTZEN u

Ft, EX—FHEMHTED —Pw. BMNTUAFA (B2 u HEANEGENLE
ife) FERENwW (CREHECHEE T NEENEEAS), HIFEHNL B (KE
Hn), CHu,..., up MR E w K, EATKAR V.

TREIHL” XPZESC “in particular”, FUTHRINESISRR S THZATMSIE, R ETIEIEH RO B SR, film, B
ARMAILEY). FEl, PR siy)”. X TRAE, BHIRV, T w BT V, W HATE B RS F] .

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



30 % 2 F ARG )

EXBm e, RNEHTHENuHAWNT, LRIRER. AF—FF, GRIEB P
—Nu b, ZEMXETIEREAESAENw R BR. TREEwWEDHEu LS. W

RPN TR, Wfilia ] RS R MCFTAL AT, SRR Le AR Lt
TRHY, B IR LE A ANRE 5K B — 145 7E 4 1) 23 1]

223 f: RAKEAH4NREABRELETLEH

4l (1,0,0), (0,1,0), (0,0, 1) KR 3 HiKW R, T2, R hRE#L 3 AR
LRI,

B, FATHAERE R 4 ByEEA (1,2,3), (4,5,8),(9,6,7), (-3,2,8) 1E R* HAE
M.

224 B KEH 3 HEEHEBEEKK R

4 (1,0,0,0), (0, 1,0,0), (0,0, 1,0), (0,0,0, 1) KEEHN 4 HAE R FO22fbdiocm. T
i, REDT 4 fymEHAAREKE R

i, FATBAERTE N 3 B4 (1,2,3,-5),(4,5,8,3),(9,6,7,-1) AREHKK R

B A VRFAT, A FRAE ) 2 (E] 48123 (AL AT FRAERY . BRAEFRA TR UE IS B
SRR

225 HR#EKF=IE

A FIR A pi i 2 ) 125 (AT A PR AE . .
UERR BV EAREN, HUZVHN—ATZE. RNFEILAUZARES. KNEL
% F M TER T RAEH , TR,

FE1

WRU={0}, AL UZARER, RINWIEATZTKT. R U+ {0}, BLHBM—3F
2?\@% u € U.

Bk
}JZE% U = Span(u1 ..... uk_l), ﬁ[VA U %%‘Fﬁé’&é’ﬂ, &ﬂ] FJ"JEEE%?GE}Z .37 ﬁp% U +
span(u1 ..... uk—l); ﬁﬁz%m”]ﬂ% Up € Ufiffgf
Uy ¢ span(u1 ..... l/lk,l).

ZRF—F, REXNMABRAARE, BRNAMEL —AWE, FEELPEEFI I 0E
ATHECHENHENKKZTEE. TE, REAEMXETE (219), 208 - F R
MM —PEBELERE. BENMERERATRKT VNE—KAA (F222). T&, 4
L FLE, BRkEURAREM. |

= I 2A
1 K F R ARl i, Hgk s [ 55T
{(x,y.2) eFP:x+y+2z=0}.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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2 UEMAEEE R MR vy, vo, vs, vy SRRV, IRAZH

Vi —=V2,V2 = V3,V3 = V4, V4

WIKAL V.
3ikv,..., Ve VR —dlmE. ST ke{l,..., m}y, &
Wr=VvVi+--+Vg
JIEB] span(vy, .. ., V) = span(wy, ..., Win).

4 (a) WEH: PR E S — LM TEC, Y BACY A Rz A2 0.
(b) WEW: [ As [ B A TCOE, Y BACY A R A = AR — AN D
— AR A
5 SR—% e A
(3,1,4),(2,-3,5),(5,9,1)

7 R® PR RERMETC .
6 WEMH: 41 (2,3,1),(1,-1,2),(7,3,¢) 7£ F> s PiAie, M HAY ¢ = 8.
7 (@) UERA: WORIRATE C A R LI aasii], AP 1+1,1 — 1 B2t TR,
(b) WEFH: WERIRATHE C O € Ll asm), ARALl 1+1, 1 — i REMAEH.
8 W vy, vy, v3, vy FE V HHEPETOE. UERHA

Vi —=V2,V2 = V3,V3 — V4, V4

9 UWEMAEEE h— Bl AR i va, oo v RV RRRIETCC I BAL, R4

APk

10 TERHECES H— il TR vy, o, Vo SV IRRZRMETC AL, HAeF (1£0), B4
vy, Avo, ..., Av,, RMETCE.

11 GG — il AR v, . Vo Flwy, ..., W s VMR 2, A v, +

12 %vy,..., Vv TEV REMIEE, HweV., iEMH: R v, +w,..., Vv +w PR E, B4

M Hovy, .., v AT, HHAE wy, .., W ZHETCK.
15 B4 Pu(F) AMFERE AN ST LNETCA.
16 fRRE R AT 4t A Z B R A TR Py (F).

(BMERFIZXAF ) (Fwik ) Sheldon Axler [F] FARA . FTFA [iF]
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17 UEB: V B TRRYER, S HACY V A 58 v, va, .. HIXHE—IEBE m ¥ v, . ovm

18 HERA F= 2 TCPR4ER.

19 GEW: fIXIH] [0, 1] LB BT A i 0 S PR SR B ) S5 i 2 [ TS FRAE 9.

20 B po, iy P A P (B) HIIZ I, HA AT — k € {0,...,m} #A pr(2) = 0. UEHA:
Pos D1y« s P AE P (F) HHAEERIETCRH.

(ZMARBTZXAEF ) (FwHR ) Sheldon Axler [%] RARi&. 4T [iF]
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2B E

1 E—T, RATTHE T Mk . BAEFA1% BRI B4 X AN R A4,
AT 3 PR A 2 o 81— .
226 EX: E (basis)

VI—ADER V PRI IC HIKAL V Y .

227 i B

(a) =4 (1,0,..., 0),(0,1,0,...,0),..., ,..., 0,1) &2 F* fl— 3t B8N Fr 1R
E ( standard basis ) .

(b) A (1,2),(3,5) & FP —"13 EE, XPMMKER 2, 5 F RN KE—
Fe E T —rhRATEER, XOFEA.

(c) M (1,2,-4),(7,-5,6) 76 F* HUZZMTOCH), (HAR FP —15, B EARTEK
F.

(@) 1A (1,2),(3,5), (4,13) 58 F> HAR F? B— 5, FOEARLETCCM.

(e) M4 (1,1,0),(0,0,1) & {(x,x,y) € F* : x,y € F} fl)— 5L

) M4 (1,-1,0), (1,0,-1) & {(x,y,2) e FP: x + y + 7 = 0} B—1 2.

(@) M 1,z,...,2" & Pu(F) F—DIE, BHEFHN P, (F) HFRAEER.

bR TR, B WAV, N
(7,5),(-4,9) 5 (1,2),(3,5)
o F2 2.
R RIIEERA BT U A B ARAT Y.

2.28 EHFIREAEN

vV AR v, v, 2 VIR, M EACYEA v e VERAT IEME— S BX FEAY
B

v=avi+---+a,v,, (2.29)
HAdray,..., a, €F. .

I BB v, .. v RVEE Avey., BEMNERAARERAFILT ZATELLEL
BN v .ve KRV, FIAEEay,....a, e AEHHBA

F#E&ERX (229 R, #THHERN Q) WETERZE—W, BEXLH—4FE ..., cn
BT AL,

Vv=civi+---+CpVy.

AR (229 HEER, H11452]

0= (al —01)V1 +--+ (an _Cn)vn-

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]



34 % 2F ARLEaETEN

KRN, Ea-c HETO(EA vi,..., v ALK ). Fila =cy,..., ap = . HAEE]
T HATBGE Ay P — b, TR T —ANJ7 YA,

MHEA—Jw, BEEASv e VAREE-—HERX Q) SHNBAET, XTXA4

Vit Ve KRV, HATHBE v, ..., va LK, Bi%a,..., a, €e FERFT AR
O=avi+---+a,v,.

R Q29 firkkk (Rv=0) h—MHEXW, aj=---=a,=0. TEv,..., v, =&ML X

By, HT&E Vi —/3E. [ ]

] 5 [0 R R LA T BE AN R 3, RO B AT REAN LR TC G, 32 PR AR5 REM, 4
FEAT—ik i, HhRss (W RE3AE ) il g s, i EASR T 4 ) o PR A 1] e 2 2
PETER, HAPRETK AR — ) 25 ().

28N 25 (0] B2 H ], WA R R uER A IR AL (1,2), (3,6), (4,7),(5,9)
b, IBAHE AR A R SRR, FT R (1,2), (4,7) 2 F? i3,

230 BNKRAHFHEES—NE

i) 7 2 ) ) A 51K B AT B AP Dl S 2 ) 25 ] 8 — .

ERA B ve,..vn KRV, RAOTER v, v, PEREL R EUEF TR EN RV o —
M A, BNMXATREAZ S

—é’jﬂay /&\B%%m%éﬂ Vigeons Vn.

$HR1
| WwRvi=0, WLMNB FMEv. WwEv 20, HLEHEBFE.
S k
R vy ££ span(vy, .. ., vier) B, AN B F M £ v, F v T span(vy,. .., Vi-1)

H, Ao tkF B AL,

ESBnGEEZIE, BETEINENTEL B XINMAKKRY, BNERGARK
KV, TERMNAZEDBELTHEE I A ENKRZA PN EL EH. I ATEA
RIET BFEA—NHEATHAEASZAWAENKRESE T, TEREL MK T E
(2.19), BREAMEL*M. Fril BEV W [ ]

FATIAEASE] R ZE R A — A S

231 FHREEEZFEE

BT BIRZE 1] 425 )T A .

P mEX, AREmMEREAAKKRA. E—NERERBRAN, FNKRAH W H B A
— A ]

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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TR EERAERA R LV 2.30 AXHE. 2.30 2D 5K L AR BRI I — 1>
. BUE, BATEM, AERA AL IicdH, JATAT LIEsin—Lem i (bl fg—14
WA ), AT 785 BT R LM TC A (H RE 7K X >3 ).

2.32 HYEMETXABMARY TR—1 5

A PR 1 2 ] A Ak 0K i i LA P Rd F0 AZ 1  ] f— 2.

@

R B, .., un EHREWMEZE V FEELX. 4 wi,..., wp 2V RIKKRV &
4. TrmE4

Upy.oo., Ums Wiy oy Wn
KA VAE 230 AEYA o & SR B A T B4, K HHR R Vi — AN, TR Ny, ., U
Ardtsew MRy (WA RFRAINS u B E, BAw,..., Un R ETRE ). u

ZEA T RIBIT . AAETCRAL (2,3,4),(9,6,8), WERIKATHE wi, wa, wy BUN F° (19F51E
3, MBAE RN AP ER, mT AR 4
(2,3,4),(9,6,8),(0,1,0),
B P
A EREER, RATBAEEY], X Ff ERAMRGSRERRMHANTL, LE
B2 [ d2s [A) A A Fos ], #FBedk s s BRIV RATRYEN, SRALIEN T R4 R
AToS], AR A A TIPS T3 [ Y B

233 VHBANFZREHMESET Vv WEMRNAERERS
@&V%ﬁ@%%,U%V%¥§@.%Zﬁﬁvw—¢¥§ﬁw,@%szeW.o

HIERV=UeW, BRI 146, RAIRFILW
V=U+W H UnWw={0}.

HTEALERE -ANRT, BikveV. 2, HTHu,..., Ups Wis - .oy w, KAV, FTUHEE
ai,..., ap, b1, .., b, € F{#45

v=au+---+apuy+tbwi+---+b,w,.

u w

MAEv=u+w, EFuecU HweW, Xt TEveU+W, TR T V=U+W HiL}.
%Ti}t% UnW:{O}’ /TF/%‘LQVEUOW ﬁpé\ﬁﬁ*}ﬁ%al ~~~~~ am9bl ~~~~~ bnEF/@i//f%
v=au +---+auly, =bywi+---+b,w,.

T

ajuy + -+ aulty, —bywy—---—b,w, =0.

(BRI ZEMESY (%) Sheldon Axler [£] 2Rk . AT [%]



36 ﬁ% 23?’: X]‘FF&?&I{;]%E@
BT uy,. . U Wi, W, 2R BET R, XKW
alz...zamzbl:...:bnzo‘

FREv=0, THRT UNW ={0} i .

= il 2B

1 SR IrE S A —A A ) 25 ().
2 KRR 2.27 PR AT 458,
3 (a HUNR BFEmE, EXH
U= {(xl,xz,x3,x4,x5) eR’:x;=3x, Hxy= 7x4} .

KU B—1
(b) ¥ (2) FIEEY 7N R —3E.
(©) SRR —ANTSE WHIEHR =UeW.
4 (a) WU RC WTasE, EXH
U={(z1,22,23,24,25) € C7: 621 = 20 H 23+ 224 + 325 = 0} .

R U H—A 3
(b) ¥ (@) FRYIY TR C° H—A2E
© RCH—NTFEMWHEC=UsW.
5V EARYER, UWREVETEE, HV=U+W. itV A—4H Uuw faEd
JAiOE" S
6 MR H— . W5R po. pr. pas p3 & P3(F) YA, Z4lh R 2B AN 2,
W24 po, pi1s pa, p3 i P3(F) 5.
7 B vi,va, v, ve e VIR, EH
Vi +Vy, Vo +V3,V3+ Vg, Vy
g V A3,
8 IEME A — B W v, va,va, vy = VI, HU R VE—MNERE v, v, eUTvs ¢ U
Hovy g UBITFENR, T4 v, v, J2 U B3
9 B vi,..., v VIR —HmE. ST ke{l,...,m}, &
Wi =Vi+-+ V.
WEB: v, v B VIEE, HHACS wi, .. ow, 2V B
10 UMW RVIFEN, VaUOW. X uy,. .. uy s& U BIEE, wi,...,w, & W JIE
i
Uy ooy Uy Wiy oo s Wy
&V I
11 # Vi semEasa), e R v, v, BV (USRS E]) (3, A vy, ..., v,
W HE A Ve (MR R E2S [ ) [HEE.
FA Ve 897 UL 1B ¥ A4 8.

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]
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2C 4

JAETA | — EAEVHEA FRAEE 1) i 25 6], FRATTIARTE SOX TR G “HER0 S At 4.
PIZE A5 XHERE? — A BRE L, NOZREME F* (4RSS T n. TEER], B 00bRifER:

AR BERE n. T2, FRATEIEARECE SORSERREE. SR, — A BREE 2 AR R ZA
I3, A 25 7E s (8] P I A IS AT A R R, AT R AR . 5
U R SRR M —— PR TR AT T 45 IR,

2.34 EHRKENRETEREE

— A BIR A [ 2 225 (] H A T IS SR AR TR A R

IEEA BIXV ZEREN. A B M B, EVIENE 2B AV FZEAELKN, By K
BV, il By IKESRSHBT B, WKE (F222). B# B, FB, WAt, BITEFEGEEE,
B kK EFHMIT B WKE. TE, BBWKEEZT B, thkKE, &AL, [ |

RESRFRATT 08 — AT FRAE ) £ 2 (] AR PR AT AR D A B, FRATT AT DA IE = e S
RS ILERL T .

235 TENX: %% ( dimension ). dimV
o — A PRYE [m) 525 [0] i ZE B X A 1) 25 [B] T B — N R K.

o — A FRHENEZS[E] V B BEHULHE dim V.

236 fil: %

o dimF" =n, KN F" ARSI B2 n.

o dim®P,(F)=m+1, KA P, (F) MFRMESE 1, z,..., 2" KB m+ 1.

o MR U={(x,x,y) eF:x,y eF}, A dimU =2, XZHN (1,1,0),(0,0,1) 5& U J—1>
3.

o WHRU={(x,y,2) eFP:x+y+z=0}, IPAdimU =2, XJEHH (1,-1,0),(1,0,-1) B U
) — k.

A PR S B RS TS AT FRAERY (i1 2.25), MDLWAZERL $& FORIVEERS
T FRATET B A OGS AR A A

2.37 FREIRZEE

R v 2ARY4ENH U 2V I—1F25E, B4 dmU < dimV.

EHE &V BEARENBEU BV —ANF=E. B UFPH—IMEFERV P —PMEBETX
Y, B VEH—NEERV P —DKRA. A&, A 222 BFHFE4E dmU < dimV. @

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



38 % 2% ARBER RN

NTHEV PN FRAEV — 3, FREERR GELR2; AmTaE Ce
WIS X, RMIBFIEB XA R A R L RS, R TS5 CF
R EAAURENE TR, waikk v, T B OGRR, BAAEELL, ek AR 9, de
WP AL RS, MRFTHEA LAY RAFERA KO, RAARERELHF ).
MK, AN REEIE e e iR TR, SRAFkeTER G LR, T
P METTZ —. ERRATHEY, SR GRF MR R,
BRI ML R — .

238 KERINELELXXRERE—IE

RV A RYER). A v KB dim V BILRPETICK M BHARE V B)— k.

@

IEAH BiX dimV=n E vy,..., v EVEREWETL KW, Hyv,..., v T AV B —A

H(h232) £, VRHENEKERZn, FIAXERNYT ZEZNTFLREFR, bt 20 EH

TEWAHE v, .. v, B TR, v, BV AR, SR -
P FORIX ARG R Likas e — A HHEL.

239 EFEPS5ZHEHERNTFZEETFXENTE

i v RARY4ER), U2V TS REHE dmU =dimV. BAU=V.

WEER A uy, ..., u, £ UM o n=dimU, BFEWRELEX 2 n=dimV. TEu,..., U,
EVHERNEELAHNEL (HAERUNE) HKE R dmV. # 238, RANE u,..., u,
=V HE B, VIEENTESE u,..., u, WEMEHAE. TEU=V. [

240 fl: F2H—1E

e F R R (5,7), (4,3). XN 2 BYLLFE F2 R g eeny (R oy HE—
AR S — AR AT ). RS P2 4E80E 2. T2 2.38 RIKJE R 2 kit ex
M (5,7), (4,3) 2 F? i— 5 (AT 15900 B LR 5 HOE Ak ag F2).

241 fl: P3(R) I—1FZEH—1E
AU & P3(R) —F=5 0], HFREX:
U={peP:R):p(5) =0}
KT HRE| U —A3E, BEFEER 2 1,(x - 5)> F (x = 5)3 £ U .
ik a,b,ce RAXMIIHE xeRA
a+b(x-5>+c(x-5)°%=0.
ToiHs LU sE Rt ATMEE &I LM S A ox® W, FEAMEA 0,
DX EKRE ¢ =0. HHNc=0, AT WENXLME bx> W1, XEWHKRE b=0. FH, HT
b=c=0, ATTLHER I a =0. T, FRSEAFE N a=b=c=0. FIL, 1,(x-5%(x-5)
XAHIE U PREMHTIEEH. T2 3 <dimU. Frl
3 <dimU < dimP5(R) = 4, HTRE

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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HrpH#EIT 2.37.

ZWA x AEU T, FVEMIBEETHMERE L TR U #P(R). Ll dimU # 4
(H239). XHE, FRIAZEREEN dimU = 3. T4, U PRLRETCEH 1,(x-5)%(x - 5)°
KB dimU, HE U B—45E (H 2.38).

BUERANTEN , BA S KA SRR e — 2.
242 REWRIHEKBAEAZ—NE

B Vv A RN R4 v PR dim v B TKRAEERR V I— 2.

WEER Bi% dimV =n Hovy,. .., va R V. Hv,. .., v B DABCHI R V B — A3 (1 2.30).
R, VEENENKERE n, Frodda sy iU ER, dat 20 a — Mo EH
Mviy.oo, v, EMBRE. TEv,..., v BV —ANE, e AR [ |

PRSI, 25 1A BR4E 1) 523 [ PR 128 (8] Z M 4EE A 50, XA SSRIFIRAT]
BRI A: WA REZIFENTRENL, FTE-TEAWITENE, b A%
BHICEN, PR EXNMES Z SEM IR

243 FREZIB4EE

WA v, FV, A RYE S A 72 6], B4
d1m(V1 + Vg) = dim Vi+ dim V, — d1m(V1 N Vz)

Q
'LEHH /%vl ..... ij%vlﬂVZ Ql‘]"/]\}% ’—j:j% dlm(VlﬂVZ) =m. [Ejlﬂ Vigeony Vin %VIOVZ FJ,‘]*‘/]\
%a ﬁﬁpj\%‘t Vl qj?%éi/ri%%% @ﬁtﬁ&éﬂﬁu%ﬁ%ﬁjﬁﬁ Vl é’ﬂ"/]\% Viseons Vs Uty oo vy uj
(#232). TEAmV,=m+j. FEHF, Hv,..., Vi THA Vo =3y, Vi Wi, e e e Wi
TE&dimV,=m+k.
RATHIEA,
Vig ooy Vs Uy« « s Uj, Wi, ..., Wi (2.44)

R Vi+ Vo 3, R B b RATH 45 2
dim(Vi+ Vo) =m+j+k
=(m+j)+(m+k)—m
=dimV; +dimV, — dim(V; N V,),
HE T 52 BE A
Q44) ZAEETF ViUVy, Mg T Vi+ Ve, LAk mzias v v, Hib
AMKREZERET Vi+Vo. TE, BiEWH Q44 R Vi+V, i, RNAFENECRARTL
K4
K TR (2.44) REMEEXE, B

apvi+- o+ apvm+biur+ -+ bju;+ewi -+ opwie =0,

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]



40 ﬁ% 23?’: X]‘FF&?&I{;]%E@
HP % ab,c HERE. RINFEEHE abc HETO0. THLRES R

CIW + -+ Wi = =1V — = AV — byuy — -+ = bjuj, (2.45)

FEAT cywi+--+ewg € Ve XEFEw BAEVL #, FTL ERS#F—F LW cywi+- - +cpowy €
VinVa, BRvi,...,vm ZVINV, 93, FIUGFERE di,....d, F7

C1W1+"'+Cka:d1V1+"'+dim,

B v, VW ow e R TR, FTUEEXEEE c (UMEE4) HEFTO. TE,
K (2.45) & A T X

apvi+- 4+ auV+biuy+---+bu; =0.
it

EALE v, Vmattys .y REERKE, FTUAERREL S o & b HET 0, L.

MTAHRES S, 2 #5UGER S BITR ML P RIEA RS A RYE ) 225 w5 T, 2
AT #S (TS ) MdimV (sl BRI, DIATERIF (FEEaTS ) T
ZERIBYAT CRE T2 WS ) B9,

&4 (sets) == 08 ( vector spaces )

S R REE VA RYE ) i 5[]

#S dimV

XS BTAE S), Sy, ENMIFE S, uS, &S ik | XT VTR VLV, BTV +V, 2V i
/NRIELE ) HLSy Y TAR. NI VRV, B TS ]

#(S1 U Sz) d1m(V1 + V2)

=#S5, +#S, - #(Sl N Sz) = dim Vi+ dim V- d1m(V1 N Vz)

#(S1 U Sz) =#S| +#S, d1m(V1 + Vz) = dlmVl + dim Vs

= SNS=0 4:‘/10‘/2:{0}

Sy U---US,, BAHIAELGNE = #SU---U | Vi+-+V, ZHM = dimV, + -+ V) =
S) =#S1+---+#S, dimV; +---+dimV,,

PR R —ATRIERRAMIEGHIF (XS FMEA (W Frizsin) ZEF)
R LR —H PSR e 3.94 FHIIEH.

W, ARNIRRERT 2T R 12 JUZ 18 RBUrp, A Sk o] i s ] (R AR LE 45 18 i Xof o 21 ) A 5%
EAMEE.

= il 2C

1M R WFZEHAA {0}, R* PETAE RGN EL, LR AL

2 9EH: R TR (0), R HITAEAGA EEL, R PITA AR, DLk R
5.

3 (a) R U={pePyF):p(6)=0}, KU M— I
() ¥ () PRI T A Pu(F) HIFE.
(©) R Py(F) H—A T2 WS Py(F) =Ue W.

SHMR G — AT A RS 25 2R

(BRI ZIZAEF) (% wpi ) Sheldon Axler [F] FARik | 1\ [#]



2C k4 41

4 (@) 2 U={pePsR):p’(6)=0}, K UHK— L.
(b) (@) TIEEY FTEHR Pa(R) 3L
(©) K Py(R) —"F25[ Wi PR =Ue W.

5 (@ 2 U={pecPuF):p2)=pB)}, KUK—IH
(b) B (a) THYIEY TN Py(F) ML,
(c) ﬂ% Py(F) —AF250 WS Py(F) =U e W.

6 () 2U={pecPuF):p22)=p5) =p6)}, KUK
(b) ¥ () HIEY 7R Pu(F) B3
(¢) 3K Pu(F) —NFZEH W AR P (F)=UoW.

7 (@) A U= {p cePR): [ p _o}, kU H— L,
() ¥ () HIEY 7 Pa(R) Y.
(©) K Ps(R) (—TF=H W Py(R) =U o W.

8 W vi,..., v FEV HEMETCC, weV, iR

dimspan (vi +w,...,v,, +w) >m— 1.

9 & m E—IERE, po.pis. .., pm € P(F), H p IRECH k. WEW po, pis. .. P 12 P (F)
L.
10 & m 2—IE8E, MFO0<k<m, &

m—k

pr(x) = x*(1-x)
UEMA po, ..., pm J& P (F) HIFE.
X i 3] AP ey A% 7] AT R A B HETEE £ K ( Bernstein polynomials ) . &7 A L
¥k, THAGEIIE SR X4 THA T&L [0,1] LediE R
11 % U W e CO e, JE: EUnw EPT?”WJ‘/\F]%, HAE— A
— PR A
12 % UMWER T4asE, dmU=3, dmW=5, HU+W=R?®, iFl{R =UoW.
13 X U F W #BE R B H4EF23 ], 3EW Unw £ {0}.
14 &V 2 T4ERmESE, Vi, Vo, V3 &V IF2E0E, dmV, = dimV, = dimV; = 7, iE#
VinV,nVs # {0}.
15 & VIEABRYERT, Vi, Vo, V3 J& V IF2310], dim Vi +dim Vo +dim Vs > 2dim V, IEB] VinV,nV; #
{0}.
16 &V EAMRYER, URVITasE, U2V, S n=dimV, m=dimU, iEWH: V IEEXRE
n—m PFaEE, HpEASF2S BYEEERN n— L TITEN TSRS T U.
17 &V, ..., Vo 2V A BRYET25 0], W i+ -+ V, BARYER, ThHE
dim (Vi +---4+V,,) <dimV, +---+dimV,,.

AEREXBAALE Vi+--+V, F—ANAFRE, XHAE 394 P35,
18 XV 2HR4ER), dimV=n>1. IIE%T?TT: V IN—4EF2Em vy, . v, ffits

V=Vie -8V,

(BRI ZZIAESF ) (5 vik )  Sheldon Axler [#] FARA | FTFA [#F]



492 %2 'i;v’: A PR 2 o) & = A
19 % AHIMEZIHERCEHR AR, (KT BRI TR Vi, Va, Vs SR
e mas A s m, IBaf
d1m(V1 +V,+ V3)

=dimV; + dimV, + dim V;
—dim(V; N'V,) = dim(V; N'V3) —dim(V, N V3)
+dim(V; NV, N V3).
fifpRE— T A AR, SR UERA LA b33 Eids Hh— B .
20 WEMA: AR Vi, Va B0V SR AT BRAE R S R A TSR], TR A
dim(V; +V, + V)
=dimV; +dimV; + dim V;
B dim(V; N'V,) + dim(V; N'V3) + dim(V, N V3)
_dim((Vi +Vy) n V) +3dim((V, +V3) NV,) +dim((V2 + Vi) NV;)

3
ALAXTHRBAFA SR, Bh A DA /R — A4

TS BIGE T DAETROTSE, 4 B AR e N FrRAE ) — DI BV ERIE ) . KB AR
5, RPDISFNE B ANECEE A B RO TR T E R R DL, TR X0, TG
W SOHAICFRE, N ENTA G RIS, HIMERRISAEEEE.
— I - KA LA R 4F - T E (Mary Wollstonecraft Shelley ) # 25 2732 ) ( Frankenstein )

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]



£ 3E st

FIHATCA L, TATWEZEAEEPERES R L RSH AR s )4y, Gtk
HECEA RS, RIRA T B MRS 1) R ——Ze M g

FRATPHG A0 32 L P e A e B — i K T H. TR, B i 328 () i 4k
B, ST 0 i oS BRI B4R S — N RR SR LSS W T
AT BIR A ] et 2 (] 3 A B MW, 4 LAY BB BT E I A 2S 8, B4 2
— X — A ISR

TATEAEA TG AN EEME—ERE, B S5 | & ARl 5L M B pRas )Y
X A OCHR?. 2Pk ISR R B X 1 G R A B T IRAT TR A S A AR Y DB THT P2

ABRSETIA M EASRE, f2s B DL 2 A

AT, BTV, BITETFHE I mEZE, el U fMw. T2, 3EF
LRFRATER LA T RGE.

U TMRIEERERZEMIL:

o FIAZER L C.

o U,V WARERF LAYy E=s[a].

VS-Ag OO J9feyds ueisls

B AZET 12 #2645 k4E T #8382 ( Dankwarderode Castle ), 42 3% J R 4% % ( Brunswick
2, Braunschweig ), £ 7% « # /& 24 - % A7 ( Carl Friedrich Gauss, 1777-1855 ) {23t £ K K.
1809 4, S AR T —Fr KM EF AWMy T ik, XA ik [ AR A & L% (Gaussian
elimination) ] Z—3fPEFH LT AEA, HWHHF 1600 % F.

R TR > AR TR R R« TKIIR (1) B 5 096 5 A (] P BRGSE.

PRI MR MER I, 5 domain space B domain BN LA, 4RI LV, W) PIHTE (V), BIZPEMUR 2 [ ASR TR
FIB92s[H]; target space FiEG “HARZEM”, B8 LV, W) FIGRE (W), BIZVEWUR i ATE s e, R A EE X
o C{EBO F AR Wl — A2 ) ).

SHATRD CILRFAR).

43
(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]



M %39 kg
3A ZMERRETRY B =2 (8]

2R MERR ST B TE X AN SL A
BUAE A 125 AP I — B e X

— IV B W LR ERRGTE— N 2 FIIEBTRREL T vV - W
AN ( additivity )

MFHA u,veV, G Tu+v)=Tu+Tv.
F &£ ( homogeneity )

YFA AeF ARG veV, ¥WHTAv) = A(Ty).

&

VR, XL, FRTE S A0 AR A RE “RIETHR” (linear
Tv, WeH—MrREGLS T(v). transformation ) , iX fe 2 M a4 F) L.

o MV | W IR MBS A EE A ICTE L(V, W).
o MV 3|V ARG MEMSHRINESICNE L(V). 52, L(V)=L(V,V).

&

FATE LL MMM B S0, 335 55 46 F AT IR UE T 1 A 315 s SR B R BCHT R SR 2 1k
st

33 Bl ZelERRSt
ERRET ( zero )

FRISOLA S, ATATS 0 TR — DX FERY AR . BB ) 2 (| rh B o R AR
XFRLEN—A (WAl AR —1 ) mESEEEnEES . BEME, 0e LV, W) &N

Ov =0.

MR 0 2V B WKL, TAMIR 0 2 W R E eSS T, s —FE, IRIRHE
R SCH BRI AT S 0 SRR AT 4.
B4 E F ( identity operator )

BEEEFIONE 1, XA MRS ] E— DXL . Bz B R TR AR
X EIZCEAY. BKIMNE, 1€ LV) EXH

Iv=v.
5 akEt ( differentiation )
EXDe LPR) N
Dp=p'.
TS R RO EANES R ) — R O7 S0 T R X AN FEAR S X TR R R
B f. g MIEEA, (fF+g) =f +g M (Af) = Af" BIKL. HTE

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]



3A é%’}iﬂ%%é/j T‘/’J i%?ﬁt]ﬂ .

FR45rkET ( integration )
EXTe LPR),R) H

I
Tp:/p.
0

M IZ R BN, 25— RO ARGk 1A SR B AR SIS . P R N
U T XA BREUNFIT Z M, LA R eRECTE LA BV E AR 45 T R B ERR O3 S5 e LA
[F]— L.
5 x* #H3kM4t ( multiplication by x? )

TE R T € L(P(R)) N: XFUrfi x € R,

(Tp)(x) = x*p(x).

JREBALARGT ( backward shift )

BZ—T, F° FoRILRIET F AT S0 mEasm]. @& LS T e LOF®)

H
T()C],.XQ,)Cg,, .. ) = ()Cz,x:;, N )

M R? E| R? BBk &

FESCERPERLST T e L(R3,R?) N

T(x,y,z) = (2x —y+3z,7x + 5y — 62).

W F B F R

HAE)T BT, S m Fon IEREL, IS AjceF (j=1,....omHk=1,..., n), &
SRS T € LOF*, F™) 2y

T(x1,..., X)) = (Aaxi+- -+ A X, ..., ApaXi+ -+ ApnXn)-

SR b, BN R B B AL i S A X A X
X E &St ( composition )
BUE— 12T g e P(R). EXLEMEBS T € L(P(R)) N

(Tp)(x) = p(q(x)).

G RIAFAEER Y IR T TR BEAE — D ERVEW, DURE— 2 4% i) 1 3 1 3
TEERAVEZRE L, E—PE IR I — LA S8 2P E T B — D S F A (A

BAE Vi, v VIO wi, .. w, € W. IBATFIEME—IERMEIST T v — W {fif5
Tvk = Wg.

TEBNEHEARINA R LERERNEUEBRA T EE. TXT:VSWH
T(civi+--+Cpvp) =Ciwi + -+ Cc,W,,

HF e, ch EFFERTLER. Avy,.. ., va 2 VIR, B, ERTENHZLT ANV

LRI IZXAESF ) (FH Wik ) Sheldon Axler [#] FARA . T8 [iF]



46 § 3 F KMws

AWHEKT (BAV FENTEBEYCE T K v+ +cuvy BIHA ).
HTEMN, MERXF =1 BXHME c HET OFIERT Tvi = wy.

MR uveV, BHu=avi+ - +a,v, v=cvi+-+cyv,, N

T(u+v)=T((ar+c)vi+-+(ay+cn)vy)
=(ar+c)wi+ -+ (an+c)wy
=(aywi+---+a,w,) +(Ciwy + -+ c,wy,)
=Tu+Tv.
(M, R AecF Hv=cvi+ - +cuvn, M4
T(Av) =T(Ac1vi + -+ Ac,vy)
=Adcywy + -+ Ac,wy,
=A(cywi +- -+ W)
=ATv.
TE, THENV E| W B & o4
KTENE—M, AERKT ¢ LOV,W) BXTEN k= 1,....n BF Tve = we. 4
Ciyenns chn€F. A TWHFABEEHENTFEANLk=1,..., n, #H T(crve) = ciwe. REATH
T Ak T %
T(civi+--+cpv,) =Cciwi++ -+ Caw,.

F2 T % span(vy,..., v,) b ERE—F . BHhv,..., va R VIE, FIUX KW TAV £
WE—mh o, BT MR —MARE. [

LV, W) EMKREZHE

FATIESC LV, W) ERIEMRETFETTIG.

35 EX: L(V,W) LRIMEMERE T [ addition and scalar multiplication on
Lv,w)]

Bi% S, T e L(V,W) HAeF. FS+THRRATEN V 3] W LRPEBLET, 4355 LAanF .
MFAveV,

S+T)(v) =Sv+Tv, (AT)(v) = A(Tv). .

PRBEZREE SN LRY S+ T FIAT g HEBHERE P S AE. KA, T
JEAIEWST. BEZ, MR ST e L W) L FAAEARREIRAALE, HLLA
AeF, B4 S+T € L(V,W) H AT € L(V,W). BE ML B cos(x + y) T cosx + cosy F=

P TR M 7E £V, W) b LT imy: cos2x ¥ T 2cosx B, PA-Fi# cos #RAE A A,
MR, T TSR E NG T, A RIRGEPBA.

36 L(V.W) REBZEE

AT L SO IRE bR R AR, LV, W) B A s ).

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



3A KBRS B 2w 1) 47
LRGSR UERAR AL, AT E . R LV, W) BIEESEITRA] 3.3 he X%
AN
WE, gD A PTG R AR A B L. A, HE e R PR 2 [ A —
MR, HT kA e L.
37 EX: ZKMHERGTRIZFETR ( product of linear maps )

WRTeLWU,V)HSe LV,W), IBAFIR ST € LU, W) #EXH: XFTHA ueU,
(ST)(u) = S(Tu).

&

HIWAT L, ST g2 — MNP BREUE S So T, A YA~ R SR v s Bons, JRAT i o
i ST XAMETMAM SoT. M ST EXFFRITRBFRE, AT AZR ARk A

FERE R Y T WUE] S pE sy, ST A A @ L. RROZEIEX TAER T € L(U,V)
S e L(V,W), ST BIBE—TN U B W IZIEBR.

A& S ( associativity )

Xf TAERAE AR B SR ZMEWST 11, 1o, T3 (D T B T, 195E LA TE P, T
WL 2] T) e LS ), B (LT)Ts = Ti(TT3).
82T ( identity )

MTEET e LV,W), BTI=IT =T. FHFE—-NTEV FRESET, MHH
ANTREW LSS
S ECHER ( distributive properties )

YFAEE T,7,,T, € L(U,V) M S,8.,8, € LV,W), A (S, +S,)T = S,T +S,T H.
S(Ty +T,) = ST, + ST>.

LIRZERUEIRFE L, B4 TE SO
LRGSR BUR AR SR, 52, ST =TS FEA—E1Emh, RIEZF Pl s fuas
S .

3.9 f: REZHPTEDNA P(R) B P(R) BILL R ST
i D € L(P(R)) &M 3.3 HE LGS, T e L(P(R)) 24 3.3 hE X5 x* 48
Temwie it AR
((TD)p)(x) =x’p'(x) 1H ((DT)p)(x) =x*p’(x) + 2xp(x).
T TD # DT— A UL 2, FISeaR L x2 BRI —A—FERY.

3.10 ZRIERRETIE O BRGSO

B T 2 V 8] W MBS, 84 T(0) = 0.

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [



48 %3 % Bprnst
R e, HATE

T(0) = T(0+0) = T(0) +T(0).
%R FME B A b T(0) 8y hmkaton, BTHEE#® T0)=0.
i m,b e R. MHACY b =00, i
fx)=mx+b
FESCHYBRAL £ 0 R — REZMEMSS (R 3.10 ). BBErT 0L, R fReh gtk sBoRZk AR
BT % IR IS A —FERY.

= i 3A

1#%bceR, EXLT:R >R N:
T(x,y,z) = (2x —4y + 37+ b,6x + cxyz).

WM. T 24etkny, MHACY b=c=0.
2% bceR, EXLT:PR) - R H:

2
Tp = 3p(4)+5p’(6)+bp(1)p(2),[lx3p(x)dx+csinp(0) .

WEW: T RN, MHAY b =c=0.
3T e LOFWF), WEW: fPfEbRR Ajp € F (j=1,...,m, k=1,...,n), f#i1%

$ATE— (x1, ..., x,) € F* FRIST .
X8 ] AR KRR T A 2] 3.3 694814 5% =) P TR LR B 691 X
4%TeL(V,W) Hv,..., Vo s VR —d I, i Ty, ..., Tvy & WP —ZHEIRAL. Ik
v, ..., Vi RIETCR.
5 uEH LV, W) JZmasa), B 3.6 4.
6 IEPHZ PR TR A v 25 A1 . TEECA S BCERT, R 3.8 f4ie.
7 WEWL AR N—ZE ) RS A R B S B, SR DI —tra. EUER L, UER
WHR dmV=1HTe LV), BLIFEAIc FHEESITAveVEH Ty =v.
8 4t —l: K%l :R* > R, fIif]
p(av) = ap(v)
XA a € RFFTA v e R OL, 1H ¢ NELIER.
KA T — A, AU TR SAH T Ak, ZER AT B — AR HOT &0 w4
9 i —fl: ity C—C, flifd
p(w+2) =p(w)+¢(2)
XA w,z € CHSL, H o AREMER. (M C VR M E2SH. )
W R T b ST R AL R o R > RAZBAEMN. KR, ERAZIHE—A
R AERTEELHF (HF/F5) 9T A

(LPERE M IZIXAFF) (FHvark ) Sheldon Axler [F] FIRL . fTrA [#F]



10 WS —5ef): W g e P(R), T:PR) > P(R) XN Tp=qop, AT 2L
eSSt
EERSHRIT, RET 33 PRE—HIEABHT, KAET BB R,
11 BV EARGERN, T e LV). W TRESRTIOREN, HHACE ST = TS ML
S € L(V) #BL.
12 B URVITFERE (U+V), Se LUW) HS#0 CEEIXHENueUH Suz0). &
XT:V—WHT:
Sv #Hvel,

0 FveVHvel.

TV:

WER T A2V B2
13 %V 2AMRYER. W V B F2S 0] E AT —ZPEBEER T LI T2 VL. )
W, W R U RV ETEN, BHSe LWUW), IBAFET € LV, W) 15 Tu = Su
SHE w e U T
3.125 ¢94ERA A B AR 6 25 R
14 &V 2ARYER (dimV > 0), & W2 BhR4ER). IR L(v, w) ZTCIR4ER).
15 & vy, .., Vo g8 V ZRPEAR AL, & W # {0}, WEM: fFfE wi, ..., W € W HITHATE
T e LV,W)MENk=1,..., m R IE Tv = wy.
16 &% VA RYER (dimV > 1), JEWAFEAE S, T € L(V) f#if5 ST £ TS.
17 BV A RRYER), FEM] L(V) U RBGATALZ {0} Fl L(V).
L) T2 EMARA LV) RIBIERE ( two-sidedideal ) , %R TE € E HET € &
SHETH E €& PR T e L(V) # R L.

(BMERFIZXAF ) (Fwik ) Sheldon Axler [F] FARA . FTFA [iF]



50 % 3F &oidwgt

B EZF (6 F1{E1E

Tz A0 B G

TEX—TH, A7 SR LA EWI AR SR A OGP T23 (8], B SR BB 0 1Y
LRl ibE S

311 FEX: FZIE (null space ) , nullT
XFTeLV,W), THEZEICH nullT, &V IF4, Hbitk 7 W] o i it

FEI R

null7 ={v eV :Tv =0}

312 fil: FE=FE

o MR T MV B W MEMSS, BRI TNy e VEA Tv=0, 4 nullT =V.

o X ¢ € L(C?,C), XN ¢(z1,22,23) = 21 + 220 +3z3. M4 null 5T {(z1,22,23) € C*
21 +222 + 323 = 0}, B2 ¢ I XAERIMF2EL RAVRYSESER], BALREMSHE

23 (A1 HoE LS Al -5 ).

o B D € L(PR)) &foriss, BIHE SR Dp = p'. FeRECH 0 1 KB H {H pREL
TI&, D &S 05T 5 R i 54

o T € LIP(R)) 5 x> HHTRMLS, RIHESCH Tp(x) = ¥2p(x). ME—{fif4 x2p(x) = 0 X
Jif x € REBIESL I Z T p /&2 WX 0. FJ& null T = {0}.

o RIZF T € L(F®) EEMBABY, BIHE KN T(x),x,x3,...) = (x2,%3,...). A4
T(x1, %2, X3, ...) T 0 4 HAUYEL X0, x5, .. 22K 0. TR nullT = {(a,0,0,...) : a € F}.

HRARIEERUN, B LM 22 TR AR o SCS I T2 ). il F 4l
WS % 23 (R #REL 55 0.

313 FEFEETZE

B T e L(V,W). A4 nullT &V BT[],

UERR B T B—StEmst, BT T(0)=0 (#3.10). T/20€nullT.

BE u,v enullT. 24 “null” 89 ZF &2 “R”. F5Z, “null space” iX
MNRIE B Z AR R AL E Fo 0 9 BR & . /ﬁlﬂ’*
#F R A RKE “B%” ( kernel ) o R 2R
4],

Tu+v)=Tu+Tv=0+0=0.
Bl u+v enullT. 5% null T % T fm ik = .
BEuenllT HAeF. 4
T(Au) = ATu = 20 = 0.
FrPA Au € null 7. T2 null T 3¢ T47 & Tk 2.

KAVER Y nullT &4 0, FAX T hmEmirgREZEAHHA. AT 2V T
| (@ 1.34). [

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



3B K% 8] Fe A%, 51

FTAVRPGHAFE R, X TAMEBURRYE, 3T kX S5 U 25 (8] B2 AH K.
3.14 EX: HH (injective )

XFRET : VoW, 5 Tu=Tv 25 u=yv, WFIZRECE B .

FATRT LUK FaRE CEHB AR W w £ v 8500 Tu # Tv, AT RAS. TR, 4H
Y T FAS A A AL B[R] i s, B A B

BEFoRMsE BES, AT LA AF “—3t—H” (one-to-one ) F= 449 %
0 7 I ME— B 0 i, ek —4 B AR
BB, FEF] 312 h, BATHE T — o2 kB 25 8], W H N HES e
W, X EELR PR A S x? AT RS (FERFRIEL V = {0} T, FBUpL 2 ).

315 Bl — FEFEET {0}

A TeLV,W). 4T RPH S HAY null T = {0}. .

IFER 4Bk T 224, HATEEEH nullT = {0}. HAIE 5 {0} cnullT (H3.10). 47
XA AR R R IR KL, Bi%yenullT. A4
T(v) =0=T(0).
BT ZES, I ERERNEW v=0. TEZRNEFE nullT = {0}, W77 i\ HiE.
HTHERG —FEWEEF R, NAEMBE T ={0}. RINBEERAT L84, Kk, B
HuveV HTu=Tv. B4
0=Tu-Tv=T(u-v).

FTRu—vEmIT F, Toull7 T {0}. Bu-—v=0, Wu=v. LT ZE4, iEE. @

B AN

PRAEFR AT 2R Bt WS B 18 T ) R 4 B A 24 -
316 EX: {EiF ( range)
MTTeL(V,W), THEEZWHTE, HFAET Ty (Hrhvev) Bt

rangeT = {Tv :v € V}.

317 Bl {EiE
o WERT MV B W R, BEIXTTFHAM veVHA Tv=0, IA4rrangeT = {0}.
o KT € LIRLRY) LN T(x,y) = (2x,5y,x +y). W4

rangeT = {(2x,5y,x +y) : x,y € R}. H2TRE

RAE injective, MBI, EARMARIHEIT, KHHAR CRA” Bk

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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] range T & R ATl JRAVROLEER ], LV, W) PRALEDU R W
)25 ).

o flii% D € L(P(R)) iEH Dp = p & XKW, WX THAZIN g € P(R) #A71E
—ZIA p e PR) 75 p’ = g, LA D HI{HEGE P(R).

FETORMERERW], A D ZRAEWUR A (AR 2 T i WSt 2115 fr [6] 245 1] A 55 ).
318 EEEF=IHE

WHRTe LV,W), B4 range T & W ) F25[H].

WA B% T e L(V,W). A4 T(0)=0 (43 3.10), &% % 0 € rangeT.
Wk wi,w, erangeT, L BFEE v, v, EVIETY, =w, A Tv, =w, RIL. T&
T(vi+vy) =Tvi+Tvy =w; +w,.
FTPL wy +w, €rangeT, T2 range T #f-F ik £ .
R werangeT HAeF, MLBEHEveVETv=w K. T&
T(Av) = ATv = Aw.
BrbL Aw € range T, T /% range T %t T 45 & 7 i 3 1A].

AT T range T 47 0 LR X T Ak fadr EF Kz B4 A, F o rangeT & W 8 F
=E (d 1.34). u

319 EX: i#%Hf (surjective )

WEREREL T -V — W AR T W, IFRIZ R BN i 5.

&

FRAT A LS PR 13RS e B REAE 3.17 RO IR e st o FUA
SHEWEST O TARIEI W = {0}, FBGTLRIEH ).

AR VMR S, Bk TR A EAEAARE “BREL (onto ) , X Feik At
R S A i 25 ). TR

320 Bl BREAFGFBURT BHR= EHIER

EXN Dp = p' FIHOTBS D e L(Ps(R)) ARG, N2 x° AE D {EEr .
SR, BN Sp = p WO S € L(Ps(R), Pa(R)) 2T, N ERERET Pu(R),
P S WS R Y A i A E].

LR GT B AR ETE
AERAPEE, LIEANSIER 2T

SWUN IRt s ] ( HARZSIE] ) FBETRU 2 0] (s, FARZS ST () AR
SIAS I surjective, JE MBI, EAEARETELT, FIHHZT W ik

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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321 ZM4MSTEATEIE ( fundamental theorem of linear maps )
RV Z2HRENE T € L(V,W). B4 range T ZARRYER), H

dimV = dimnull7 + dimrange 7.

W A w2 nullT B — 3, TR dimnullT =m. #8232, ST EH uy, ... uy, 7
WY TRV I —A 3
Uy e oo s Uy Ve ooy Vi

TR dmV =m+n KT THIEH, HAN1FZEIEN rangeT & H R4 H H dimrangeT =n. A4
W, |ATIEWH Tvy,...,Tv, & range T #Y 3.

AveV., BAHuy,.. . umVi,...,vo KRV, BTLLEATT UE H
v=aju +- -+ adplhy +bvi+---+ by,
HEb&afmb BETF HFTHERATEAM, TR
Tv=bTvi+---+b,Tv,,

HEPEB Tu, 9FHE KT, BAE u HETF nullT. ER FEELKWEA Ty, ..., Tv, KX rangeT.
A M, range T ZH R4,

HTAEH Tvr,... Tvy REMREN, Bk cr....c, e F E
clTvl +“‘+CnTvn =0.
Ao,

T(civi+---+cpv,) =0.

F i,
civi+---+c,v, €nullT.
IR ury .. uy KR null T, Bl EATT LS W
civi+-+e,v,=diuy + -+ dpity,,

HPEdHETF INEXREKY, Fidc (UEREd) BEOCEN u, ...ty viy. sV &
SBEEXMW). TETv,....,Tv, 2&MET XN, % rangeT Wy —/N3E. N JE & FAFE. W

BUEFRATAT LAEW, R — A BRAE [ 2 (B AR 2 LB 5E/IN" i 225 [ ) R PR I S
ARRGY, KHAY RN R AEROR R .

322 BBIER4EDE ARG AR S
i v il W A R 2s B i 2 dimV > dimW. B4 V B W 2R M A

.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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W AT e LV, W), 4

dimnull7 = dimV — dimrange T
>dimV —dim W

>0,
FRE TR AEBEEAREE (321), £ 47k H 237. FHRAER KW, dimnullT > 0.
R ERE T LB T O EMEE. TET AZE5 (& 3.15). u

323 fl: MF B PP YIRS R 2 S5t
PR UE DRI T F — F:
T(z1, 22,23, 24) = (V721 + 720 + 24, 9721 + 322 + 223, 20 + 623 + 724).

FK dimF* > dim B3, FRATAT AR 3.22 Skis T AR, M T fi]e.

R RRIGERERM, I — A7 BRAE () 2 (B R 21— TR 1 i) o 25 [ O R R S
AR, X HAY R RS R,
324 MREESHZE LR SRR E S
BB V N WA FRAE ) s () Bl 2 dimV < dimW. JIBAM V 8] W IS ERAS

e

EER AT e L(V,W). x4
dimrange7 = dimV — dimnull T

<dimV

<dim W,
FRATFHFRNES R FEABBRGERTE (321). ZAEAELH, dimrangeT < dimW. Xzt
Bk & rangeT A 2% T W. TET F2ZiH4. L

AT EAFER, 3.22 1 3.24 FEAMIF RIS A —SE R EEE, HPRYRL AT
RENMTT R R LB FHZAME M BRSOk RA. B0, O FriRk&r id e A JE X
AT RPN B 5 RS

[ 52 A m Min, P4 A, eF (j= 7% # ( Homogeneous ), £XAERE, &
LoomBk=1,.n). BEFREHIH A TRENTRERGFHAALO.
A
Z Al,kxk =0
k=1
ZAm,kxk =0.
k=1
AR, xi = =x, = 0 2 LR HRBRAMN— . ILERREUE, RS AR HAL R .

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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EXT:F'—SF" )
T(X] ..... )Cn) = ZAl,kxk ..... ZAm,kxk . (325)

TR T (xy,. .., x,) = 0 (LEALAY O 2 F7 AFAINEAESE 0, WalE KRB m 94 0 FL
ML) 5 EmFFIRAM T R4 — R, TR THUEREE null T 254K T {0}, Xl
BRI T T AEHGE (1 3.15). = TORMEZZRE I TRIE T A2 1F.

3.26 SFREZMEATEA

KA K T IR RN IR T AR AT AR

@

IERA R RTEAHA TR IR S AN, TRET ZENF B P fy & Eu s, BRANALE m
AT n DRBB x, . x, WFREM TR, H3220 T mEn>m N THARZEL. N
EIREER A HA DA R A AR B TR Sty R AT AR A

IAEFA 175 X AN R — NP7 AR 5 1 BT S (I 25 TER Y. AR ax A
[7i) RSP 28 P R S 03 5 R, BB IE 3 m R, JF4 A, e F(j=1,....mHk=1,...,n)
F ey, ., cm €F, FELMITREH

n
E A pxp = ¢y
=1

(3.27)

n
E Am,kxk =Cu-
k=1

ML, AT EERIR A RAAAEEEO o, ..., cm € FIFESCHUE , 75 [k
Ty FEULTCAE.

Wk (3.25) —BEE XL T F" — . Jife 458 3.26 A= 3.28 AR Rbw sty A s Ao i A2
T(xt,..s xn) = (c1y.. e, en) 5 R (3.27)  WARAERE. CNLTAR S T EIE
FR B B S —RERY. TRBATEMEE 9, AT 27 A MFRAAT 2R
BA rangeT # F™. FFLIFRATATLUK IR @ 093Ed.

(epy..n, cm € F WSS HUE 1SRRI TCAE ) oS X it fHa & hRefll T — @ A2 52
T RIEEIEL T — A XA F A

328 AEANHEZTRABANHMLETER

TR TR R A7 e 5 5 SO LE (A%

@

UERA E R AT E TS AT A IR MR, TET ZNF 2| P & s gt, ERATE£4
mAFRE n MR X, Xo AT RH [ WX B27))] En<m, 324 T F
A R EENITE, xR, R -ANEEFTRAY, FEME TREHEAN K, B2
B BT R A e E B 7 AR 4L T AR [

IREER— A B AT RS RN E LAy R A RO R S B 2
ST,

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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= S]{l 3B -

1 45—, %2 dimnullT = 3 H. dimrange T = 2 LR PERLGT T.
2 ¥ S, T e L(V) {#153 range S C null T, WEH (ST)? = 0.
3ikv,..., v e Vi —#miE, EX T e LF™V)H:

T(zi,..., Zm) =LV + F IV

(@) T 2B TF vy, Vi TR V2
(b) T B AERX N T vy, ..., Vo SRR PETC R ?
4 WEH: {T € L(R®R*) : dimnull T > 2} K& L(R%,R*) (745 [H].
5 45 —B. {113 range T = null T B9 T € L(R?).
6 IEBAAEAE T € L(RY) {#i15 range T = null 7.
78V W IRARERN (2 < dimV < dmW), WEW: {Te L(V,W): T REHH} R
L(V,W) F23 ).
8 WV M W EARLER (dmV > dimW > 2), iEW: {T e L(V,W): T AR} Ak
LV, W) F25].
9 KT e L(V,W)ZHE, vi,..., v 16V HRRIETEE, W Ty, ..., Tv, £ W et Tok.
10 vy, ..., v RV, T e L(V,W), WM Tv,,..., Tv, kA range T.
11 %V ZARYEN, T e LV, W), IEBTEAE V (—T45308) U #i15

UnnullT={0} H rangeT ={Tu:ucU}.
12 % T 2\ F* 3] F2 (R PEmesy, 75
null 7 = {(xl,xz,x3,x4) eF* :x,=5x Hux; = 7x4} .
UERH T STl 5.
13 % U J& R® [ =4E723 0], T2 R® 3 RO (P, null7 = U. 3EB] T 2055t
14 JEH . AEFEN B2 3] F2 (LR PEmest, w6 e R 2s [0) 461

{(x1 X2,X3,%4,X5) € F° 1 xy = 3x, Hoxs = x4 =x5}.

15 BAFFE V Bl , HR2s mAE RS A BRAERY. IEH v 245 PRk

16 &V I W HUEARAER. WER . fEAEV B W R AGEPERLS, S HACY dimV < dim W.

17 WV AW HRABRAER. UEB: ANV B W e, 2 HACY dimV > dimW.

18 &V MW HGEARYER, UV BFaE. M. fAET e LV, W) G nullT =U, 4
HAYVY dimU > dimV — dim W.

19 & W BAERYER, T e LV, W). WEW: TIPS, MHICHAAE S € LW, V) {13 ST &
vV ERIESER T

20 B WIRRARYER, Te LV, W). WM. T B, HHACEFE S e LW, V) 15 TS &
| SR ER = A

21 WV EARAER, T e L(V,.W), UgWBF=SE. uEM: {veV :TveU} &V T2,
H

dim{v eV :Tv e U} =dimnull T + dim(U NrangeT).

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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22 U MV EEARYEmsR2sE, Se L(V,W) MTe L(U,V), iEH:
dimnull ST < dimnull §$ + dimnull 7.
23 U MV EEARYEms2sE], Se L(V,W) MTe LU,V), kM
dimrange ST < min {dimrange S, dimrange7'}.
24 (a) B dimV =5, HS,TeL(V){#ifd ST =0. UEMH dimrange TS < 2.
(b) li—1Hil. S,T € L(FS), ST =0 H dimrangeTS = 2.

25 W W RAERYERY, S, T e L(V.W). HEW: nullS € nullT, 4 HACYAEAE E € L(W) f#i15

T = ES.
26 WV EHRYER, S.T € L(V,W). iEW: rangeS C range T, 4 HAUYTETE E € L(V) ffif5

S=TE.
27 & Pe L£L(V) H P>=P. iBH V = null P ® range P.
28 % D € L(P(R)) fifgxHE—AEHEZ T p € P(R) £i deg Dp = (degp) — 1. UEW] D 2235

4.

@it DA kbR AR S, CHZAX p ] p
29 & pePR). WEW: FFEZHHK g € P(R), it 5¢” +3¢ = p.
X IE AT AR A B SR, A2 A R R BRI A & .
30 oe LV,F) (0#0), ueV AfEnulle B, EH.
V=nully & {au : a € F}.

31 &V EARYER, X2V TN, Y& WINARGETFSE. IE: f7ET e LV, W) i

#null7 =X HrangeT =Y, H{{Y dim X +dimY = dimV.
32 BV EARLER (dimV > 1), 3EH W18 ¢ « L(V) - FIRYERLSE #1150 (ST) = o(S)e(T)

XA S, T € L(V) AL, 4 ¢ =0.

BAFEGT AT P BRT AT L(V) 9AEEHRE, RiFA M.

33K VAW RSN ESE, Te L(V,W). EXTc:Ve— We:

Tc(u+iv) =Tu +iTv

XA u,v eV lor.
(@) WEBA: Te J2M Ve 2l We B9 () Zems.
(b) WEHH: To ZH4, HHAY T 25
(c) UEFH: rangeTe = We, HHAYY range T = W.
FAC Ve 8L 1B g AL 8. BT To AR &t T 49 E1L.

(PR LA ) (HwHR ) Sheldon Axler [#]  FARiA . A [i#]
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3C %EfE

FAFERER TR MR ST

FAVHGE, W vy, .., v, B VIERH TV - W RN, IBA Tv,..., Tv, FH{ED
E T TH VL s e B E—— WA PR 13 (3.4). S EaFER, A w
MYHE, HEFERT DASROIC SR Ty HI{A.
329 EX: %M (matrix ) | A,
ik m o ZAETREEL. mx n 5BFE A S22 F FOTCRMWBE m 17 n SIRHIERES
Al,l e Al,n
A= 2
Am,l e Am,n
L5 Aj . Fn A S jATHS k BITPIITER.

330 Bl A EFANE jITE L FIPHTE

wiza=® Y 07N FrALEr  ETBERN, F-ATRERAEIUT, $
19 ’

7 g
- . SRR A LS.
AP ZATHE =S ITER, Bl Ay =17.

BAEFRATTA AT v By S E X
331 EX: ZMEMEHI4EFE ( matrix of a linear map ) . M(T)

BRET e LV,W), vi,..., v e VI, wy, .., W ae W II3E, T & FiX It 5apE
f%Wan%EMQN“T),}iqygjﬁéiALkﬁfFﬁﬁf&Q

Tvk = Al,kwl + -+ Am,kwm.

—NERNEBI T € LV, W) BIRERE M(T) BET VIR vy, v, WHIEE Wi, w, B
LT, Aid, W ETFICHEEREMIFf RIS, It H FLEfINIC S BE 4.
N T ACAE M(T) Ryl T R R A, VRl AZERE R R 5 R b [oE s 8] i 2 1)

v, v, JETEAERERZEMIEE S T MRS R f) d 2SR AR wy, o wy, IR T TH
VI e Vi e
wi Al
M(T) =
Wi Apk

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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Fef PR T FRARES k 51, TR M@ 8% k FlE&s TR Tv 5K
HEAMIE A TCR M A TARERE k. LRI Wise s Wi SR SPTE 6 SAE -
RS 2RI B M(T) 358 Tv, 907 Tvi=3" Apm.

Yer SO k SIS TE RS T T 1
EREE w; AT, FRAG BT AR K.

WA T R F B P A, s R T AR n @ EZFE m e F 2 R
BRAESI AL, BB T OISR bR SRR, AR M(T) & mxn S
e (RS k AT REAYSS &k ANASFRAS | T HAAS A BRI ). HISRARHE B 7T R
m BRI, TBAMKTT LUK MT) RIS k 5T LK T FEFH T4 &k bR ik pres.

3.32 B3l M F? B FP B2k IERR ST RO 5B BE
% T e L(F2,F?) E N
T(x,y) = (x+3y,2x +5y,7x + 9y).

Bk T(1,0) = (1,2,7) H T(0,1) = (3,5,9), FrLA T RFhrlERL RS0 2 U T sy 3 x 2
yia

M(T) =

~N N =

3
5].
9

FEWFIE P (F) I, BRAEEFSCHTMEU, ARBARIERE 1,0, 2%, .. 2™,

333 fl: M P3(R) Bl P,(R) KIS BRETHIAEPE
5% D € L(P3(R), Po(R)) S Dp = p’ FFsE LIIBAYWST. B (x7) = nx", FFLA D
KT FREEERFERERIE AN N s By 3 x 4 FERE

M(D) =

oS O O
oS o =
S N O
w o O

PR IR ERE TRIE

TEARTTHIRIATR Y, BOE U, V, W A BRAER) B T H a4 s A C e 1 — 4.
TRMTEDNV 2 W RZLPEBSS, FATEEBIHE BN ST HrkFErIEE ) MR,

PIA LRI Z RIARE R, AR 2 T P WA A REL R 22 IR 3 D H i B84 7
SC, PUARAEFRATE & SO ERIEBST RO R, (HIRATIEBE ORI, SEis e, fi—
FRAR E AR TT 2R PR Z AN RE 3L, B RS FA TR, Bk, Ji1%4H U
TREX.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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334 EX: %¥EFEME ( matrix addition )

P AR R/ EEREZ 70, S PO RE R X L b B TT AN T2 A I
A o A Cihi -+ Cin
: N el :
Ami o Amn) \Cui + Cun
A+Ciy 0 A+ Ciy
Ap1+Cra o0 Apn+Ch,

FERE TSR, BB T S+ T, S Fl T 35X = AL BS ER I IBORR] 1 J&.
3.35 SRMERRETZ FIHIAERE

&% S, T € LV, W). IBL M(S+T) = M(S) + M(T).

HiE SCEIT TSR 11X AR 2518, SRibid e B 45 1 e I

VIR FRATE REH T3S, —bpig GLLPEBN Z BRI, B 55 TRl —hr i 5%k
PEMU BORERE Z FR? [AIRE, XA TR A L, RO A i A e SR R b i 3fe 1.
SEIBIIE, PR ORISR E S, P ST FeA B A PR .

336 EX: MHEFEHFREFRRZE ( scalar multiplication of a matrix )
— R A HERF YRR, SRR R 1) & TR B e OIS b 2 T A5 A LR«
A - A AA - AAy,

Am,l e Am,n /1Am,l e /lAm,n

3.37 6l: SEREMMEFIRESRE
(3 1) (4 2) (6 2) (4 2) (10 4)
2 + = + =
-1 5 {1 6 {=2 10 {1 6 \=1 16

TEFE ORISR, RBON T AT F T 3 SR WS AT e HORA [] B4 5.
3.38 IRESLMBRSZ AR

Bk AeF HTeL(V,W). B4 M@QT) = AM(T).

LIRSS RS R B 25 D SE I
PUORBRLE E SCTHERE B Ik bk, ity A — i s s 2o 3 1. 156
FIAML T, ARAFE AR RPN T, SRJE F AT 1] 2 (] A 45K

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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339 i2%: F

XFIEEE m Fl n, SICRIET F A m x n FHEER N ESICE Fror.

&

340 dimF™" =mn

{8 m il IEREAL. 45 LI SCRIREAbR EARIE , B SRAERCN mn ()R],

ERR BRI P R R EXAGAEE TR, EEF WhEELETERATESNSET O W
m x n 4E V.

BHEMN EATRIE, EAHEANGRETEET 1IN AAETEZANETOWAE mxn EE
MR Fmr gy — AN AR R mn A, B T RS T mn. [

SR

HZHi—F, Rk, ..., Vo s VI, w,.. ., Wi WIS 3R uy, ..., up A U .
HREEMSF T U > VRSV > W, B ST 22—\ U 2w s 84
M(ST) T M(S)M(T) 157 XA [n)8 H RA A =, B IRATE A [ P AR 1) TR A
AR e e — R TR A S, SRl BRI B B . BUER B % E 4
BMEMS)=A B M(T)=B. T 1<k<p, il

(ST)uk =S (zn: Br,kv,)
r=1

= iBr,kSVr
r=1

= Z Br,k Z Aj,er
r=1 Jj=1

= Z ZAj,rBr,k) Wi.

1

r=1

TIE M(ST) J&—A4> m x p 5ilE, HA%E j 1575 k SIRcRET

IAEFRA TR 2 e o SRSk A REMEFRA TR 193 20 M(ST) = M(S)M(T) 1T
341 TEX: %% ( matrix multiplication )

% A & mxnHFFEH B & nx p HFE. A AB ESCH—1 m x p JifE, Hs j 17
5k HIMITR B PG )
(AB)j,k = ZAj,rBr,k-
r=1
TR, BCA WS jATA B IR k3, e TRnif & ErocsR s niAesmEAam, 5H1s
2T AB S j 4756 k YIMITTR.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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VR, RAMEANMERRIIEGE Ty RTRAEINORETY CEZFTER X
TAERERITEON , Tl A R X PIAE #RSL, R ART ISR B B AT
PR, LE R B

342 6. 5ERERFR
XHL, AT —A 3x2 FEFERI—A> 2x4 4EFEART, 153]—> 3x4 4R
10 7 4 1

)= 26 19 12 5|.
42 31 20 9

3 4
21 0 -1

12
(6543
56

R T AN S A ——AB I AR —E ST BA, RIMERSIFVERA & S (W55 10 ).
FRPEIe G B P MZS S (W11, 12).

TERE T RS R, AURE, ZIET € LU, V) M S e LV, W) BV Hg[a—4 3%,
Zg S e LIV,W) M ST € LU, W) BHIRW thi[a]—" 3, 8T e LU, V) M ST € LU, W)
B U H i [ —A 3.

3.43 ZMERRGTZ RRIRERE

MR Te LWU,V)H SeL(V,W), A4 M(ST) = M(S)M(T).

FIRSCRAIED], WURTEE ORIk i, BT TULHTH S ML Fr s 153

TE FHRIC S, S, IR —, A MrUERT, B2 TR EEEF
a7 T AL

344 iS5 AL A

R A J2—> m x n FEFE.

o MR 1 <j<m, IBAA; Fonm AW jATHIUA Ixn HHE.
o MR 1 <k <n, WA A Fmi A WS k SIFIRN mx1 HiFE.

345 Bl A, FETAME jITHAETANE LT
0B A, FR AW 2T, AL R AW 2 5. TR A = (8 4 5), 2

19 7
4
ol

Uk FERFAN nox 1 FERFROFRRBUE 1 1R, JRTAT, FRATH #2498 1 x 1 M5 HITRF R

ERE. Fln,
(3 4) (2) = (26)

KR 3-6+4-2 = 26.9K1M1, FRATAT LA (26) 5 26 ZF [ KA , et X5 m (3 4) (Z) = 26.

AZ,:(1 9 7), A=

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]
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B RLEEHR A T EBEIHE XA AE, WA T 55 —Fh SRRk 1

25, KR TORMSSIS A BMERTTE, e R N4 f] 3.42 TS RFIEE 2
1755 1 5 e R ST 26.

346 JEPFZRMITTERE TITRIUT
B8 A S m x n SEHEFL B nx p HiE. RAME 1< j<mF1<k<p, W

(AB)j,k = Aj,.B.,k.
BEZ, AB T jATH K FIRILRFT : (A B3 j 17) FRLL (B BYS & 5)).

FEH Bk l<j<mE1<k<p. HEEFENZELLKW
(AB)j’k = Aj,lBl,k + -+ Aj,an,k- (347)
BEEREMENTELN, IxnBHEA, Fnx | EEB, WERE - Ix1£H, Bngk
MTERZELRERNNEN. TEABFF jATF KN TERET: AWE j)EUBH
% k 7). [
FETORINEEIE NG T n—MEEHMERE N . FEgie T, (AB). &2mxp
FE AB W56 k 31, T2 (AB). ;& m x 1. [FBS, B AB. . J& m x n FERERT no x 1 5E R
T, et mx LAERE. T2 N algsie b miml bR s /NI, 8 00 e A TAH S el 2
BT

348 (EEZRHIETERESIIZR

W% AR mxndE5FH BREnxp . BB 1<k <p, N
(AB).,k = AB.’k.
MEZ, AB WS k 5155 T A Fl) B 5 k 4.

Q

B EE b, (AB)., F AB W E mx1 M. wE 1< j<m, 4 (AB). ¥ % j 114
TEAN GAN WA, AB., ¥% jATH TR ZA 347) &3, TZ (AB).x = AB. ;.M
FET RN TEGIFIE &, ST 5 —FE%E mxn HER nx 1R 5=

349 fl: 3x2 EFERN 2 x 1 SEFERIRFR
FIFE SCRERE A AZ R, IRATATEE F X

1 2 5 7 1 2
3 4(1)= 19]1=5[3|+1[4].
56 31 5 6

TRIEAGIF, 3 x 2 HFEA 2 x 1 FEFERRBUR 3 x 2 S IILIEAL S, 5455 HR Y
Frd (5F11) NRE 2 x 1 564

NHEEHE T LA

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [



64 % 3% Lobngt

by

B AR mxnfiFFEH b= 1 | & nx 1A B4
by
Ab=bA 1+ --+b,A ,.

BEZ, AbJE A HRIIMENEA S, M5 ESIFFRpIPRENIEA b.

Q

W R ke{l,..., my, LB EETEHE S S0, iFmx 1 MElEAb W% kATHHTE

S

Ak,lbl + -+ Ak,nbn-

M biA +-+b,A, BNE kATH T & 4% T2

HAHXNTHEANke{l,..., m}y, Ab F1biA j+---+b,A, NE kKATTTRAMEE, FTARA]
BHEW Ab=biA 1+ +b,A . [ |

HIR PN EE S s OCHEAE RIS, U S5 % TR MR T H R B, DL 85 8., 9
B FESE Mk 3.48 F13.50 MUIERA LR, BIATIERA AT,

HERRBZEE, BTE PN HIENATS 0% (3.56 ) MIEFERMSIRRSE A8k (3.57) A,
B EZTH. Sy T ABGERAT IS i i e S R Fr—30, PIEESe 12 TN
FEFECAE € B R TS A 1 B.

3.51 BEEFREMATISITHEEAS

Bi% C J&m x c HlFH R & ¢ x n 5ER%.

(@ WHR ke {1,...,n}, A CRINK k 512 C HEFIMEMEA S, HP&ERECRH R
HIZE k 41

(b) W je{1,..., m}, B4 CR W5 jAT2& R MAATMEMEA S, Hh&RE0kB
C 1% j 17.

Q

IEE Bk ke {l,..., n}. ML CRWHE k 7|%TF CR (#348). T CR  £%FT C F47|
WAMA S, EPRBME R, (H13.50). T2 @ KL

I (b), (hFE (@) WIEAR S, RFEAARES, HFATAE 8. 9 ML LKA 3.48
#1 3.50. [ |

175 53 R A0 5B B B

FAIE LGB A SR R SR RO TR,

3.52 TEMX: F# ( column rank ). 1T#t ( row rank )
R A JEmxnJifs, H&TTRETF.

o A MYFIRRIE A BIZSFITE B! rp i sk s [A] A 4R 48
o A BITRRIE A BIAATTE F' Hy sk sas [ O 4EEL.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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R A mxn JFE, B2 A WIIRARES n (FR A nd) FEASEEDE m (FY
dimF™' =m ). KU, A FTRAEASEE min{m, n}.

3.53 Bl —4> 2 x4 EFEMFIBT

R
471 8
A= :
& 52 J

M)

MOAERC s iy B> A A R ANRR R ARBOC R, TR 4 91
LR SRS [ AR D JE 2. THZ i ALTE B2 rp, ISR s M A AEEC i 2, I
dimF>' = 2. TR RS IR 4EROE 2, RE A BIFIERE 2.

A BT B

A BIFIRRIE B> i

span((4 7 1 8,33 5 2 9))
AEEL. AR B4 AP A A EOCR. TR 2 I 2 ry 5k
RS [E RS 2, XEWE A TR 2.

FATIAEE SR .
354 EX: ®E (transpose) . A'
FEFE A EREICH A, RHA A AT SR, BRI, (R A & mxnfE

M, ABA A J& nxm HElE, Hh & TR FESER4A T
(As; = Ajk.

3.55 fl: FEEMEE

5 -7
5 3 -4

mRrA=3 8|, HBaA-= .
4 -7 8 2

EREMAL A J& 3 x 2 JEFEIN A /2 2 x 3 4H 4.

FERE 5 B A BERGRENER . X TFHA mxn %6545 A, B, i A e FRTA nx pJE
M C, #/8 (A+B)' = A'+ B, (1A)' = 1A' LI JZ (AC)' = C'A" ( WL 14, 15 750).
ORISR FIESI B SE TR EZ T H (I 3.57).

3.56 17514 f# ( column-row factorization )
R A JEmxnfifE, HPKITRYEF PHINFE c > 1. IBLAFHESTTERYETFR

mxc 6 C e xn %M R, 15 A =CR Wir.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



66 % 3% Lobngt

IEFE AMETIME mx1 EE. b AHNET ﬁﬁﬁiéﬁéﬁ Ay, Ay TTUABCHIR R A B9 &7 Y
ok = B — A (d72.30). WAl Rk ey R L, /\?E?J’JJ& K% c. 4%¢7?E‘13é’7c/|\? lmEa#%
— BT mxc £k C.

mEke{l,..., n}, M AWE kFIZCHEFINEEAE. S REAEHE TN R E4
=N exnEEWNE kP, FIZEEN R A4 H 351 F, A=CR. ]

1 3.53 YRR T ARSI RRSE TATRE.  #TORMEERY, X —mu TR AR L.

Rk A e B B4 A BIFIFRET A BIFTEE. .

ERE A c&RT AMFIFE. AA=CREZH356 LM AWNAHPHER, EF CEmxcE
MHREZcxniElE. A 351 0b) FFRAN, AWE—ATHZ RNEATHEELS. HAR
H AT, FIUXERA A WATRADTRET ¢ (LHZ A BFIH%).
HTERLARNFERRRIT R AL, B E-BFHELLAT A, T4/
AW T = A'WIAT BR
< A'ty 7| #
= AWATAK.
TR AWK ET A WATHK. [
HTAIRREETATRR, PrARRATICHA “FIR” A0 “FrRk” XPIINARTE, T HI SRS AR
w BT AREEAT, Hoe Xanr.
358 ZEX: % (rank)
HFF A € Fr EGE A IFIFE.

GIRREE TATRR A AL IERA LT 3.133 Al 7A A9 81 8

= I 3C

1% TeL(V,W). WEM: LRV AW i3, T I ER#S 2 /DA dimrange T NEZE TG
2 % VI WRRARYER, T e L(V,W). i dimrangeT = 1, 4 HACKTEAE V B—ASFEA0
W —AN3E, R C TSR M(T) BT A TR 1.
3vy, v, VI, w,..., W 7= W HEE.
(a) WEBH: Q3R S, T e L(V, W), B4 M(S+T) = M(S) + M(T).
() WEM: W AeF, Te LV,W), IBA M(AT) = AM(T).
T AR A AR ISIE 3.35 40 3.38.

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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4 % D € L(P;(R),Po(R)) EMTWES, & XA Dp =p’. K P3(R) F— A Po(R) H)—
AL, 15 D TR SRR -

Fats] 3.33 tbix—TF. TS T AA.

5 & VMW RARYER, Te L(V,W). IEM: 776V —NEM W l— 3, i
BEELA M(T), BRTHES k4755 k3] (1 < k < dimrangeT ) RUCEE T 1 4, HALFTA T
RHIE 0.

6 v, ... v i VNI, WRRAMRYEN. R T € LV, W). EW: fE7EW B— DI wi, ..., w,
i85 M(T) [ KTy, ..., Vo F W1, ..., wy ] B TR AT e A4 1 LISh, 5—3)
JA TR HRAE 0.

RETFH S M, LAY, V2% 7 m R mIRiLE,

T wi, .. we s WHYEL, VIEARYER. T e LV, W). WEH: fE7EV I— DI v, v,
i85 M(T) [ KTy, ..., Vi Flwp, .., wy ] BR TSR AT SR ReA A 1 LISk, S—17
JA TR HRAE 0.

RETH S, EAMT, WA RL M AL HIREEN.
8 WA mxnfilFE, BEnxp ik, iEH:
(AB);.=A;.B
1< <m WAL, BAEDL, W AB RUSE jATART A BOSE j 1TV B.
AL BT 3.48 BIAT IR
9i%a=(a;, - a, )& 1xnfE%, B2 nxp M. EH.

aB=a\B,.+---+a,B,

Balisit, IEW: aB J& B BATIEMEALS , BATRFr R a.
AAL R T 3.50 S94T IR
10 25—, 4§15 AB # BA 12 x 2 5[4 A Fl B.
11 GERA P S M i AR B T v AT o #empidit, MM A, B,C, D, E, F WK/
1% A(B+C) fl (D +E)F HAE XL, BN 4 AB+ AC Ml DF + EF #8H X, JFUEW]:
A(B+C)=AB+AC H (D+E)F=DF+EF.

12 JEHAE IR rT 4 A ). Bemgidie, BWEHERE A, B, C IR/ MERS (AB)C AR L. RN
fl4 A(BC) AL, FFUEM .
(AB)C = A(BC).

RERE| AR EE, kLA T @5 AR AER - FME (Emil Artin ) X 4] 4%
“REZIER, kR ITEEEAE, TR AR LEM TR A IERA 4542 50%. 7
13 %A RnxndfilfE, 1<), k<n iFEH: A3 (CEXH AAA) BEE j 1750 k FIOCR &

Z Z Aj,pApsrAr,k

p=1 r=1

(PRI IZIXAES ) (FH Wik ) Sheldon Axler [#] FARA . 478 [iF]



68 % 3F &oidwgt

14 % m Ml n JZIEEE. IE: BRER A — AUEN Fron 3] From g Pt
15 WEH: R A B m xn 565G, C & nx p I, B4

(AC)' = C'A.
AAEN, MEERBROGEE, FTHESL A E KRGS GHE.
16 WA mxnilE (A#0), iEB: AMWEBH 1, [JHACYHFE (..., cm) € F7 A
(dy,-++dy,) eF TR A; , =c;di WERE j=1,..., mEE k=1,..., n HBINAL.
17 & TeL(V), u,..., u, My, ..., v, &V B R AR SR .
(a) T J2Ipft.
(b) M(T) WIFITE F! gt Jooc.
(c) M(T) IF kil B!
(d) M(T) IIAT5R I Fm.
(e) M(T) IIATHE Fln iR MT0 K.
LRI M(T) BB M(T, (uy, .. ., u,), (vi, ..., V).

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]
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3D A[EA RN E

AL MRS
FRATINERAE WL A w] 905039 BRI X — 19

3.59 ENX: A[#H (invertible ). ¥ ( inverse )

o XTI T € LIV, W), WHRAFAELEMS S e LW, V), fiff ST %ETV LifE
FEHFHTS HT W LHERT, WK T EAT¥E.

o — ML ST =1} TS =1 RIS S € LW, V) BiFrh T H— . (113, H—
ARV EWESRT, £5A 12 W EESERET)

&

T E SO B SE RPE RGN 7. SRTT, R RORAVERAR], FATA LR
XA VEEBURZ MRS Y <067, 7

]I AL AT RA ME— 4t

IEFR Rk T e L(V,W) 2wy, HS WS, 2T W, Ha
Sy =811=S8,(TS;) = (8,T)S, =S, = S,.
TE S =85.
BEARFRATAE 2 ME—1, IREET A% B — Ml 5.

WER T ZrIUHY, ABAEMBIC/ET!. 52, WRT e LV, W) 2, IRA T

e LW,V) FME—(EfF T7'T = I M TT™' = I GLHIICE.

3.62 #l: —/1 M R B R By RETRY

BT e LR BN T(x,y,2) = (=y,x,4z2). TH& T 50K ARAE xy S0 Faim4t e
90° I I 7 fh By B hifh £ K R 4 £

B, BT T € £(R) ALK REAE xy I ISR FIERS 00° JHHNT o B AMitIE
KR L

_ 1
T '(x,y,2) = (y,—x, ZZ)'

TAGERRI, — AP R AT, Y HA Y T R PR SR A
3.63 T — BarERiEE
—ANERPERRSHR AT, 2 ALY R R SR

B, ASRIEBL “— " Caninverse ), EW TiME—EZ S, WEATLURSANE R an HplRE i the SRAFHEIXME— 130 T .

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]



70 % 3% Soruegt
R B T e LIV,W). BRATFZEILWH, T 27 8% B Y B2 2 5 X2 H 4.
YRBIAT 2. JTIHEWHT ZEL, BXuveV ATu=Tv. L4
u=T""(Tu)=T"Y(Tv) =v,

Filu=v. FTULT %5

ME% T Ty, AERNVGET 24, Ak, SweW. Baw=TT"'w), Xit
KA wET AT, TRrangeT=W. bl T ZWH4, Xt TR T F mEiEH.

PAEBETHEZEF L EHS. RINVGET ETHEWN, XTFHESweWw, EXLSW) 2V
FoE— R T(SW) =w RILTE (XH-NTENFEEE -SRI KE T ok 4
F gt ) RESWEXTHE, ToSHETW LWESEHET.

HYEH SoTEHETV LWEZXZETF, 4veV. 4

T((SoT)v)=(ToS)(Tv)=I(Tv)=Tv.

WAKA (SoT)v=v (EATZHES) MW SoT%HTV EWEEZHT.

BT REENEW, RINEFEEH S BEEWN. ik, B w,weW. 4

T(S(w1) +S(w2)) =T(S(w1)) +T(S(w2)) = wi +w.

TR SW)+S(wy) BV FHE—B T B E| wi+w, BT E.RE S B E L, XERE S(wi+w,) =
S(wi) +S(wyp). FTULS A mik, X ZIEWA &P LF .

FRMER RN, AT E, WRweWHAeF, A4

T(AS(w)) = AT (S(w)) = Aw.

FREAS(W) BV FE—# THAE Aw th TR, B SWEX, XEKRE S(Aw) =AS(w). Fril
S ZEMHE, N R4 AR u

PROTRESSATAT, X DS [ i 25 (RIS 212225 (AU AS B (R 2R PR, 2 A5 A3 B 1kl s S5
PR LA R vl i, e TR e as m) v, RGBSR — ABEHE S AT k. B2 T ok
B, W 3.3 IR BVEI AL PR, U TR —

3.64 Bl {VEBGHESRSTERREHE D ATiFE

o MNP (R) 2] P(R) B9-5 x> FHIRLIEBRISS (LB 3.3) ZH, (HEARH, HEA R
(230 1 AEHAEIA ).

o M F> B F* [5G B R PE (L6 3.3) 2, (B A, FAEARERS [ 1
# (1,0,0,0,...) fEHZA A ]

YF B pF, FAERBARN S ——E A8, XA FRYE ) s (R WL 3 5 2 4
BOFHTR] ) 1) 2 [A) O 2R PR G , PRGN S P T DA HE. R, XV RAR4ERH W=V
XA Y, FHMETHRAMF dmV = dimW B 300 2.

3.65 FHdimV =dimW < oo, MBEHHESHHHESN

Ri% v M w EEA R4Em EasE, dimV =dimW, HT e L(V,W). k4

T — TE¥4 — T &

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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UERR &M ATEAEIE (321) £
dimV = dimnull 7 + dimrange 7. (3.66)

WRTEES (d3.15, XFFNT dmnull7=0), F2adEXTHE
dimrange7 = dimV —dimnull7 = dimV = dim W,
ERHFRNA T 2 (R4 2.39).
Rz, R Tk, ik (3.66)5tEkN
dimnull7 = dimV — dimrange7 = dimV —dim W =0,
EHENA T 284
TE, RAEAT T ZEHLERS T ZHMH. TERET HREFUESIFH L2 —, A
AT B RH RS, M THE T 270, I, TRETHENLHENST ZRHLEH
YT R4 |
NHEEEIT U] T EIRESEA 2 25mK. RAE A AR R LUEER R Bl b g ZEie, H
Je | AR ARE L EUERT N RS R 5.

3.67 fl: ZESHR p EB (P +5x+7)p) =¢
M P(R) Ei%245 [BIA B (R 2 e i

p— ((*+5x+7)p)

SRR, URATAATIER. TRFRATAEH 3.65 RUEWIX AW BT, SRimi, #3.64 £, N
REAETCRRYE [ b2 (1] P(R) b AAE 3.65 ZW0Ab.  FoA a5 % i A3 T BR i 26 A5 BR 4 i) Hit 25
1] P, (R) SRGEFFIX A1)

R g € P(R). FAEIETRE m [#i153 g € Pu(R). EXT : Pu(R) = Pu(R) H

Tp = ((x*+5x+7)p)".

P —NAEER ZWATCLL (2 +5x +7) 2 HRESE M 2, FRIGIR G o HUR B 2.
TFI& T BB P, (R) B2 (A B (ML

TSRS T 0 AN ST ax+b, HFa, b e R TR mullT = {0}, FrAT 2
BRI, HET T RS (H13.65), XIERE FAAE— 2T p € P, (R) i1 (2 +5x+7)p)" = g,
TE QAR bR il

14

OA 51191 i 35 245 th T HAMEIETORERE 1Y 3.65 RIS

FHAE TR dimV = dim W, XF v RAFRAERN E W = V X —HkIY , 2 A3
SR, R4, AEXFMED T, %X ST = 1 200 ST = TS, BMEFRESSHAIEAX TV BV I
(R BRI A

368 ST=1  TS=1(SHMTERTELERRNEESE)

{5 v AW RHEROH A R k55 ], S € LW, V) HLT e L(V.W). HR4 ST =1

MHALE TS =1.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



72 % 3% Kikukgt
WFAR %% ST=1. WwRveV HTv=0, 4
v=1Iv=(ST)v=S(Tv)=S5(0)=0.
TRTEZES (H315). EBhVRWEHRMEE, KT/HTZT3#H8 (d3.65)
AER ST=1WHAMNBERT, 7
S=T1"

TETS=TT""'=1.

NTIHF —F N EExZ, REELTHEWNIIHFSHTURVREWHAGLYE, |
AL E TS =1 4 ST =1. [ |

144 o) & = i8]

FET R E SCA B THERER T ICER AP RIS 57 AH [R]85 4 ) 225 [1].
3.69 EX: BE# (isomorphism ), F#JAY ( isomorphic )

o — N EHEHE— AL
o MFPIARZS W], AR —AN 2SR — A =S [ R, AR E
fIERIHHY ®.

&

AL T - v — W BB v e VB Ty € W, 33X WL REAFRE A (a7 P4 [ 44 1 )
S A AHFE PR, ™ A iR AR R S, S AR AE SR I s R A
B EAHRI, U " XA

XEF PN RS (BanREsdnsbasa)), ZHEEAN] (bR T EMES ° POLRNARA
[GIAh ) AEA T EARNE], FTREARIRIAE. SR, 45 FRAYZRIETIA 1, 2RI P [ s ) 7 ]
g, FAT TR B — MR A —— .

370 HHRPTEHEZTEEEREM

XHFF BRI RGE SR, S HOCHENTR4ERERIR, B4 Z R,

ERR k% VAW RRAMMEREGESR. TR, FEEVRAWNHRMET. BHTET
Wy, BrAFATAH null T = {0} H rangeT =W. T =&

dimnull7 =0 H dimrangeT =dimW.
NN

dimV = dimnull 7 + dimrange T’

(LM sEAFE, 321) T UMK dimV =dimW. Xt %R T —/NF f #50E 3.

STRATTE “FIM™ Ayt AmHEieds <nl WigkrEmss” (isomorphism ), #AHRESE 28 0] 2 [A] 1956 % (being isomorphic ). Hi#
AT, 3 BZAE 5 BE.

01X HLAYE=A45H ( mathematical structure ) F8 WA FFEBBES, MHMAES (underlying set ) F8AYE AR ez H LS
Ak,

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



3D T i Ae ] A

73

ATERA—TE, BEVAWEERMERGERETNERE. 2 vi,..., v, & VI3,

Wi, wy = W A TeL(V,W)ZXH

T(civi+--+cCpv,) =Cciwi+- -+ Cpwy,.

AawTv,..., vo BV EE, AT HE-NEXRENEERK. WH, BT w,..., Wn
KR W, BT 24 @t w,..., w, LK, & nullT ={0}, FTUAT 224 HH

T AR RFHA, ez —AREM (H3.63). FrUlV A w ZREMH.

LEESeRY], AR R E VAR Fr R (it e =dim V). g, WER m 2

e R, A4 P, (F) 5 F [l

M —F, id% For RS ITRHE
T F 0 m x n FEFEFTRY L0 1] f2 25 6], 4o
oy, ..., Ve &V IEEH wy, ..., W 2= W
I, IBABAT € LV, W) &BH —XF I 4E
M M(T) € ™. T, —H VW BGE
TH, MELCR T—1M LV, W) B F™" 1)
PREL. SRR 3.35 F1 3.38 K M 22—~

BRAR AL G AR5 A B R,
AL A LR RRT ", T i% TR T T —
MAEERRT AT REXARE, EEA
P A8 A BT, e, K
Lot LA T M A, R
BB E AR A LA R, A2
FE LA 42 A 5 2 ELIF TR 7 49 JL AR

Zertmisy. BUERATIEN], XL SO — A E .

371 L(v, W) 5 F" 2EHEE

B, ..., va & VIIEEH wy, ..., W & W IRIEE. IRA M & LV, W) 5 Fm" [ R .

R RATEZEEE MZLRMER, MR FILH M BZ 5 U4

RN E S HT4e. wB T e LIV,W) EMT) =0, o Mk=1,..., n 3%
Tvi=0. EHv,..., ve EVIE, HABT=0. TEMEZE4 (F3.15)

m
TVk= E Aj,ij.
J=1

HA MT)%T A, ol MBERSET F™", #4ERIE
BAEFATIT LABA RE 1A FRAE [ 152 [] 2 [8] A LA BRIy i e 2 TR O 4550 T
3.72 dim L(V,W) = (dim V)(dim W)

BV MW RARAER). B2 LV, W) ZAMRYER, H

dim L(V,W) = (dim V) (dim W).

UFEA @ 3.71. 3.70 #¢ 3.40 ¥ 3.

(BRI ZEFESE) (FH R )

Sheldon Axler [#] RAR3iA . T8 [#F]



74 %3 F Kbues

1L MERR ST 0 B B S i

ZHTRATE LT el A R, IRAEFRAT T ) 5t 0 AR .
373 EX: EERFEFE ( matrix of a vector ) . M(v)
i veV Hv,..., v A VIS v TSR ERE S n x 1 A RE
b
M) =
by,
He by, ..., [ Y W YA L i

v=bvi+---+b,v,.

&

— R v € V IHEFE M(v) BERT V I vy, v, IR v BRI, HER SO
R4, I E B e s S B

374 . EEHIERE
o ZIF 2 = Tx + 5x% + x* KT Py(R) BIARIEIE B 4 2
2
-7
0.
5

o —[uiE x € F" SCTHRUEFE MM FE PN x YA AR5 B n x 1 FEFEI &0 E kAT, i
L, W x=(x,...,x,) €eF, B4
X1
M(x) =

Xn

A, AT Vv PRITRBE B x V. —BEGE— v, .. Vo, B v eV xR
2 M(v) FIeREM 5 (FHLASEBLX MRS /Y ) R vV B B[R4

FHZ—T, MR A Z— mxn 50, B2 A E A L5, RAIATDEEERBR—
mx 1HERE. FHEHSTHHR TRT WA wy, . w, B M(Tv).

wTeL(V,W), v W W IR 41

B kB, AEE MUT) x, BERET M(Tve).

IERR B MU(T) A0 M(Tvy) € U SL 2 345 B3R b u

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



3D Vi Ae B M) 75

SRR T AAEBR IS AR | 1) AR LSRR AR ik S B R A e Y.

3.76  SMERRETHYE RBLRIEFE SR A
BT e LV,W) HveV. {RiXv w2 W RYIE. JRA4

M(Tv) = M(T)M(v).

R B v=bywvi+---+byv,, EF by,..., b,cF. TXE
Tv=bTv,+ - +b,Tv,. (3.77)
Fl
M(Tv) =b M(Tvy)+---+b,M(Tv,)
=bM(T). 1+ + b, M(T).,
= M(T)M(v),
Hp g ANEERERGIN MM, $-AM4E5%8375, RE—A%E%H350.m

B m x n HiFE A FRBEIS T — SN Bl 2] Bl g2 PR, WElER x e B XN R
Ax € FU R R gL, R LARZES, @ R MRS SS G, ALK ( A—
AN R ) 2 ) 31 o) — A BRAE ) i 2s (] (9 ) SePEWUi B U FEe e, BRI S, a2k
TeL(V,W) HEIMHE vy e V 5 M(v) e F*! KRG, B2 LREGSEHERINT, ol
Tv Fl M(T)M(v) SRl .

A RS FRATRLL Gl R ) BB A e B S5 A A3,
LSS AR A AU T, OB TR . JRgesih, F 2 B CE
BESIEN EEZ—, BUREBUEAERE A ST RE ] AL .

AT, FATT L TP TTASZHERE. SR, A BPR 2tk pus B s R ( S0R A
BT ) BEAT I 2 2 HAA F A LA

T, THGSSMRRPEINI 5" T ImEheh i M(T) KRBT vV A w ik
B, BUERESeRY, T ErA RO SR, M(T) BN RS EAEFR (2R range T I
AN T 1 SR E ).

3.78 range T RIEEET M(T) B95I%k

i v M w ZHRY4ER, T e L(V,W). JB4 dimrange T 4T M(T) HJ%F%.

@

IEEE B vi,. .., v, EVIEHw,..., W B W I B weW xR 2| M(w) B9 & w4 &2
—/NEA, CHW B RCE mx | EE SR P 2 E AR T range T [ B 3B 9 3
A 10, Y% T span(Tvy, ..., Tv,) ], R %t R 9 Ff range T B & span(M(Tvy), .. ., M(Tv,))
WEM., STFEMNke{l,....,n}, mx1EE M(Tv) h%E T M) % k7. T=

dimrange T = M(T)H 7| #%,
JE 4 BLAFAL. u

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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&

E3C T, FATEXL TH V RTGSZ AR RS0 W LU T (R
M(T, (vi,..., va), (Wi, ..., Wim)) s
Hrvg,..., v a2 VIR wy, .. W JB W IEE. X A ] 2 25 () B LA B iy 2 PR i Sf
FATE R g 23 (AR B hrRzs e B Rl 2. ki, FRATE & HA rk i 5 —ik.
BZ, WMRTeLV)Hv,..., v VR, At M(T, (vi, ..., va)) T
M(T, (vi,..., va)) = M(T, (vy, ..., V), Vi, .o, V).
TR BT SCRER A vy, . v, B4, IBAEATHE M(T) BPA].
3.79 EX: 1BZ%5EM (identity matrix ) | /
Won MIEEEL O MAZ L (RIARLES TS Fg ) SAESE A0S ) RN 1AM TR
B2 0 19 n x n R

1 0

SR IESEAERE, 1C1E 1

TE_FRRE SCH, JEREZE T A 0 FoRXH AL OB JURARE 0, A BA 0 WIZeRxt
LR ETJTHIICERARR 0.

THER T 1 e LV) RT VBN FERERERESER 1 18, 575 1 RUH TR E
SR, MU TFRREAERERE. ARG R SCHIal A T e R A AL flin, M) =1
e, ZEONEY 1 FORIESER T, AR 1R AR

2R A S TR/ TT I (STUE T F), IBA AL =1A = A (AR FATHAIE ).

3.80 TEX: A[¥ERY (invertible ), i ( inverse ), A~!
R FE A ZRIER), MRAAESZ RS 7 B #1158 AB=BA=1. NP B & A

i ER G AT

FIH SIEH 3.60 MR, ATRIGER] A ERFREAARE “FEFR” (nonsingu-
g A SRR, IR EME s lar) #=“F R (singular ) , € Mo A5 “T
Wi B ffif3 AB = BA = 1 o7 (HRfg B= &7 F “RTE” FIL
ATV EAE SR A Y ).

A A JE— AR, IR (AT = A, XA

ATTA=AAT = I

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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FH, R A C RAHFIF/NY IR, IBA AC BT, H (AC)™ =C AT, XEEN
(AC)(C'A Yy = A(cc™HA™!
= AIA™!
= AA™!

:I’
Kb, A5 (C'ANH)(AC) =1.
SRR, SR BRATE U MR R T T
BAEFRAT RS 2 K S 15 0 B A 2,
3.81 ZilERkStZ FRA4ERE

WL 3.43 J HCRTH A N 25

BT e LWUV)HS e LV,W). R u,..., Uy 5= U W, vy, Ve 2V IEH
Wiy w, = W REE, IF4
M(ST, (uy, ..., Um), (Wi, ..., wp))
=M(S Viyeens Vi), (Wi, .e, wp))M(T (uy, ..., Um), Vi, .., v,,))
Q

(RI5F k DR we TINEE vy, . v BERVEZ G I AR S48 B
MmgeR AT, 1 Fond v BV ESERT. AT, TR noxon EAERE

3.82 EHEHEFARXTRANENERE
s uy Vo dB V BIRANSE. R 2SR

vn)) iﬁ] M(I’ (vl

AR, HE R I i,

UERR 381 %, & we Bk w PR ST ek 1, T

I=M(I,(vi,..., va), (ur, ..., u))M(L, (uy, ..., u,), (vi,..., V).
AER ufny WAEEH, T/

1=M(IL (u,..., u,), (vi,. .., va))M(L, (vi, ..., v, (Ui, ..., Un))
FEANERARLE T RNBENE R [ |

383 fil: F? EMEEEFXTAANERNER
Z e F2 193 (4,2), (5,3) F1(1,0), (0,1). RN 1(4,2) =4(1,0)+2(0,1) H 1(5,3) =5(1,0)+
3(0,1), FrlAFRATA

M@«anwjnuummnnzc 3

#TRNO

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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o)

M(I, ((1,0), (0, 1)), ((4,2), (5,3))) - (

PRI EATHOIE, LR 2

[\S] 98]

T2 3.82 wiEH

(S]]

_3
2-
-1 2

NHEAER R T Y EA TR TR AR, T MR SRR, 7R R ImaR T, Al
WV PSSR S, R RS SRR R I IR T 895 SCs A AR S ] A 2. [ — T, X
FRIEOL T, TR A T Tl AR 2R T — I

3.84 #HE/AIX ( change-of-basis formula )

WTelV). B¥u,..., u, Moy, . .., v BRREV 3. S
A=M(T,(u,..., u)) H B=M(T,(vi,..., Vi)
HC=M(L, (u,..., u,), (vi,..., V). B4
A=C"'BC.

UERS A 381 %, W& wy B u, R SHEN I, TH
A=C'M(T, (uy,..., up)s (V..o Vi), (3.85)
HAHET 3.82.
BRAE 381, ZREGE we Bk vy, HBRTHENT, SEEHNT, TH

#ERRAR (3.85), HIHF%R A=C'BC. ]
N E5 S )RR B 4 > A

Bvi,. . ova B VEEE T € £(V) AR, T2 MT) = (M@) ™", KhwiA&ER

PIRRT I v,

= @ 3D

1T e L£(V,W) i, JEM 7-1 /3%, H (T ' =T.

2 WT e LU, V)RS e L(V,W)#RALGHLIEMSS, W ST e LU, W) 1, H (ST)™' =
T-'s1.

3V EARYER, T e L(V). IEH TSN,

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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(a) T Al
®) XF T HIE—DE v, ..., Vs, B Tvi,..., Tv, &V %
(c) MF T mFE— Iy, ..., Vo, B Tvy,..., Tv, &V 1Y%,
4 % VIRARYER, H dimV > 1. JEH: VB 5 B AT 30 2 Pl S s S A RS L(V)
[ F25 [1).
5% VIRAMRYER, URVINTEE, Se LWU,V). iFEH: TEEMN V B H S i—n] 0 md
BN ue UA Tu=Su, 24HAY S 5.
6 W AN, B S, T e £L(V,W).3EM : null S = null 7, X4 AAUCYEAE— T E € L(W)
f#i15 S = ET.
7 &V ZEARYER, H S, T € £L(V,W). iEW: rangeS = range T, 4 HACYSAFAE—n] i)
E e L(V)lif3 S=TE.
8 WV WIRARYEN, H S, T e L(V,W). IEW . FEAE[ W0 E, € L(V) Fl E, € L(W) fii
1% S =E,TE,, *4HAY dimnull S = dimnull 7.
9 WV EARYER, HT:V > WJEH VB W RS, . FEV —F%
() W A4S Ty 2 U B W R
KR Ty BFRAEU FHORKT. A, Tly AU B RHK, L2 2t
HF—uecUHT|y(u) =Tu.
10 &V MW 2ARAER, HU RV irsh. 4
E={TeL(V,W):UCnullT}.

(a) WEFH & & L(V, W) BF23H).
(b) 3R dim& KT dimV . dim W Fl dim U fIFA=.
EXL®: LV,W)—> LUW) A OT)=T|y. null® ZH 247 range ® &£ H 47
11 &%V 2ARYER, H S, TeL(V). iEH.:
ST [ — SHIT nfi.

12 VAR, HS,T,Ue £(V), HSTU=1. WEW. T aJ@i, HT'=US.

13 §EH: A vV ARG X—Bik, 5 12 BN E T REAAL.

14 JEBASA HE— B R v AR EasE H R, S, T € L(V) {#ifF RST &5, B4 S
SE

15 & TeLV), Hvy,..., Vo 2V [ ad, 65 Ty, ..., Tv, WL V. WEH vy, ..., Vo K
V.

16 ER: M\ B E] Pt RNV RE Il —RE RSk g . BRATEDE, TERT: WUR T €
LELFY), IEASAE— m x n FiFF A 753 Tx = Ax WA x € B! 0T
17 BV Z2ARYER, HSe L(V). X Ae LILV)) WT:

A(T) = ST
X T e L(V) 1T

(a) IEFH dimnull A = (dim V) (dim null S).
(b) UEH] dimrange A = (dim V)(dimrange S).

(BRI ZZIAESF ) (5 vik )  Sheldon Axler [#] FARA | FTFA [#F]
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18 HER] VRl L(F, V) R & asia). 10

19 & VAR, HT e L(V). M. T XF V B—DIREAEERER—, HHACS T
Py ER G R (O =Y

20 &g ePR), EMH: FE-IZHK p e P(R) 115

q(x) = (x> +x)p” (x) + 2xp’(x) + p(3)

XA x € R T
21 Hnfe—IEBE, H A eF (jhk=1,...,n). IEBHTFIRSEMM. FE, LT EL,
W, Jr R FIE B A
(@) VU x; = -+ =x, = 0 & FHIFFUCT R ME—fi.

ZAl’kxk =0
k=1

Zn: An,kxk =0.
k=1

(b) MEZ c1,....co €F, THIHTRAERA .

n
E A Xg =
=1

ZAn,kxk:cn.
k=1
2B/ TelLV)Hv,...,v, &V 3L, U,
M(T, (vi,...,v,)) A — TH[i¥

23 -&ula-'-aun%ﬂvly--'svn%‘/ﬂg%- é\T€£(V) /fjii’T%TVk:uerj‘{EE%%k: 19--'snb_‘zjv
WEH
M(T, (vi,...ovn)) = ML (ur, . sun), (Vis .oy V).

24 & A Fl B BAIF /O EH AB=1, WEW BA=1.

ORBIANEGE . JEiE v 2R, FHER L(F, V) 2R, jEE.

(LPERE M IZIXAFF) (FHvark ) Sheldon Axler [F] FIRL . fTrA [#F]
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3E M= ERFRFE

6] £ = B R

W, 5 EAS AT ACE R, X2 ) A3 (R 7EAH [F] 3
387 EX: EMEZFEHIFR ( product of vector spaces )

W Vi, ...V, #08 F L),

o AV, x -+ x V,, &K

Vixe - xXV,={(vi,...,vy) :vi €V, ...,v,, €V}
o Vix - xV,, FHIINEE XN
Urye e tt) + (Vi s Vi) = (UL Vi, oo Uy + Vi)
o Vi X%V, FHtREREE LH
AW, V) = (Ave, .., Avy,).

3.88 fl: mME=E Ps(R) 1 R B
Ps(R) x R TR B KN 2 192, HPEE—T0E Ps(R) IIITHR, % 002 R AOTER.
B, (5-6x+4x2,(3,8,7)) Al (x+9x°,(2,2,2)) #/2 Ps(R) x R* B E. BATHIAIE X
N
(5-6x+4x(3,8,7)) + (x +9x°, (2,2,2))
= (5-5x+4x* +9x°, (5,10,9)).
BEAh, 2(5 - 6x +4x%,(3,8,7)) = (10 — 12x + 8x%, (6, 16, 14)).

N AE NI (e 3.87 E XRIIE AR EAIEIZT T, 1) i A (] A U ] fE 23 ).

3.89 MEZTENREEEZTE

WV, V, #&F EmEsE. IBA Vi x---xV, & F FEiymEasEl. ;

EAREHERIEA BB . R, VX XV, BIIREESEIGE (0,...,0), HAPE &
AR 002 Vi BIINEIESETE. (vi,. .., vim) € VX XV, BIIEIITTRE (—vis. .0 —vm).

390 #l: R?xR*#R°, ER* xR’ 5 R 2E#H
25 (A R? x R? (ICFRZ XA
((xlaxZ)e (X3,X4,X5)) ,
Horp X1, 20, 03, x4, x5 € R R® HYTTRIEIXAERIA :
(o1, %2, X3, X4, X5) ,

H Xy, x0, 63, x4, x5 € R. 2#TRE

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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A R x R BILHR A R FICREERRR, ENTHARRZEXS: R xR KITHRE
KR 2 2 (L — DA Bl B B 2 A4, TSR —IURK BN 3 141 ), (A RS (T

SRR 4 2R3 AL 5
e Al WL REXRCARTR ity Aindes 4R s

T, OFBAE B “RPXRE TR, &
((x1,x2), (3, X4, X5)) = (1, X2, X3, X4, X5) K B R BRI ok SR B, A2 E AR T A
RS A R? x R? Bl s 2s (0] RS fa] R B HmAS 62 = R 5 B AR A 69 &4
. TR, XA R R R, R eI

TR MR T HA A 3.92 AOUERA AP AT AR,

391 #l: P, (R) xR — &
& Py (R) x R? XM EE N 5 A4
(1,(0,0)), (x, (0,0)), (x% (0,0)), (0, (1,0)), (0, (0, 1)).
IR RLEMETCRR, Bk P, (R) x R FTLLE & P (R) x R? f—~ 3.

3.9 mMEFEZRNEHREME=EEHZ M

WV V,, BOR A BRYEIm g 2s [|]. IBA Vi x - x V, AR, H
dim(V; X ---xV,)=dimV; +--- +dimV,,.

@

IR AEAVHE-—NE FTENVWENETE, FR VXXV, FEH-NPTE: ©
HEkNEFETEANERE, AL FHETO. AR TRARNHEL, BAHLX
B E KA VXXV, WTIIZAE VXXV, B — A XK E R dimV +---+dimV,,
R A FLAFIEE. [
TEFHEERSY, B Vi+- -+, BE AR T 2. T2 TR rERE— 6]
DLHY BB Bl Ry
3.93 ME5EM

ALV + -+ V,, EEHM, MHAY T ERG.

Q

A 305 T, TRES, BERE v+ 4y, (REEHE v BT Vi) Kk 00k
—FREHEFUENHERTO. TR 145 RE, T 24, SARL Vi+--+V, ZEF,
e B AT A o
394 WETEANHLERN, %ENSZHNERSTERARERZA
BV RATIRAER), Vi,..., Vo B85V HFASL IRA VL +- -+ Vy REA, M EACH

dim(Vi+---+V,) =dimV; +---+dimV,,.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]



3E @2 X R eRAEH 83
IERA 393 B T 24T, TREMBLAERHEAARTE (321), T B2H4, YHRY
dim(Vy +---4+V,) =dim(V; X -+ - X V).
¥ 393392 MEE, BIEAT Vi+---+V, BEM, LHNRY
dm(Vi+---+V,) =dimV; +---+dimV,,,

‘:\m

JR 4 REARIE. u
TEm =2 XMRFRIEIE T, Vi + Vo 2 A HALYE dim(Vy + V2) = dim Vy +dim V,” 3% A4

I HE

LA n] LB DK 1.46 5 2.43 M4 A RIE.

[
FATIE S Iae 5 T4 Z RT3 0 1) 7 s [a] 1 58— 4

BveVHUCV. IBav+URVH—PHFREXHTE:

v+U={v+u:ucU}.

3.96 . —[EEF R H—P—HERF=EZHN

ik 2 (10,20) (17,20)
U={(x,2x) e R*: x e R}. I
JIELA U & R? Hrasd Jes FARRRN 2 I Zk. A
(17,20) + U
u (17,20) + U

J2 R? i (17,20) HAERR N 2 (1 EHLZ.

N

(10,200 e U H  (17,20) € (17,20) + U, 7 10 17

FATATH (17,20) + U 2 U mAFF8 7 DAL TS 3. (17,20) + U “F47FF =14 U.

397 EX: F# ( translate )

XFveVHMVEP—NFEU, RESGv+U ZUMN—1FB.

398 fi: ¥

o MR U Z R HEX N U ={(x,2x) e R® : x e R} I HZL, B4 R* HETARERN 2 HZ
#E U 1. U FUH—AFRE Y IEDE an L ) ] 3.96 FR.

o WML, WIR U E R P ELZ, IPA U WA FEMRNESHE R PG5 U
AT AR

o R U ={(x,y,0) e R’ : x,y € R}, W4 U MWEHE R HIrfS 5 xy V47 H.

o WML, WIR U E R I, A U TR FEMERPESHUE R PTG 5 U
AT TAS B A G (S AR TS > 8 7).

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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399 EX: BZIE ( quotient space ) . V/U
WU &V TR, IRAEEEV/U &l U WA ERARRES.

VIU={v+U:v eV}

3.100 fll: E=E
o WH U = {(x,2x) e R?: x e R}, HF4 R?*/U & R*> FHTARPR N 2 B HL I R ES.
o TR U B R i JF A EZ, 4 R/U E R HrA S U TR B T il 8 4.

FATE TR AR, 21k v/U BOy 2 E. Ohl, BA1F 2N 4R,

3101 FREHNBNEBRELABSEEALARERL
WURVE—IF=HEHvy,weV. IBA

v—-welU = v+U=w+U < (v+U)Nn(w+U) # 2.

WEER &% v—-welU. R ueclU, L
v+iu=w+((v-—w)+u) ew+U.
MNfTv+U Cw+U. EUH, w+UCv+U. TEv+U=w+U, WHILAT v-welU EF
v+U=w+U.
EZXv+U=w+UZBEH (v+U)N(w+U) + 2.
AEEZ v+U)N(w+U) +0. TEFELE u,u € UER

VU =w+us.
FTEv-—w=wu—u;. ihv-welU, TXFH v+U)Nw+U)#SBHEv-welU, iEE. N
MAERATATLUE L VU Rk Abr ek 1.
3102 EX: V/U EHIMiEFFRESE% ( addition and scalar multiplication on V /U )

WU RV H—P TN, B4 VU LnEREREsREs 0 W N rm=e . g
vwweVHMFAeF,
+U)+(w+U)=Ww+w)+U

Aw+U) = (Av) + U.

PIE R SURA T8 L —X X — sS IR, JE X4 ORI 44 S UE B i — &8 47
3103 BEEREEZE
Ri% U J2& V I—ATF25 0], A2 8 K E Bk fibs SRk ) v/ U B —A1nl

Z3[H].

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]



3E &% R AR E 85

WA bR VU Ll ERENE X TR AELE—NFAE, 2 U WR-NFBEET
ki k. ERAMMY, M TIEALWA B V/U L nEREAEN, BRARE

s
Vi, Vo, Wi,Wpy €V Wﬁ/%

vi+U=v,+U H wi+U=wy+U,
&ﬂ‘]d&?ﬁiﬁﬂﬂ (V] +W1) +U = (V2+W2) +U.
B 3.101, ®&ATA

vi—v, €U H w—-w,eU.
EhUEVHTFEE, NfxdmEksai, U ERH (v —va) + (W) —wy) € U. TE
(Vl +W1) - (V2 +W2) eU. ﬁ‘%\'%lj)ﬂ 3.101 EI)(”_;

i+w)+U=(va+wy)+U,
BURATBE N bR AL, TR V/U Lk @ LR 6.

EMH, Bk AeF. HBEEvi+U=v+U. BAUEVIHTFRE, NfidieERES
H, ATUBANAE A(vi—vy) €eU. T& vy —Av, e U. FiPA 3.101 k¥

(/1V1)+U: (/1V2)+U.
TR VU L fnir g Tk e XA 2 4EN.

A VU LWk fafr ERFZZH O FRE, BARIEXBIZEMF V/U Ry HEEH
BRAREET, HEHFETTR EE, VIURNMEEETLZO0O+U (LtET U), v+U e
E#T0E (-v) +U. [

ORISR S VU MEEEG TR k.

3104 EX: HHES ( quotientmap ) | 7
KU RV I—DT2N. BtV - V/U 2 FR0E LIRS Sy eV,

n(v)=v+U.

BEE N ATTRAIE 7 MR — . S« BT U UK TV, 1S TR A S
TaxsemEEgs ], BOgRYE LR SCGREEMR e TR T 4.
3.105 T B4R
BV RARYER), U RV BTEhE. R4

dimV/U =dimV - dim U.

B A rkTAVE VU &S, R veV, Hoav+U=0+U YERLveU (B
3.101), XX WA nullr=U. 7B E XKW rangen =V/U. A, M EATHE (321) %
B dimV =dimU +dimV/U, X FEHNBEEE. [ |

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]
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V EREEA R T #RRELE V/null T EIE S — A T, AT LS o S

3106 i2S: T
BWTelL(V,W). T:V/ullT) > W il F=E X

T(v+nullT) =Tv.

BTV B3R T (5 SURA PR, M u,v e VIR u+nullT = v +null 7. (1 3.101, &
B u—-venullT. TRETw-v)=0. LA Tu="Tv. TH&T (0E XHSEET0). WIFE T &
— A V/null T B W AZE MRS A FRAR B A, BR AR S k.

FHERSE R, AT T B T BB SRR—i T8 X2 Ta], MMAE Ay B,

3107 T BTz Emn{Es

WTeLV,W). 24
@ Tox=T, Hi x & vV B V/(null T) Y RTHL ;
(b) T J2H44;
(c) range T =rangeT;
(d) V/(null T) Fl range T -2 @] ¥4 114 1] £ 23 ).

iERA
(@ WRveV, L (Tor)(v)=T(x(v)) =T(v+nullT) =Tv, #FHIFiL;
(b) veVET(v+nullT) = 0.5 4 Tv =0.T & v € null T. 7 L 3.101 % ¥ v+null T = O+null 7.
Bk null7T = {0+null T}, FTUL T B4, @&,
(c) T th % LB % ¥ range T = rangeT;
(d) AH (b) # (c) T4F, WBERNVE T AIEW L2 range T, 4 T 324 V/(nullT) B &
range T #y [&] #4. [ |

= 3} 3E

1T ZNVEIWREEL THE (graph) 2V X W HFE, XN
THIE ={(v,Tv) eVXW:veV}.
WERH . T 2Zetemsy, MEACY T HEDE V x W F25 ).
T O EXWE, NVEIWHREKT, TVXWH—AFET, 83540y eV BB
—ATE (v,w) eT. ¥a)iEdl, BHHREXMEHRALBITFGE. RANEF RIe2HF R
TP EXHR, K, R EMNHAELEXRE, PAXEIATAES 4T EANKR
VEIWHIHKT ZEMERFS IS T ZVXW H-FZT0.

3 VL., Vi SElmESS[E]. EH LV X X Vi, W) B LV, W) X - -+ X L(V,, W) SR [7]

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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4 ZTwW,. .., W,, sl asa. e LV, W x - x W,,) Fll LV, W) x ---x L(V,W,,) Z[[+

5 XTFIEEE m, EXvmh:
Vm:VX"-XV_

S———

mA

EWT: v A LOE™, V) S e i 2 ).
6 Wv,x &V HRmE, UWEVHTEE, i v+U=x+W. iEHU=W.
7/7\U={(x,y,z)€R3.2x+3y+51=0}. WACR, WM. AR U TR, % ALCS T
c € RIfH

A={(x,y,2) eR: 2x+3y+5z=c}.

8 (a WTeL(V,W), ceW. iEBH: {x eV :Tx=c} BFENE null T 5.
(b) fER 2 [ sk (3.27) ] MR as 28 B (A Tas 8] 1) P45,
9 JEW: v I—AEAE T A 2V IEANTEMPER, SHACY v+ (1 - Dw € A XA
v,we A M AeF 5.
10 XA =v+U HAy=w+U,, Hftv,weV, U,U, &V BF=0. IEAZEE A N A, 2
V FEAF 2 [E R B S 4.
11 B U ={(x,x2...) € F°:xy # OO BREA k BT}
(a) IEMA U & F> 1125 8]
(b) LR F /U ZTCHR4ER.

12 % vy,...,vueV. &
A={Avi+ 4 v Ay, Ap€FH A+ 42, =1}.

(a) WEAA: A J& V IEASTF2S R,
(b) WEM: W B2 V INEADTEEBTFEA {vi,.. ., vm} € B, B4 ACB.
(c) WEWT: A &V BEANFEEER, HiZF2SRN4ELUNT m.
13 R U2V ITaEn, i1 v/u Z2GR4E0. WE V JU x (V/U) [,
4 HUMWREVHTFEN, HV=UeW. Bw,...,w, & W IEHw +U,...,w,+U
£ VU By
15 WU R VINTaSE,v+U,. .., Vit U SV U B uy, ..., u, ;e UBEEAEH vy, . .., Vs Uls e vy u,
SV B,
16 & o€ L(V,F), ¢ #0. iEH dimV/(null¢) = 1.
17 % U 2V 725, #1153 dimV/U = 1. WEW: 7576 ¢ € L(V,F) {§i1% nullp = U.
18 & U /& V T3], i1 v/U ZAFRYER.
(a) EBA: AR W gV INARGETFEMAV=U+W, IFA dimW > dimV/U.
(b) IEW: 17AE V I—ARYE 7230 W, {§i15 dimW =dimV/U HV=UeW.
19 %T e L(V,W) HURZV TSR, & Fml VR V/U BB, B f77F
Se LVIUW)ET=Sor, X45HCY U CnullT.

(BHERE S ZXAFF ) (FHvIrk ) Sheldon Axler [F] FARE ., T8 [#]
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3F XHE

Xt == (8] Fn 3+ a5t

WS BRI F o 2 MBS FE LR PR RBOh I R Rk B, T2, AT T BN 14
IRIGAAFE.

3.108 TENX: ZEiZE ( linear functional )

V ERRMEZEZN V B F RLMEBSS. gz, Lz L(V.F) TR,

3.109 #: ZEiZeE
o EX ¢ :R* 5 RN @(x,y,2) =4x — 5y +2z. WA ¢ /&R FILIEZ bR,
o [H%E (cy,. .., cn) €EF'. EXL ¢ : F* - F N ox,..., Xp) = C1X ++CpX,. APA @ F" I
LM bR
o EX ¢ :P(R) > RUITF:
@(p) =3p"(5) +7p(4).

A ¢ J& P(R) _LIZMIZ R
o X ¢ :P(R) = RUIF: X444 p e PR),

so(p)=/01p-

WA @ & PR) ERILMEZ K.

s [H] L(V,F) [FFEARER 0 2 AR R A0S
3110 EX: XH{EZ(E ( dual space ), V’

V BB EICHE v/, RV BRIz R SR EZ, Vo= L(V,F). .

B Vv A RYER). R4 vt R4ER), H

dimV’ =dimV.

iFRR W 3.72 &ATH
dimV’ = dim £(V,F) = (dim V)(dimF) = dimV,
A FRARAL . [}

FE R IHE S, RMEBURG 3 (3.4) RIS o, FEAIHNE L.

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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3112 EX: EE ( dual basis )
wmHR v, ..., v e VIR, B4 vy, .., v FISHBEE V' FIITE ¢, ..., ©n TR HY
H, Hi& o BV LR MUz m:

1 &Hk=j,
ei(v) = n
0 Ekzj.

3113 fl: F" BiREERITHER
Won BIEEEL X1 <) <n, B o & O F iRt 2 e i kAR Fr
Lz R, FREMTFS (x,. .., x,) € F,

wi(xi,..., Xp) = X;
e, ..., e, = Fr IpnifESE. B4
1 Hk=j,
pjler) = n
0 Hk+j.
TR e, on e F* PRER ey, .. ., e, WXL,

TESEUM T, X T VST E , USSR ARMEZ R, G T Ik R A2
FRFTR VR R U R

v=0i(V)vi+ -+ @ (V).

EER #veV. BaFEc,....cn e FHER
V=civi+c V. (3.115)
wmE je{l,..., n}, A4S wmEEER o 7
p;(v) =cj.
Bl ERBWB .0 RERXRAR G115) B B v =0 (Vv +--- + 0, (Vv u

BT m S5 16 R XHBIL ST Eas B A dE. T HARE “XHEIL” Stts 24 m).
3116 HBEEIMBE=EME

R V A RYER). B2 v RISERXH IR V7 AL

R Hovi,. ., v = VEE 4o, ©n TR H AT I
HTER @00 BBV PLEMRGEMEKXL, Ka,...,a, e FHR
aypr+-+anp, =0. (3.117)
MT&kel,..., n, H

(ar@1 + -+ anp,) (Vi) = a.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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TEXGUND XKW a=-=a,=0. I ¢,..., on BT K.
HH o1, .., o BV BFHEAMLKRHBEKELETF dmV’ (H3.111), RONTHEHLES
Olsees oo =V B =3 (L 2.38). u

TR E X, HEWE T 2NV B W AL tEmst, 84 177 2w 2] v/ Lk

3118 EX: XHEWBET ( dual map ), 77

WT e L(V,W). THIXHMBRRETE T UE LHAMEBN T € LW, V') WED e W,
T'(¢) =¢oT.

&

WHRT e LV,W) HoeW, BAT (p) AEHEFRTRFBEGILT LV F T°
BRI o T T IS, TRT (o) U WARRV Fa T/ A2HAHK T X ML5 G
B AV F RS 552, T (0) e AHHE—S3ITE 7%, RNFEIARENR
v RGP YA S ki IR AP N o R

NHEPREEERY T 2 W B V7 RS .

o iy eW, M4
T'(¢+y) =(p+y)oT =¢poT+yoT =T (¢) +T'(¥).
o tileFH peWw, JBA4
T'(1p) = (1p) o T = A(poT) = AT (¢).

FHHRCS () BRFIAHEHER: 78 D PERRLIEMST D B, 7 p IR

Z I p BIFEL

3119 Bl 5 SRRSO XT (B AR ST
EX D :PR) - PR)HDp=p.
o W ¢ & P(R) EMAIEIZME, EXN ¢(p) = p(3). HBA D'(p) &M FEXH P(R) LY
(D"(¢))(p) = (9o D)(p) = (Dp) = o(p') = p'(3).
T2 D' (¢) & PR) LK p XFRE| p(3) BIZMELZ PR
o Bk P(R) FINAMHZ IR, XN ¢(p) = [y p. W24 D (¢) S FaUE I P(R) EIY
(D’(¢))(p) = (¢ 0 D)(p)

= ¢(Dp)
=¢(p’)

[
0
=p(1) = p(0).
T D'(¢) 5& P(R) ¥ p XERiE] p(1) — p(0) B9z BR.

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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TE R SR, (a) A (b) RUPKE T X IE T B9 pRECE— DI LV, W) B LW, V') B2k
PERI.
TERR (o), RGN ST BIAME 7787, S FIT BT 2 AR ).

3.120 XHBRRGTRIREIER

WTeLV,W). a4

(@) X Se LV,W), ¥ (S+T) =8 +T';
(b) X A eF, BF (AT) = AT';

(c) X Se LW, U), YA (ST) =T'S".

UERA (a) #7 (b) B9 WA B 4638 3 T k.
KL (), HoelU. FHu
(ST)' (p) =9 o (ST) = (9o 8)oT =T (9o 8) =T'(S'(¢)) = (T'S')(¢),
HPFE 1. 3. 4NF TR ZE BRI EN, F2ANFFTRLEEN DR EGH L
S, TikE—NETEHALENENEX.
EREXAMNT A e U, HH (ST) (@) = (T'S)(¢). TE (ST =T'S". u

ST ENES B FEE
AN, AT BAR 2 range T Al null T 2R ZI ] null 77 1 range T, ik X 1~ H i,
BATFFELS T X E X
3121 EX: FE{F ( annihilator ). U°
Xucv, UNELF, iclEU°, & Xh

U'={peV :XfifiueU, ¢u) =0}

3122 Bl — AN EUFHTE
WU & P(R) U x> 2T DIk S F25 1\, iR ¢ 2 P(R) BB XUH o(p) =
P’ (0) MLz R, B4 ¢ € U

XU cv, FT UC EMEER VO —A T TR U BT U IR 1 A T
v, FrLE Uy Bl S EERRLE. SR, ARG LT SCRATAEREMIRNE S U AR 2s A A
2, FTPAEATHE A U0 AR AL

3123 fl: R H— P ZHhFZHEHNZELTF
L e er, 63,04, 65 RN R HIBRIESE, FF2 01, 00, 03, 00, 05 € (R?) IR €1, €2, €3, 4,05 1Y
JOR e
U = span(ey, e3) = {(x1,%,0,0,0) € R’ : x;,x; € R}. T

2 IS, RARE X2 p (x) [ p(x) 2 TE0] 2Tt

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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FATEEZUEW] U° = span(gs, ¢4, ¢s).

M2 —TF (06 3.113) , ¢; & R R Xt A j DN ARFRIZR Iz oR
¢j(x1,x2,x3,x4,x5) =Xj.

SEIX ¢ € span(gs, @a, ¢s). IAFELE c3,cq, 05 € RITATF ¢ = c303 + capa + c55 BT IR
(x1,x2,0,0,0) e U, A4

©(x1,x2,0,0,0) = (¢33 + Cap4 + C505) (x1,X2,0,0,0) = 0.
TR et HILBAEM T span(ys, ¢4, ¢s) € U°.

BT UEIX A & R R R R WA, B o € UC. PREOMXHMEIEE (RY) #93E, FrLIfFTE
€1,¢2,¢3,C4,¢5 € RIFFG 0 = 101 + 200 + 303 + cas + c505 AL, BN ey e U Hoo e U°, BT
AFA T

0=g(e1) = (cip1 + Cagr + 303 + Capy + C5005) (1) = 1.
KM, e € UMM ¢ = 0. FTLL @ = c3¢3 + capa + c505. T3 @ € span(gs, @4, ¢s), Ui
U° C span(gs, ¢s, ¢s).-
T, U° = span(gs, @4, ¢s).

3124 EHFETFEME

HUcCVv. IR U2V BTasaE.

iFEH EEF0eU (A ORV LWELMEZE), HABELAUZEEATU FE NHE
#H4A15% 0 eF.

Hoyel TReyeV B NuecUBAE o) =yw)=0. W ueclU, L4

(+¢)(u) = @(u) +¢(u) =0+0=0.

TE o+y el

EMAE U A FEREHA. FRIMEHUZV A FEH. [ |

FHEEEVEH dimU° 2 dimV M dimU Z2%. 640, 2 U 2 RS — P24k 7asa), kA
U° 5t (R®) BY— =4 F o5 [a— UL 3.123.

NI A ZETS AT ARG R 3.123 A9 O AORIEM . E U B3E uy, . w, BEHA TRV
BIE U1y ooyt sty R @1y P ey o AV I, SRIGUE @osts .-, 00 52 UC 1)

B, BRI AR S, RIGE R gy b T — BRI, AR e b AR i S
AATH i — AU,

3.125 T FROZEE
BV AR H U 2 Vv —1F2sm. IR4

dimU° =dimV — dim U.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]



3F *1% 93
R A i e £(U,V) 24485 (inclusion map ) 2, & X W i(u) =u (FHE—u e U ¥ K
L) TRIVENANV BU WEESRS. BEERSEREE (321) ATV 47
dimrange i’ + dimnull{’ = dim V".

M onulli = U° (BEF LB TAREER) EdimV =dimV (#F 3.111), Fro &A1 Lo F#
ZRKE K

dimrange i’ + dim U° = dim V. (3.126)
R eelU, WL TURT RAV LA EZEy (ZH LT 3AFTIAI3). 7
tE XKW ' (Y) = . Bk @ erangei’, X EK W rangei’ = U’, FiUA
dimrangei’ = dimU’ =dimU,
2R (3.126) BT % 5 K dimU + dim U° = dimV, J& & A AFIE. [
TSR AE—E D LH, HUAERREAFaEERE R T2 [ () ] S0dEh 2
] [ b))
3127 EUTFET (0} BN TEMEH
WV IEAR4ER, B U RV I—F=E. B4

@ U'={0} = U=V;
b) U=V < U={0}.

IERR NIEH (@), BATAH
= {0} & dimU’=0
= dimU =dimV
— U=V,
Hep, EoAMENKE 3125 TE =Sk E 2.30.
£, HEW (b), RINAE
U=V & dimU° =dimV’
& dimU° =dimV
& dimU=0
— U ={0},
Hep, BANERNFH AT HIET 239, F_MEMNKE 311, ME=NENkE 3.125.m
S5Rrh (@) IEMIERT i v f WA BR4ERY.

3128 T HIE=IE
WV MW EARAENET e L(V,W). B4

(a) null 7’ = (range T)";
(b) dmnull7’ = dimnull7 + dimW — dim V.

RS T EAEMS 12U — U, I(u) = u, AR PR RIRR S R E SO e e [f) —ooag, (2 HARE AT,

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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ERA
(@ st eenullT. FTREO=T'(p)=poT. Hi
MEMEV, 0=(poT)(v)=¢(Tv).
T ¢ € (rangeT)’. X Z% % nullT’ C (rangeT)°.
HTEREANE AKX AR KM KL, I ¢ € (rangeT)’. TEXMENv e V #HA
o(Tv)=0. FTA0=9oT=T(p). #5Z, ¢ enullT’, XKW (rangeT)" C null 7", iX
HR TR T (a) BYIE .
(b) #HATH

dimnull 7’ = dim(range T)°
=dim W — dimrange T
=dimW - (dimV — dim null 7)

=dimnull7 +dimW — dimV,
HbE - ANEEET @), F-ANEETRET 3125, F=ANAESNET AWk EAx
(3.21). [ |
T RGO T A AL, RO R IIE 77 B b B IE T RS 4 5.
3.129 T BRHEHENT 1 2HE5
WV MW REARAEWHT e L(V,W). 4

TR = T 2854t

IERR &ATE
T e L(V,W)iEi#45 < rangeT =W
& (rangeT)" = {0}
— nullT" = {0}
= T'E%4,
Hp g SR RIFET 3.127 (2) 1% ZAEMIET 3.128 (a). u

3.130 77 BYMEE
w VMW REAERGENH T e L(V,W). IF4

(a) dimrange 7’ = dimrangeT ;
(b) range 7’ = (null T7)°.

HEEA
(@) &ATA
dimrange 7’ = dim W’ — dim null 7*
= dim W — dim(range T)°
=dimrange 7,

HeP g - ANEEZRET321, E-NEEHET 311153128 @), £=M%ZNIET 3.125.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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(b) &%k g erangeT’. TEREHFHEY W EHF o=T"(¢) KiL. wxRvenllT, L1
() = (T'W))v = W o T)(v) = Y(Tv) = 4(0) = 0.
FE it ¢ € (null 7). 3X Bk 4 range T’ C (nullT)°.
FHATH LKA range T F1 (null T) By B A B R R RAEA. Ak, EEF

dimrange 7’ = dimrange T

=dimV —dimnull T
= dim(null 7)°,
HEHE-ANETRET (@, F-ANFFRET 321, F=A%FFWET 3.125. |
TRANEESR N 3.129 X IR K.
3131 T RBEHENT I 25t
BV HWRARLENHT e L(V,W). T4

TRPYS — T &N,

IER #ATH
TE#%24% < nullT = {0}
= (mull7)’ =V’
< rangeT' =V,
Hop g AN RIRET 3.127 (b) T1 8% = AN EMIET 3.130 (b). |

2 M RR ST B X B 9 45 BE

TR SO, REATE V EE v, v, BIE VPR o1, L0, OH
W IHEE wi, .o wo SOHTE W R IRHIRIE g1, .. THRATHE L3R VAW AT M(T),
i B3R VR W AR RS RE M(TY). Rk ST AT R T X NS 1A TS

3132 T HIERER T WEBENEE
VMW EARAENET e L(V,W). B4

M(T') = (M(T))".

W AA=MT)EC=MT). #l<j<mBl<ks<n
B M(T) By E X, #A1H
T’(wj) = Zcr,j()or-

r=1

FREMETF y;oT. FREERFMHERTF ve b, T4

(EPRE P IZEAEFE) (FHwRR ) Sheldon Axler [#] FARiE . A [i#]



96 % 3% Lobngt

(joT)(vi) = Z Crjer(vi)

r=1

= Ck’j.
KMNETE H
WjoT)(vi) = ;(Tvi)

i Ar,kwr)
r=1

= Z Ar,k'rl/j(wr)

r=1
=Aj.
B EARAERNEE 4T, RINE C =4, TREC=A" %52, M(T") = (M(T))". 1
BAE, FATRI X 25 AR PR R SRS TATRRAY 53— FhiEEs. AT ATHI Y T RAER] 1
BB —IL 3.57.

=¢j

B A e R A ARBIRSET A BIFTEE.

Q

RS RX T FW - F™ f Tx= Ax. T2 M(T) =A, &% M(T) 22X T F! FnF™! 647
BHEITHREN. XX,
Aty F| Fk = M(T) 7| £%

=dimrange T

= dimrange T’

= M(T") H9 7] #

= AW 7 %

= AMATHk,
HAFANEFRETIIS, F=AEFRT3130(), FUNEFTETITS, FENMETRT
3.132, % Ja — %5 IR T 2| R AAT Bk o9 X |

FIREE R —FIERITNE LT TA TR IR 8.

= A 3F

1 fFREN AT A LRNEZ SRS S S 3t 2 .

2 B EAARFEEIF . ROY AP .

3RV EAMRLAER, Hvev (v£0). IFBITELE ¢ € V/ #i15 o(v) = 1.

4 % VIRARGER, HU RV HTFEE, U2V, I 1776 ¢ € V/ #i15 o(u) = 0 XML&
ueUBSIH ¢ # 0.

(BRI ZEMESY (%) Sheldon Axler [£] 2Rk . AT [%]
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5i&TeL(V,W),w,..., W 42 range T IEE. THEXT Ny € V, FEIEME—AT 01 (v), ..., @m(V)
fiifs

Tv=g (V)W +- - +@u(V)Wy,,

MITE XTIV E) F HIEEEL @1, ., o TEBIERER @1, ..., @ THIEFDERRE V M
PRI

6 ¥ p,BeV. WM. nulle C null B 24 HASAATE ¢ € F 15 8 = co.

7. Vi s\ JE: (Vi x V) FL VY X XV, S Rl ) 25 [

8 W vi,.... vy VI, o, ...,0, =V BMEEE EXT:VSF MA:F'—-VR

rv)=(ei(v),.... e.(v)) M Alay,..., a,) = aivi+--+a,v,.

R T A 2.

9 & mE—1FEE. EW: P.(R) BIFE 1 x, ..., x™ XIS 0o, 01h .oy @, HH

&) 0
ox(p) = £ k!( ).

XE pl) KT p kB, p o OM-FRBIEEMA p A Y.
10 B m 2—IEHAR
(@ MEW] 1L,x=5,..., (x = 5" J& P (R) 2L
(b) (a) TEIERH R A7
11 Bvi,..v, 2 VIEE, @1, 2 VOARBIIXERE. By e V. UEW]

Y=y (v)er+- -+ (vy)en.

12 % S, T € L(V,W).
(@) IEF (S+T) =8 +T'.
(b) IEW (AT) = AT’ XA A € F A7
i 3 AT AEARIRIE 3.120 49 (a) = (b).
13 §EB: v _ERESR X R v B RS E T
14 EXT:RP SR> N
T(x,y,z) = (4x+5y+6z,7x + 8y + 9z7).
W @1, 02 8 R BUBRHESE A REE, w1, vo, g3 3R R RUBRIERE AN (2.
(a) IR T (1) F1 T’ (o) KPR BRI
(b) ¥ T (1) FNT (2) FOE B Y1, Yo, w3 IR G
15 EXT:PR) > PR H
(Tp)(x) =x*p(x) + p" (x)
XFEE x € R 0T
(a) B @ € P(R) ESLH o(p) = p'(4). fiiik P(R) ERIZIEZ K T (¢).
(b) B e PR) FEXLH ¢(p) = [y p. I (T"(9)) ().
16 & W IEHRYER), T e L(V,W). {EH]
T"'=0 < T=0.

(BRI ZZIAESF ) (5 vik )  Sheldon Axler [#] FARA | FTFA [#F]
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17 & VMW EERER, Te £LV,W). WEH: T, MHEMNY T e LW, V') 0]

18 vV MW RARYER, W T e LV, W) BT € LW, V') (IR LV, W) BR
LW, V) B[RRI

19 % UcCv, N4

Ul={peV :UCnully}.
20 WV EARRYER, H U2V gTasEL ikl
U={veV:py) =03F—¢ecU KL},

21 ¥V EARRYER, HU R w2V TFas.

(a) IEB: WO c U HHEMH U CW.

(b) WEH: WO =U° KHALK U=W.
22 &V IEARRYER, HU MWV TR,

(@) WEE (U +W)° =U° nwO.

() WEH (Un W) =U° + WO,
23 wV EAMRYER, H e, .., om € V. WEBLUT = MEG AR

(a) span(epy, ..., ©m)
(b) ((nullgy) N---N (null g,))°
) {p eV’ :(nullg;))N---N(null p,,) C null p}

24 RV EARYER, Hov, ..., Vi € VIEX—ZMBUFT .V > F" N T(9) = (¢(v1), ..., ©(Vm)).

(a) HUERA Viseoos Vin KAV %/lﬁfygl r %$§T
(b) WEH: v, ..., Vo BT HALY T 205

25 WV EAR4ER, He,. .., Pm €V ESL—EMBIRT : V S F" ATO) = (01(v), .. ., Pom(v)).

(@) WERH: oy, .., Om TRV B HAY T 250
() IEH: ¢, .., Om ERMETCH2E HAL Y T 2005 5

26 ¥ VIiEARYER, H QR V BFasmE. uEY
Q={veV:p(») =0X{E—¢e Qﬁij}o.
27 T € L(Ps(R)) Hnull T’ = span(p), H ¢ J& Ps(R) EMLMIZ R, &N ¢(p) = p(8).
TEAA

rangeT = {p € P5(R) : p(8) = 0}.

28 I VIR AR4ER, Her,. .., Om A2 V' PINZMETCCA. IE
dim((nullg;) N -+ N (null¢,,)) = (dimV) — m.

29 VW REARYER), HT e L(V,W).

(@) TEBH: 5 ¢ € W H null 77 = span(¢p), HFA rangeT = null ¢.
(b) WERH: 2R ¢ € V' H range T’ = span(y), A4 nullT = nully.

30 XV EARAER, H o, .., @n o VISR ERA VA, HOEE o). Pn-

(ZMERI R ZXAFEF) (FHvapk )  Sheldon Axler [F] FARiA . AT [iF]
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31 RU BV IFER, 2i:U - VIEEHi(u)=u WEETISE. i e LV, U).
(a) ERA null i’ = UO.
(b) WEW: WR Vv EARRYER, P4 rangei’ = U'.
(c) UEPA: 4R v ARG, IBA 7 SR V//U° B3] U7 B[R] R4 i
(c) PHIR MBS A A RAY, BACRRETHEPE—52 =R 69K e) i
32 V [(INEITEZEE ( double dual space ) , ich V7, & XN V' [XHEZSE. Barjibi,
V=V, XAV SV"H

(Av) (@) = ¢(v)

XHE— v e V HUE— ¢ € V' Jl0T.
(a) UERH A BNV B v (L ki i
(b) WEB: WRT e LV), AT o A=AoT, H 1" =(T").
(c) UEPA: AR v ZA RN, R4 AV 2] V7 [ [E R
TV ARARLER. RV IV BH, 22KV 2V R MM — & EZ LRV
gk, AR, MV BV RIS A REZERBL, BmatAN 2 Eim g Ry,
33 WU RVITEN. 4 x:V o V/U NERKRIBS. W2 e L((V/U),V).
(a) IERA o7 R EAT.
(b) HEM range n’ = U°.
(c) FHZEIE: o I (V/U) Wl U° TR R e
() PHIR M B K, AACRKRBTL P E—mER R ARG RIR, EiRE,
AL AR R AR AR X 2 ) B A A AR AT — AN R A PR Y HY

Bla|E—F 3.125: WER U cV, NGB iU > V,iu) =u

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]



F4E M

AT ETA RSN, TP EN AN TN a2 (o] RS 21 A B 92k
PEWLS. A A VP28 AR REC 27 E HALPREE rh i fihsd 1, PR ENTAAR BN 11K
FRIEEE L.

PUNAS 5 R S LRSS, BrRURIEIT AT BESARIRIFE B, FFnl REA S 2R IR
FEIAUEN]. (FR, EH IR 2 A BT B A P A 4R R i — e e m i h 2 AR E
frl.

AT ESHE R B ARBE TG, AR5, FAREW T AR FEN 2000 F SRR
T ERIUEL Bl 1A TARIEACEGEN] T 200G RmERE, B EIRE 288 A LU
bk, XAk

T AR, R BEAER, "R R 2 — RN B CE PRl € ) 2
AT ZRIRRZ R AR R).

U TRIREAZ RS EMIL:

o FILERILC

A8 00 Hauener ezallly

A AT R F ARG R - & T4 (Omar Khayyam, 1048-1131)
HRER. WAL T 1070 FHRBP A RS THZREAXG >
EAT L.

100
(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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FETHER R IS R I AT, Tl E ] — o SRR,

41 EX: SE#B (realpart) . Rez, EHP (imaginary part) . Imz
Wz=a+bi, H a Ml b HTE.

o 7 HUEEB, iIC1ERez, E X N Rez=a;
o Z ERR, 1IC1E Imz, KN Imz=0b.

T, MTENME, BITA
z=Rez+ (Imz)i.

42 EX: £ ( complex conjugate ), 7, ZEXT{E ( absolute value ), |z

#% zeC.

o ze CHEHEE, icfEz, EXN

7 =Rez — (Imz)i.
o HA z XA, 1C1F Iz|, & XN

|z] = V(Re )2 + (Im z)2.

43 fl: SSEFERR. SHIE. HEIHE
Wz=3+2i. 4

o Rez=3, Imz=2;

0 7=3-2i;

o |z| =V32+22 = VI13.

HEE z € C HAFX (Rez, Imz) € R* Z[AiEH, SR C M R* FFEEE. T,
C 22— 1 g mimasin), HEATEAT LA C CRELAER T R? ) WAE—A> 2 4 ry 58 1) 525 [A].

BAZEIAIHERGEIE AR BARMNS, W z € C, A |zl F T R? P iyJE 53] R?
A (Re z, Imz) MYBEE.

SCES BT . E AR R T REERIE—T, 1=7 3 HE 2 AR
JYITE T 25 SRAHED.

W w,zeC. BaATHGEXFAFELAA.
z#zZZH (sumof zand 7 )
z+z7=2Re z.
7 ¥ 7 Z % ( difference of z and 7 )
z—27z=2(Imz)i.
737 2% ( product of z and 7 )

7z = |z|%.

#TNO

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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S HIERIRIANEFI AT SR ( additivity and multiplicativity of complex conjugate )
wrz=w+z Hwz=wz
£ iRy S 4£4F ( double complex conjugate )
A= %
SCERFAREERLA |z| A ( real and imaginary parts are bounded by |z| )
|Rez| < |z] H [Imz| < |z].
£ HIERIEXTE ( absolute value of the complex conjugate )
|z| = |z|. 2
AITERIAIFEME ( multiplicativity of absolute value )
lwz| = [wllz|.
=AAES ( triangle inequality ) otz
lw+z| < |w|+|z].

Bk FREE T, ey  SARFXGIUTHE: = AFH—2 KD
EHREN, GAREER. ABIE=AFE TRETAALKRIF.
N, HNAH

w+zP=(w+2)(W+2)

WW + 27 + WZ + 7w

WP + |2 + wZ + wZ
= |wl* + |z* + 2Re(w3)
< [wl* + |z]” +2/wz]
= |l +1zI” +2|wllz]
= (Iwl +1z])?*.
W T REARMNKENFEX  ROZARFILTERTAL

lw+z] < [w[+]z].

FHZ—TF, WF—A k5 p:F—>F, R ao,....an €F Ha, #0FHEHA zeF
A
p(z) =ap+aiz+---+a,z",
WIFR p JZRECKh m 2. s LRI ERE p 770K 1E—Fh, IBAZ I gnT
RENME—. FRATH B IS5 WS UF B X AN T RE & A
T p(z) = 0 WIRTEXT 2T p € P(F) G IR ECEE M . T2, FRATZ X L
TR B AR

(BHRH M IZZAES) (%R ) Sheldon Axler [F] R8Ik, 4T [#F]
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45 EX: ZWMARZES ( zero of a polynomial )
R—14 A e F HZHK p e P(F) WER [ 4R (root )], #

p() =0.

RISV A FRATTIAE I 22 35 2 A R R — P st T FH ) S T L
4.6 ZMANBNERHBIN—P—KER
BWem ZEIERHH p e P(F) BB m LWz, % 1eF. A p(d) =0 [ HYAF

TE—DRECH m — 1 INZIA g € P(F) fif5x 451 z e F A
p(2) = (2= A)q(z).

A &% p(A) =0. 4 ag,ar,....a, eFE/RNAK ;e FAH
p(2)=ap+aiz+- - +a,z".
MoxtaekzeFH4
p(2)=p@)-pD)=a(z=D)+---+a,("-1"). 4.7
MHEAN kef{l,...,m}, &R

k
F A==y VT
j=1

FUY, K ET - AF’UEANRE I k-1 HWETAR. TERAED R p%ET z- 15U
EARBH m—1 TR, %o WAL,
HTERS —HANEEX R, ARAEES TR g ¢ PF) ERAEN 2 € FHA
p(2) = (z=Dq(z). F2a pd)=(A-q(2)=0, ZI7 HHFIE. n
BT TREREIE I 2T R A K E A T

4.8 XEAm RARZEmIER
g m ZIEREH p € P(F) ZRECH m MZW. A p 76 F himEf m & 5.

Q

IERA Xt m H A%, BROIBGENE R S m=1HZRIW, BAE a0 204 £HR ag+az
H—NEE (%T —ap/a)). AT, BE m>1 HHGEHEBAT m—1 18 KL
WRpEFFRESR, BLBOELE WK, EH K. TEBEpH—NIEHEA1eF. W
46, FERBEAm-1WEAX qe PF) E/RATTHAN ze FHAH
p(z) =(z-)q(2)
RATPAEEAN B RN, g EFFELZAm-—1ANER. NEREXNKH, pEFFHESR
MhgTEFPNELAURAL TEpEFFELAmANEE. [
ERENEERY, — 2R RECEME—FER (B R — D20 G PR R Y £
8, 2Kz 2m X WA R R TE A, SR8 — I REEETHA TS ZAF 5
2. Rl , 23 IR ME— 6 ).

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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[1C—T, 2T 0 MREGE LK —co.  ARZAKX0MRIA —co, TANTHZ
DBERERTR R —co HU—E AL EE [ #]4e deg(pq) = deg p +deg q ] #h R
BIRL. B, SRR m A —co < m H RERFRBSTRL.

—00+m = —o0,

ZIERHRERE

WA p M s BAEGUEEHE s # 0, IAFEAEAETIEEL g Al r W2
p=sq+r

Hor<s. WHEIE B0 p BREL s IS EIRT ¢ FRECr. 3TORMEZSZREG T TIEH T 2000
FAEGIE. T, 45T RAYER T PR 2R Rk, R BT BRI AN R — T
Sk, MAUUE M R4S,

LR A E bty TS AKX T RIREAR: #5AK p
BOHRSORIER. SRT, SLARRIERIGER T4kte A S AKX s, FFAEIRZAA 1,
PEETS, FHFITWRITT P, (F) BIEE [ 2, (F) J& i REUE F i B sk B0 n (200
JE n o+ 1 HEE S]] XA UEE N — AR R DRG0

49 ZIMAKHRERZE ( division algorithm for polynomials )
W p.sePF), Hbs#0. IBAFAEME—HZIN q,r € P(F) W2

p=sq+r

H. deg r < degs. :

R A n=degp Hm=degs. Fkn<m, 2B qg=05r=p HFAEHIEER p=sqg+r
H A degr < degs. MTHKANIAAEREL n > m.
AE4
1,z,..., 2" s zs, 7" Ms (4.10)
EP.(F) BEMETK, AAZAFHENZIAMHELE AL B, 44100 WKEZn+1,
®E T dim P, (F). Fril, (4.10) &2 P, (F) th—/NFE (f 2.38).

HA p e Pu(F) B (4.10) % P,(F) B9 — A2, RBFEEE —WFH ao,ar,....a, € F ¥
bo, by, ..., bp € F1E71%

p=ao+az+ - +an 2" +bos+bizs 4+ b7 4.11)

=ao+ a2+ +am 2" +s(bo+biz+ -+ by_pz™M).

r q
Wl rfrg Wy bR EX, BANTEA p THER p=sq+r H degr <degs, FHEMHEIE.
WREXBEEN g, r € P(F) tiE—H, BTHER @.11) 8% apar,. .., am_y € F 70
by, by, ..., by_m €F ﬁ/ﬂpﬁ"’]é [ |

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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ZIW7E C LM R

Wit F it R C, BiT—HrERn REEFTEINGAERLE. CHIiEd i
AL 5E ARETRITmE., W R B RBREG TR R EAXNGE
TRV B BEX PRSI ). Fefilseit  SH=RRARAXAHZL & T = RAweg
WE AL, RS LERNE REAXNELAFLSIMMLE AT RGN,
W ISR W S R B T P g AT ERAA LM SAK, ZAF 69 LA
. HARBET.

FATHARESEA & H A TE A B aC b B T VLRI A sR e R? i) P (B 38 P o A e/ s
B X—45ie. #ad EMIER, RCREE BCESEA e B — S LR, AR ARR BT B £
BN T, IBAR X 4R ERE ( Liouville’s theorem ) FAHEE AT, CBEEA MG
HEWAHR A 2 B) — M i HER, RN AR C ettt [ e sBn ¢ + di (¢ T d oA
HE) EES ), IBARXAEEREAN AL T

412 REEAREIE, KiA— (fundamental theorem of algebra, first version )

AR ENE RBE I C PAZ A

UERA HE # 2 3# ( De Moivre’s theorem ) B N &2, Rk k W EE#H HOecR, 4
(cos @ +isinf)* = cos kO +isin k6.
PR IR A AT k AR B VA 400 IR AR R I 5E 09 Am i R AE .
BixweCHk HEES FMARLS, RNTHEEr20H 6 RERF

r(cos@ +isinf) = w.

R I K N

P k
r'*(cos 7 +isin %) =w.

TRENEEHA L KRR, KAV RS B ZAZ8.

B p ZEANHEENERESZIREARBREZIN cnz™. W22 z— 0B |p(z)| =
(AHA L z— 0B [p(I/127] = leml). TREEZERK 2 [p(2)| EXR { € CRBFALR &
ME. AT A p(0) =0, SERE p) #0.

FX—ANHFHW LT g H
p(z+{)
r0)

BRz-lq)| Ez=0HAREKMIL q(z) £ 5 &
q(z) = 1+akzk+---+amz’",
i#k%ﬁﬁ%%ﬁ#%ﬁ%»ﬁ%ﬁ,ﬁ%z,w¢o
ABeClEFP=-—. MrBEEHc>1HE: H1e(0,1), AL

g

q(z) =

lg(B)] < 11 +axt*BX| +1**'c

=1-1*(1-10).

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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T, EERFEXFH e K 1/(2c), BMNFETHE (q@B) <1, 5z |q)| e F&NMEH
LWBREMEFE. HiZTF ERTHE p(0) =0, AT p A—INFEA, NEHAFIE. u

THAMLREE G 15 BB TR kR AR 20 X i Z s i e i RUE, BRI DI
FUESRA R, Blan, AMTJGHk4 s 2mi
p(x)=x=5x* —6x* + 17x* +4x - 7
HZ R DR AL EIHEHLAT LIRS p S REUR -1.87,-0.74,0.62,1.47,5.51 X H
L

RBEEAE B IRA — 5| FRA VS BN E KRB W T e B FE, xR
o p ESR A A, Ay BAY z BOXSCEET A RELL T 518 4N a0 4 M55 F o.
413 REEAREIE, RRAZ ( fundamental theorem of algebra, second version )
R p € P(C) BAEAHEA 2, M2 p AIPME— R (CATHRAT )

p(2)=c(z=A) - (2= Am),

R ¥ p e P(C) Em=degp. A m ABF A% Fm=1, BrRAFFTHLH
AFERE—. B, Em>1, FEXTHAm-1REAX, ROFHLH>BABFE
Ho—.

HARKAER, RATFTHMLZN p W B ZFEN. BRBEATENREA— (412), p
AEHEEA€C. H46, FEm-1REZTX qFE/AFTH e CHA
p(2) = (2= Dq(2).
KN EAHEEN, q T RN BEZNHAR, BEL2EARNEXBER KL
o p AR

NERNETH RE—BEEA ctZp P WA, HEE—FEN. FrARA

REEH ..., An BE—FBBR T & (FERRF). &

(z=A) - (z=An)=(z-1) (2= Tw)
M e CHBRL, WorETYz=24 HEKRXRAEMETO, FrUARXANSHENSTET 2.
KNETHAE T, HTREn=A. BorRz+1, BORTUELEXBAMEKRU z-2,,
&

(z=)(2=Am) =(2—12) - (2~ Tw)
A z=4 TR, AEMHT A e CHMRIL. FLE, ER—FXTH e CHRIL,
N, ¥ ERERBELEN, BERE - NEEHFEREANZENEZARN. L@EXAHKA
BTN BERSA, EFERATF, WA 154 1A, Xt TR T E— 0L A, ]

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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ZIE R LS
— ARSI RERA THT ] REERLEE R LRSS, b
W, I 1+ x? B SR SHREEEOFTER L aT R L
RMTEA € ERMREIRS I R | 20T BZEWOFR TR L=
(oMRE B FRATTN T AT 16, T .

414 LEHZTXHIETHET ST HIL

B peP(C) HLRBETMA. #1eCRpMESR, M2 AHE p HWEM.

IER 4
p(z)=ap+ajz+---+a,7",
HEHag,...,an LB HAeCrmpWER, B4
ap+ad+---+a,A" =0.
EFAFARBEFLHRE
a0+a1§+---+am/_lm=0.
HPERMART AL ERER (N 44) EXBKRHAE p EA. |
Ffl AR R BT ML & HERERAX T @k oA T4,
TN EieH % .
4.15 ZREWMXK TR
B b, c e R IMAHHALY b = 4c B, FF1E A1, 4, € RAGFRHEAN

+bx+c=(x-2)(x-1)

8 e L

iERR EEF

b\* b2
x2+bx+c=(x+§) +(c—Z).

EE D2 < de. TRMEAN xR, b LRRERTEZIANET A
EWHHE, HHEFAR C+bx+c HAEHEL, ATTURFERIFER (x—2)(x—2,) (H
A, eR) R,

Rz, A& 24c. WLBEEKAER P =2 —c. RELTEAIHGARSA,

b\2
x2+bx+c=(x+§) -d’

b b
—(x+5+d) (x+§—d),

B A AT Z 0 A K ]
THEESIEL T ZWETE R BRI XSS R UE LSRR A A 2 B A
T (413), EAE L I RAE N RN p B9 d 404 R, p AHESEE S

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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SUBRROG IR, TR, AR p BUE P(C) Mo, il Eaan (x— ) M3t (K
o CRARSEE SRR, B4 (x — A) tJE e —T00. K PR I T 45
(x* = 2(Re )x + 1)) ,

XA TR IUE 2 RA TR L rIE.

HRAE b B iR () B A L RBIEFA R AT T R 1) i O AR Y. SR, A — TR
B WA BARSRM AR, H (x - ) 24 p HUE P(C) BT ER NI X Hrp—31, IR
ZARYE 4.14 FATATLMAIE (x — 2) HE R i —I00, (HJ2 4.14 IR A B R
FIURECHR], A BRI T, X — R TR, A FRA PREIE X — A T

EFHEERS, m f M P RRSA— 15T 0. ..., A Yo7 p WSEEE AL, PR x
A BUX S SHUERT A BB N 4518 & XA 5T o.

416 ZIMNTER LR

¥ p e PR) B—MANERFEEINZTX. IBA p nlgME—orE A CRFEEIY )

p)=clx—A) - (x =) (X +bix+c)) - (& +byx +cu),

M A b2 < 4y

IR EARAVEH KRNI T2 MR EFAEN, REEHHLE— M

¥pEPOC)W—ITE. WRp WA (F) ZEMELNW, A LHRIE 413 553
THRMNBEWQER. TE, BpBEEEIcCHA¢R HAMTFIMEpWELE. T
ZHNTE %

p(x) = (x =) (x - Dg(x)
= (x* = 2(Re D)x + [1]?) g(x)

HP geP(C) 2t p K2 KW EZTA. WRKATT UMY q 9 REOY L8, A2xt p xRk
JE VA 4 3 B RT 52 R A 7 MR 0 B IE A

NI g th R RS, it bR F MY q, TEXNTHA xR,

p(x)
x2 —2(Re )x + |A]?°

ERERESTHAx e RHA q(x) eR. H g F &
g(x) =ag+aix +--+a,_x"2,
HH n=degp H ay,..., a,,€C. HHEMNTHF
0=Img(x) = (Imag)x + (Ima))x + -+ (Ima,_)x" >

XFTA x € R#RSL. XHERE Imag, Imay, ..., Ima,, HET 0 (H48). T2 g
AT LE. Bk, ROFHLEN S BAFE

AAERNETE R BRNE— R p 8 — M x>+ bix +cp Bifi & b2 < 4cy W H
R, TURE-HETH - -0), £F 4 e C. FREE, £4 pEH PR) F7T
FREHBEFANTEN MR, 2FBHEELN PC) FTEKAH, WEHNTE LM
K, WXL 413 7. =

q(x) =

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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= N 4

1 & w,zeC. BiEFAEAMAEL:

(a) z+z=2Rez

(b) z—z=2(Imz)i

(© Z =z’

@ wrz=w+zHwz=wz

(e) 7=z

(f) IRez| < [z] H [Imz| < [¢]

(g Izl = Iz

(h) |wz| = |wl|z]

AL LR R 44 B ik a3y
2 M R w,ze €, MBA |Iwl -zl < Iw - zl.
ALEREXAFARE=ZABAZER (reverse triangle inequality ) .
3RVERENMBSEHeeV. X o:VoRHIoO) =Rep() M{F—v e VESSL. FH
p(v) =o(v) —io(iv)
XA v eV T,
4 BmE—IEBH, £5
{0} U {p € P(F) : degp = m}
= P(F) W23 [a]hg 7
5 %5
{0} = {p € P(F) : deg p H1H%}

& P(F) 1123 a7
6 WmMnBIFEE (m<n), A4,...,4, e F. I FHEZIHK p € P(F) (degp =n),

F50=p) = =pd,) B p BHHMEE.
7 BEm B—AE R, 7, Zme1 2 F PRARFEDCE, wi,. .., W € F. IEW : FEAEME—FK)

2 p € P,,(F) #1715
p(zx) = wi

SENk=1,..., m+ 1 o
IANERTARAEERIGER. 122X XA, A EREEERME, KIZHEATH
ER
8 & p e P(C) MKECH m. WEW]: p A m MARZF L, HHACY p FHFE pr WA H[E 1)
Z R
9 L] BAERBAIR ST T A

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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10 X F pePR), EXLTp:R—->RN
p(x) —p(3)
(Tp)(x) = x=3
p'(3) tix=3
XA x € RIS, WEW] Tp € P(R) XA p € P(R) AL, VIR T : P(R) - P(R) 22k
PR
11 % peP(C). EXLqg:C—>CH

Fx+3,

q(z) = p(2)p(2).
WERH g 25 R 2w
12 % m j2—AE R, p € Pu(C), FHAERFISEEL xo0,x1, . .. xm 45 p(xe) € R XA
k=0,1,....,m K37, WE p BT RECER S
1B3pePEF) (p#0), 2U={pg:qecPF)}.
(a) {EA] dim P (F)/U = deg p.
(b) K P(F)/U Hyj—4 3k,
14 % p,q € P(C) A NFENZIA, HEAILFEMELS. S m=degp Hn=degq. &R
T (a)—(c) X, HHEMEARBGEN . f77E r € P,_i(C) Fl s € P,-1 (C) i
rp+sq =1.
@ EXT:Puy(C) X Ppui(C) = Prin1(C) H
T(r,s)=rp+sq.
TEWIZEE T T 2 B85
(b) UEHH (a) "R IYLIEMLST T S 5.
(c) FIH (b) FHEEEE: 7E r € Pt (C) Ml s € Py (C) 153 rp +5g = 1.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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P — T f 2 (8] 1) 55— ) s (o] O AR PR AR5 3 BB sexs 4. BRAERA DT IR o 5
5, AR 4 i s (B EHAS B AL X TR RO B T A Wb B o B
AL B

TG, B R — DN s . SHERZ AT R T4
FER T2 BN REREHAT N T, K5 | S RA TR E T RIS, B—dEA T2, 4
FHET AR R ——E PR T B BRI AT, AT A
ELRFAE ] S R (AR 2.

HE , FATRAIEI LM RECh oy R S8 — AFTABRAER 23 a) E Ry ET
EAFALMEL. X ARETS M RRATFLIEN], X T FRYES 1) f 2 o] BT, #RAF e i
R —FE, AT R TIRRM R 2 A I —F TR E T 0.

A TMRIRFEARE S EMIL:
o FIERE C.

o VUK F LRy,

Ag DO [8180d Jo1ed-sueH

B AwiEeg 5 24 % (Leonardo of Pisa, % 1170-29 1250 ) Z REfg,
ML AR AR Ay 2 9k AR (Fibonacci ). SD P I % 21 MEF T 4e
TR EHERE KB ERARZEIN B RNK (FTH@E).

111
(BRI ZZAEF) (% wri ) Sheldon Axler [F] FARik ., e [#]
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5A AT

FHEE

51 EX: EF (operator)

PR A~ li] g 23 [ 2 HAS B Y AR U D BF

WTeL(V) #m>2H Be—TF, RAVE L(V) 2R L(V,V).
V=V® - ®V,,

Hp& v 2 v NAEE T, IBAZHR T WPER], IR0 RGBSR Ty, WVEHEIT.
WAL Ty, s T BRT /N LR Ve b PO Ve 2L VN =S 6], B LABHE Ty,
BILIHE T fij sk,

SR, FRATARARD ISR T-IE 58 b — 2 R TR (BB a9 ), IRAameiss]ix
AN Ty, "TREAZRE Vi WU REARL; Baiiid, Tly, TREARE Vi ERRT. hit, &
v BEn B g, JRATOCE IS T K45 Vi BRI BIAR BB RHE. R, BRAEFRAT
2V BIBLT BRI B (123 [ 24 9K,

52 EX: AELFZ[E (invariant subspace )

WTeLV) XFTVRTEEU, ENENueUXHTueU, WIRULET T2AE

H.

TR, WRT|ZE U EWET, WULET TRAZR.

53 bl EMAHT TAENT S
BT e LPIR) XN Tp = pf. APR) WT20 PuR) (6T FRAEM, HHE
p € PR) IYHATT 4, W24 p' MYHIFAET 4.

54 #l: MPMARTFZEE (HA—ELEBARE )
#TeLV), BAVIHLTIFEMAET FEEANZR.
{0} T2208] {0} 7E T FRAZEN, WAEF ue {0}, 4 u=0, FiTu=0e¢ {0}
v FREMVIET TRERAZH, WA ueV, IBATueV.
nll7  FER T ET FRAZER, KA uenull T, IBA Tu=0, FIt Tu € null T,
rangeT T%500) rangeT £ T N AR, KM u € rangeT, JRA4 Tu € rangeT.

—METFT e LIV) —ESABRT {0} flV LISMUAZ T2 FERIMTSES], E
V EARYER, H dimV>1(F=C) #dimV >2 (F=R), JAXBE AR EEER.
Al ZF 5.19 5 5B 71% 2] 81 29.

IR, null T Ml range T 76 T FRAAR. SR, AREIUERBIAALT25 A7 TE,
R E IR DGR T {0} 1V DISMIAAE F-23 [MIAAAEPE A IR, RO AT BE null T 56 T

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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{0} 1 range T %5F V (T i fi 2 H X A o0 ).

BATVFE G Pl S R B R A MBI S AN AR T2 (). IR TRAT T i A 5 e 1 B AR RS PN AR
FAS B ——4E BN 1 A5 [H].

fEftv ev Hv#0, 3% U T v MITATREMGSE SR ES

U={Av:Ae€F}=span(v).
M2, UV H—4eF2s ) ( HREE S0 v, V RN —24E 25 [BER 0] 5 X FIE R ). 25
UTEETFT e LIV) TREANEW, ATy eU, HNAFTERRE A € F {15
Tv = Av.

RZ, HXNFEAeF A Tv=2av, B4 span(v) j& V INTE T AR —4EF25[H].

EAINAFR], FX Ty = 5B FREEFRRE . XNFEREZE, Hik
W RIZ bR A Fla i v &8RRI A4 K.

5.5 TEX: $¥1EE ( eigenvalue )

BWTeLlV). MFHAeF, HHAEveVESv 20 HTv=2a, WHKAINT HRSFEE. .

fEEIE T, RATER v£0, Wk Ceigenvalue” i3, —FAEL, —F&

AFREE A e F R A 70 = 20. HEX. AT “eigen” TH B 17, R
EERTHEE, VA T FAER-- R,

Y Fasial, 2 EA0Y T A HHE(L

5.6 fil: $FEE
EXFETTe LF) R Xt (x,y,2) € F?,
T(x,v,z) = (7x +3z,3x + 6y + 9z, —6y).
WA T3, 1,-1) = (18,6,-6) = 6(3,1,-1). FFLL 6 & T HIHFFE(E.

FHEHETRIESEM R, JI BRI TS IRZINEE , 0 RAEA BRAE A s 18]

3T
57 BAYHEERNENZG

WV IEAMRYER), Te £L(V) HA€eF.

B2 T HLA A A RF7: le L(V)AEBFHETF. T2, 2P
(a) A2 T BEHEE. HveVAHIv=y.

(b) T — Al NG
(¢) T — Al N354T,
(d) T — AI Anf3.

@

R @5 ) FMEEAFA T =4y FNTEX (T -ADv=0. (b), ) () FHEHT
3.65. |

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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58 EX: $EmEE ( eigenvector )
WTeL(V)HAeFZETWFHE #FHMEve VIR #0HTv=2Av, MFRIZHE

2T XNT A FI4SE @ 2

WrpiEyl, EFR Ry e V REF T e L(V) BEFERS, S HACY Ty J& v BIbrER;.
F Ty =av BHAYS (T-Av =0, Fil, miEveV (v£0) & T XMNT A FFFERE, 4
HAVY v € null(T - AT).

59 #i: $FEEMNSFIERE
WT e LF)ELNT(w,z)=(-z,w).

(a) BAEFIEF = RIWIEN. A T WEMEUER I E 58 R? R s gt iess 90°. —4
BAAYEE, HACYEE XA WA AT g B o A Brn e A dEZ m i, % R?
TR ] I AT e 90° AR BRI E AR, bl A F =R, BAT KA
FRIEE (FRBEARHER & ).

(b) HEIEF = CHYIHLL. Rl T RAFEM, FROTLACK bR A, 15 T(w,2) = A(w,2)
B w=z=0Z5MURE. 5T T(w,2) = A(w, 2) S0 THE 7

—z=Aw, w=A4z. (5.10)
B AR R w BRBRAE 1T, 15
—z =A%

HT  AESET 0 [ B HL (5.10) 15 w =0, MFRATEFRAYE (5.10) B (w, 2)
AIEm 0], Frlh B st nrieh

-1=2%
W RRRFRE A =1 f1 A = —i.
PRATHGIE, i I —i #J2 T AORRIE(E. AORG, XTI TARAEME i AUERIE R TE N (w, —wi)
i, Hbw e C How# 05 XTI FRAFA -1 FAE RS ZIZW (w, wi) [, Hep
weCHw=#0.

TE T HAER Y, FATHRRAE TS50 &
Tv=Av & (T -Al)v=0.

511 Z£KMXXRMFERE

BT € LV). IRAMIBLT T HIA FIRAEAE A [ AL s B AR MK

WEAR B BEE TR, A BGERNNEES m, FET N THELRBFMEMEA,. .., A,
HRFAE & vy, ..., v BREGMEAREEL (FEm>2, BAREZE L, HFEEHEZETN).

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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T, FEa,..., an €F, EPEHHET (FHh m &), E5

avi+---+a,v, =0.

BT -2, ERTEXEMN,
a (A =)+ -+ Ay (A= = ) Vi1 = 0.

BARAELE Aty A B3, B LR A RBATEF O FR v v REBHEFT
WEFREME S m— | AREREH RN A% HBA, T m RO SRRAT B, T
4 BE B 3. o

AT AR REIEY. TS — T S RO R
TER.

512 EFHHIEEN SIS TREZENEL
BV RARYER. IRAV ERENETREZA dimV DESAE(E.

@

I ATeLV). T,y BT WERFHAEM. 2 vi,... v 25X NNFERE. T
2501 KW vi,.v ZBLEX. TEm<dimV (222), ¥ |

BEWMXERATET

BF CENmE2s a2 A S ) PSR Ze i A BRI B 32 5 ) R
W, S TRET LA T. EANT R, AT HAF RN E L, I dds 2 m=1E
FEFAIMES. XS, BRI T 1, WEHAEZA R w25 1) RN B R
FHRHE(ERT, B Y OCHE T H.
BT R—NET, WATT ZAZXH (W3.7), HEWET e L2 e, KA
WA TT Rl T2, B —Bbisiok, FA1E X 7 WF.
WTeL(V), miEIFRE.
o EXT"e L(V) NT™"=T---T.
——
mNT
o EXLTONV ERIESHT I,
o HF T Wiy, HHW R T, BAT™ e LIV) HE L
T = (T

YRR BATHIIE, 25 T AT, R4
Horp, 285 TR, Wom Al n JATEREEG 25 T AR, W m A e R ARGRERL
X THTRIR, A Twtn] LUE SOl 2R TR A& T

UF 3. because of the minimality of m, FLEEA “HN m Wle/ME”, BRI m WL “T X0 FHESSMEME A, ..., A PR [7] B
Vieeons v WA, JESGEIARF TN m - 1AL R AR P .

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



116 % 5% SAAASFAER) F
WTeL(V)HpePF ZHTFRALMELI . Hfh zeF,

p(2) =apg+az+a2* +- - +anmz™.
M4 p(T) =&V EET, B TIREX:

p(T) = aoI+a1T+a2T2 T o o0 g g I,

&

AL p BHIESE T EMAMUE F a8 L, 8575 p 86 17—l k. JATr9Ak
s2, P p(T), % p (E GNP 2 Bl T BIA]. &, p(2) PRE B ao B T T
aol (XGIEARGEL: N ag = aoz”, FTLARNINDRE ao BAnl aoT, WAHLRE aol ).

515 #l: BEUXERTRSET
i D € L(P(R)) 7 Dg = ¢ XN T, p EESN p(x) =7 - 3x +5¢* 2
W, W2 p(D)=T71-3D+5D% FTREXEA g€ P(R), #A

(p(D))g =79 —-3q"+5q".

HHUE—TT T € LIV), W PF) 2] LV) BRI p = p(T) FELMER. IR ATHIE
X—

516 EX: ZIXHIFEFR ( product of polynomials )
i p.q € P(F), B4 pg e P(F) 2% TREXNEZHA: WA zeF,

(ra)(2) = p(2)q(2).

WTRTESE (b) Bras, WA Z ORI, PG5 52

% p.gePF) HTeLv). Ba AREXGGIER: FRAoRERET S

@ (pg)(T) = p(T)q(T); RXZ TN, BRFSH B2 T EA
(b) p(T)q(T) = q(T)p(T). KA.

ERA
(@) % p(z) = f:ajzf Hq(z) = Xn:bkzk M FTE z € FA R, A4
j=0 k=0

(P)(2) =D > asbi’™.

j=0 k=0
T
(pa)(T) =D > a;b 7™
j=0 k=0
= (Zm: aij) (Zn: kak)
j=0 k=0
=p(T)q(T).

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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(b) A () Tk, RANFTH p(T)q(T) = (pq)(T) = (gp)(T) = q(T)p(T). u
ZHIRMELFER, & T e LIV), AT null T il range T 76 T FREANZH (LA
5.4). BAERMTEN, T WEADZINE2S BAERZE T T HEaEA2Er.

518 p(T) MEZBFEEET TEAEZH

& TeL(V)H pePF). A4 null p(T) Fl range p(T) £ T FAZE.

WA W uenullp(T). #4 p(Tu=0. T=Z
(P(D)(Tu) = (p(1)T)(u) = (Tp(T))(u) = T(p(T)u) = T(0) = 0.
FHib Tu e null p(T). TEnullp(T) £ T T &% H.
% u erange p(T). L GELEYV eVEF u=p(T)v. T=

Tu=T(p(T)v) = p(T)(Tv).
F M, Tu € range p(T). T % range p(T) £ T T =& F & . |

= i SA

1% Te£(V)HURV KT,
(@) WEH]: WM U cnullT, R4 U AET FAZE.
(b) WERH: @R range T c U, R4 U #E T FAZE.
2 W TeLV)HW,. .., Vi e VIET TWAZTZ0. WAV +---+V, 7E T FA.
3% TelL(V). iEM: VIHEE—RE T FAZR T2 RIS HE, 15T FAZL.
4 JEAES HH— . RV O RERRYER, 1 U 2V T RIEAE V P TR FEARAE,
WA U={0}s U=V.
5T e LR ELHTx,y) = (-3y,x). KT (A
6 EXT e LIF) NT(w,2)=(z,w). Kii T WA RAE(EFIFFIE ] 5
7 EXT e LIOF) N T(z1,22,23) = (222,0,5z3). K T BT FREE FERE ) 5
8 W PeL(V), PP=P. iEW]: WH AJE P AYEFIEME, A 1=081=1.
9 EXT:PR) - PR)NTp=p. Rk T I FE(E AL 5.
10 E X T e L(P4(R)) J (Tp)(x) =xp’(x) MITA x € RIGSL. Kili T W FTA FEE(EFRAE )

JESIN
11 &V IEARYER, Te L(V) HaeF. iEH: 7766 >0, HENTABLEO<]|a -2 <6
MAeFHEA T - AL AJ3.
12k V=UeW, HPUMWEVIEEF=ERE. EXPeLV)N, MME—uecUFft—
weWAH Pu+w)=u K PIIARIEEAEE R &
13 %X T e L(V), I Se L(V) Al
(a) UERA T F1 S—'TS FRAEE AR .
(b) T HYFHEIA AT STITS IRFAE ] i 2 ] (I R 2 A4 7
14 5th—f: R* B3&A (52) FREEME T

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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15 %V 2HRYER, T € L(V), 2 € F. iEH: A & T WRIEE, MHEACY 2 B HBEE T
T € L(V') WFHE(AE.
16 & vy, ..., v e VIR, Te £(V). i IR A2 T WRE[E, 84
[A] < nmax {|M(T)j,k| 1<,k < n} ,

b M(T), 0 FOR T T 5 vy, .. v, BSERESS j AT55 Kk BT
X T |4 895 —AF, I 6A T A 19,
17 BF=R, TeL(V), Le R HEM: AJE T HORFAEL, SELLCH 2 AL Te HORFERL.
Tc ¥ Z XI 3B 7 3] A2 33.
18 F=R, TeL(V), 1€C. iFH: VREM T WRFIEMR, 2 HAY A2 Te WRFIESH.
19 iFHH. EXH
T(z1,22,...) = (0,21,22,...)

TR AT T € L£(F®) B4 R
20 EXRHBAIET S € LIF®) N
S(z1,22,23,.-.) = (22,23, .. . ).
(a) LM F R TCERASE S IRFIE(E.
(b) 2Kty S WA FFAIE ) 5
21 & T e L(V) ",
(@ BAeF (A#0) IEW]: A2 T WFREE, 2MEACY L2 T MFE(E.
(b) WEH: T F1 T~ (ERAE ) 5 AH ).
22 W T e L£L(V)HV PfEEIEER S u Flw 15
Tu=3w H Tw=23u.
WERH: 3 8% -3 J& T MRFIE(A.
23 &V EAEBRYEN, S.T e L(V). WEM . ST 1 TS WAL AH .
24 B AJEnxn b, HotRIBTF. ©X T e LF) JTx=Ax, Lo F" o0 nx1
B ) #t.
(a) B A HE—1TICRZMESET 1. GIEW]: 12 T ARHIE(E.
(b) & A W—FCR AR T 1. IE: 102 T BY%RHIE(A.
25 % T e LV), uwJE T FFHER R, 4 u+w 0E T 8 ERE. JEH: u flw 2T
R XeF o7 T[] — A ) AR AIE [
26 W T e L(V), ffifg v P AEZmRaeE T fFERE. IEH. T 2EESE TR
27 WV AR, Hke{l,...,dimV -1}, #Te LV) 5V HF— k 4ETF2SMEET
TARZE. UEH: T JRAESE R P bR RS,
28 &V RARYER, T e L(V). iEBH: T H&ZA 1+dimrange T A RFIE(E.
29 T e LR, H -4, 5 V7&THEEE. EW . 7778 x € R #i43 Tx — 9x = (—4,5, V7).
30 % TeL£(V), H(T-2D)(T-31)(T—-41)=0. % A& T WEEME. EH: 1=28% 1=3
B A =4
31 —fl: T e L(R?) {15 T4 =-1.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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R KT e LIV)RARMER T =1. EFM T2 = -1
BT eL(V), HmE—IEEH
(a) WER: T A, M HACY T U
(b) WEM: T RS, HHEACY T RS

34 BV EHRLER, v, ..., v €V, GEH: 4y, v T, MHOCYHAET € L(V)
5 vy, ..., Vo A T X FAS [ AR (B R 1) £

35 W Ay, ... A, SR RS EB: 4l et ... e ZEH R A SEIE R B B 1] s
RT3

4~V = span(eV*, ..., eY), FFEX D e L(V)ADf=f. KD WIIEAFdFIEE

A=A

.
36 K A,..., A, —HAMAFEE. WEH: 4 cos(Ax),. .., cos(A,x) TEH R [ AYSE(H R ECEH B,

) ) 2 25 ] PR 2R PR T K.
37 WV RARLGER, TeL(V). EXLAecLLV) N

AS) =TS

YHE— S € LV) o7, W T FAEERTREES S A BRHEE AT B 4E G AR R
38 WV EAKRYER), T e L(V), HUZVIWET FAZR T, BEF ( quotient operator )

T/U € L(V/U) & H

(T/U)(v+U)=Tv+U

SHE— v e V J§or.
(a) LM T/U W95E SCREAE X (XTEM B U R T TAZMZRM), I T/U 2 v/U
R
(b) WEML: T/U BYRANRAEMEER S T ARHIE(.
39 W VIEARYER), T e L(V). WEM: T HREE, SHACYEE V 1Y dimV - 1 4725 [R17E
T FAZZ.
40 & S, Te L(V) H S, &% pePF) 2—2u. JEH:
p(STS™") = Sp(T)S~".

41 & Te L£L(V) HURVMET TAZHFZM. I X2 p e P(F), WA U
p(T) AL,
42 EXT e LFY) NT(x1,x0,%3, ..., X,) = (x1,2x2,3x3, . .., nx,).
(a) K T 1A FAEAEFVRAE ]
(b) Kb F" WP TE T F AR 25 [H].
43 WV EABRYER, dimV > 1, HT e L(V). WEH {p(T) : p € P(F)} # L(V).

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]



120 %5 F AR AAE RS
5B m/MEInzk
SR HEFEENFEENE

PRAEFRATIZS H O T BR4E AL 1) 4 [8]_ LB — D258
5.19 $FEENTFEEN

ARFA BRYER ) 12 (8] LAY T AR A R AL (R

ERR &V BEAREEHERE, HEH n>0, Te LV). MveV Hv+0. A4

FREMLKN, BNV WESER ZANKEHNEn+1l. B EREENENEBELE
(HEFEZHEF2H0) 25 THEO TE, FERBEANEZLAR p £/5
p(T)v =0.

MFERBARZENRA— (N 412), FEAe CHERF pA) =0. ik, FEZIRX
g€ P(C) E7%
p(2) = (z2-)q(2)

AN ze CHE (N 4.6) wkTH (FIHS5.17)
0=p(T)v=(T-a)(q(T)v).

FY g BRBONT p k%, FTURNI T q(T)v 0. FRERERREN AL T #y— A4t
1, q(T)v BxHE T8 HIEHE. .

RTE SRR P RORA I, STR 16 J5 HOTEOAT B TR PO A o L
REE L AT .

FIRZEETI F = C X AMBR AR RER N F = R— MM 5.0 &L, FOINEN, ik
GEE Ty FIRGE” S AMBE B A RE S,

520 i EMEEEEN—ESEENET

BT e L(P(C) XK (Tp)(2) = 2p(2). #5p € P(C) BALERLIIR, 4 Tp MK
p BIUZ 1, NI Tp A2 T p MbREERS. Dk T B R AEE

K P(C) ZTCRRYER, FrIABIEAS FRESe T )E.

FHEES &SI
TEA/NTIH, FATFIAS B TR CH A — D HZ R 20 FA TR E S &

521 EX: H—%I3 ( monic polynomial )

B—SUERERESTIAKSET 1 )20t

filan, 23 2+ 927 + 27 JRRBON 7 E —23ia

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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522 &AMNSIERIFENE. E—EFRE
BV IEARYER), T e L(V). IRAFFAEME—RIREEC MY E — 205 p € P(F), 47

p(T)=0. IHh, degp < dimV.

ERR £ dimV =0, A2 I#ZV EWEET, ATRNK p hHEEEZAA 1B,

A dimV HFHE, TRARELAmV >0 BAFEERY THAERE A EZ A L
WHAEEF#kL., %ueV(uz0) HuTuy,..., TImVy WK E R 1+dimV, B2 &
Ky MAELUAEXMETIE (219), FERDNEES m <dmV &7 T"u & u,Tu,...,.T" 'u
WEMEAE. TREFEERE coc1,00. ..,y € FER

cou+c Tu+--+cm T 'u+T"u=0. (5.23)

EXE—%R qe€Pu(F) K

g(z) =co+ciz+- +cpZ" "+
A4 K (5.23) #F W g(T)u =0.

#k AAEGEE, L

q(T)(T*u) = T*(¢(T)u) = T*(0) = 0.
LA R MTIE (2.19) %A ,u,Tu,. .., T 'u R B MR R, TR E LR %X 7 dimnull¢(T) >
m. F

dimrange ¢(T) = dimV — dimnull ¢(T) < dimV — m.

Bl % range q(T) &£ T TEAZH (B 5.18), A LAFAT T UK VT 44 3% B2 F T range () £ #Y
BF Thangeqry, ANTIHEE— SR s € P(F) £
degs <dimV-m EH  $(Tlangeq(r)) = 0.
Fi, tTHAEveV, ®RMNA
((sq)(T))(v) = s(T) (q(T)v) =0,
X2 H N q(T)v € range ¢(T) B $(T)lungeq(r) = 5 (Tlrangeq(r)) = 0. T/ sq Zi# & degsq < dimV
A1 (sq)(T) =0 & — % T,

FEEXW, FERBEFETAmV WE— 20X, HEATTHEETFO. T&E, FAT
THREZEFONAERNE - FAXEFE, TRTRT RERFEET LA,

A peP(F)ZMHE p(T) =0 RILWRBF/NNE—FTA. AIEARLE R oE—EIHo, &
rePF) ZA¥K G pHEWHYE—2TK, Er(T)=0. 4 (p—r)(T) =0 H deg(p-r) < degp.
FEp-rAETO, Ba¥p-rRUARTAANRE, IR - MATTL2REETFONYE
— %A (HHEREANT pWAEK). TREp-r=0, HvE—HEEIL. [ |

EREEIR T E AR RS

524 FEX: w/MZIF ( minimal polynomial )
WV IRARYER, HT e L(V). BAT MERNSIEME—11F p(T) = 0 S IREL

w/NE—ZTK p € P(F).

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [



122 % 5 F Mt iEa$
RHIHE—NET T e LV) ME/NE2TI, FRATFHFE R 5
col +c\ T+ +cpy T ==T"
it co.cry. s Cm-1 € F BYE/NEREE m. RFRATER V B—A 3, PRl LaXrP g 7 e 7 19
ik, WAl Lo EiR TR RA (dimV)> DITRE. m DRHEL ¢, cr, ..y Cm-1 € F INRMTT
PR, BUHLAMEGAAE, ATV SIS CIASEE Gt R gl i A s i ik, Xt m =1,2,. ..
HERRVERGSS, HEIAIMAMEIA]. 522, M TEMMIIEEE m < dimV, FRITHE
WA AT SN EZIEGZE co+c1z+ - +cparz™ + 2"
A (HEFH) MR E, v eV (v+0) IHHETE
cov+ciTv+-+ cgimy T9mV-1y = —dimVy, (5.25)
FIRV B —A3E, K LR RSN A dimV DA, dimV DSRAEL co, ety -, Caimv-1 LK
‘@ﬁ*ﬁéﬂ. %‘ﬁﬁﬁéﬂﬁﬂﬁ—%’i COsClyevey CdimVv -1 ( ﬁ%ﬁ'ﬁﬁmfmm‘%ﬁ ), %K/Aﬁ‘% CosClyeves
Camv-1, | HiE T BB/ NI 280 (8 5.22 38 B/ N2 T R Bk £ /2 dim V).
ZIER LRET (ERSCTRRME R LA T 2 AR T A s 7 AR
AxASEE), 3B EBT Iy = (1,0,0,0).  SIAEFREY S,
XFFH1 X [E] [-10, 10] AR ER RO 4 x 4 FERE, sbbikdd H T H A 99.8% AR ; mixs T
i X 8] [—100, 100] [ AEEEFA LAY 4 x 4 56 1%, ead T HA R 99.999% By FERE:.

TR T R R PR

526 #il: PP EEFHR/MSIR
W T e LIFS), HILTIUESL e, e,, €3, €4, €5 IFEFEN

00 00 -3
1 0 00 6
MT)=|10 1 0 0 0.
0010 O
0001 O
1E (5.25) Fllv = ey, H
Te, = ey, T*e, =T(T3e)) = Te, = es,
T?ey =T(Te,) =Te, = e, Te, =T(T*e;) =Tes = —3e; + 6e,,

T3€1 = T(Tzel) = T€3 = &4,

?7?5 3e; —6Te, = _Tsel- 4 el,Tel,Tzel,T3el,T4€1 ?jﬁfffﬂ:éﬂ €1, €2,€3,€64, €5, %Zﬁ%@%aéﬁﬁ,
FrLLIZAH B AR M SIS T —Tey. N T /NI 3 - 62+ 2°.

BZ—TF, MRAEE L, Vv EREFIREEA P (F) h 2B E i f e F oo R. 5
WML, #FF =R, IR LRRHEEAN s S8

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]



5B A A, 123

527 BiEEN&/MEMANESR

WV IEAMRYENE T e L(V).
(@) T /NI E SR T R AE(A.
(b) &V ZE M, B4 T WE/NEht A TiER
(&= 2dh) ===z = A
Hrpa,. .., A 22 T ITARHEE (ATREAER ).

iEAR A p & T /D Z A
(@ BEBHEAecFREpWWELEZ—. Mo p TUE R THRA
p(2) = (z-q(2),
Hb g RABEFFNE—FTKN (WL46) HHp(T) =0, FidlxtekyeVv KA
0= (T -2 (g(T)v).
B degg = (degp) -1 Hp ZTWHENEZHAR, FILELFE—N HEY e VEH
q(Tyv#0. BT, FRFEXNEKHAET H—NFEE, B p WEEH N T WIHFAHE.
N T WENFEEHZp W—NER, AKX A1eFET - EFEMEE TZ, F&
veV(v£0) ERTv=Av. ¥T REKAELXNFENR, BESXENEMES L HF
Ty = Ak, T2
p(T)v =p(v.

EAp BT WERANSTR, FURINE p(T)v=0. U EREXREEZW p1)=0. T2
ARPpH—ANEE, BTWHEMEERN p WEL.
(b) FIH (a) FoR B EARTHEERAZ (I 4.13) B AL . n

EF LW B 7 SNBSS B (W 4.8 ). HL, $ EAEEEH () 456 “V
FRE RN Z T AT dim VXA, sERELL S — A RAE 5.2 (e
NEN, V EETELA dimV AN SAAEE ).

B —Z TR RN TR/ ST GRATEAE S B 16 FFHEN] ), XEXTH 5.26
RS, DRI, 5.27 () Sh&M, SR TRORREMEBIZAR, SN TR Zmtn%
BRIBRYIZEIA (PR 51T B G D) (R AR H SR ).

528 fl: ZEMUKHEEENET
2T e L(C) NE M THHET
T(z1, 22, 23, 24, 25) = (=325, 21 + 625, 22, 23, 24)-
T KT C° WbRUHERERYFE ANt 5.26 fizs. FEARAIFrb, JRATRAS T i/ 20N
3-6z+2. TN

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]



124 % 5% SAAASFAER) F

iR 2 AT A BRI HAR S 58 R RO R Rk XA S5 IR AYTIER]
TERCH ) T AMEREE ). X T BRI S T RARE(E [ 5.27 (@) ], B
PAFRAT T e A AR BRI 2ORBI DI RIK T AT RAE A
BRI (A FRATAMEEE ) 7T FiR 2 A& S, W T R EE,
167, 051, 140, —0.12+1.59%, —0.12— 1.59i,

R, 2R ARSI S BRI, XA TR, He5 LA 2t
KRR (W 4.14).

TS e ez YRR TR R SR IR 0 i 2
529 ¢(T)=0 — g #RNEHMAPSIAE
WV AR, T e L(V), HqePF). M4 qT) =048 g 2 T /N2

KM Z TG

IEB A p RAR T Wi/ ETA.

HARRE q(T)=0. HERANWRERE (49), FEFARX s,r e P(F) 15

q=ps+r (5.30)
H degr <degp. ®M1AH
0=q(T) =p(T)s(T) +r(T) = r(T).

EXZAr=0(FN, FrZRUETHAIHRETR AT - 20K, BZLZAXEAT
T#AF2 0, MiZLRAN KRN ZTANABLMRE, XRF7ETFE). TEXG30) 1
Hq=ps. B, g phZIAME, WEAFIEG AN —NF .

ATIHERE =T, At g Zp WETAE. BLABELTARX s e P(F) 1% g =ps. &K
1A

q(T) = p(T)s(T) =0s(T) =0,

T 3477 1 4. ]

TSR AR — MRS RS

531 ZREFHRNSTR
WV RARYER, Te L(V), HURVIIET PAZNT=E. AT Hi/h2Ti
2 Ty Wi/ MBI Z .

Q

EHR %k p BETWHRAZHAX. TEXTHAv eV, A p(Myv = 0. FHilH, Hiku e

U, p(Mu=0. F= p(T|y)=0. IAH 529 Fth T & T|y (BWHZLEBIERT Ty TF £

T b)), BITT3Y p & Tly B/ 5 TR % FR A -
A KB RT RSB TN > 25.

R p MW, SRR pg (b ¢ 2 TE0) M2 TG

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]



5B A A, 125
TSR, BT rE/NZI R R B E T X MZE TR A R,
532 TAAY — THRNMSIANEEHINA O

WV RARGENHT € LV). AT AR, FHLCE T /N HE0#E0 0. .

EER ®TeL(V)HpRTWRAZTA. A4
THT# = 0RTHHAL
= 0EpHNEX
= pWFHIEO,
o, F-NEMKLERE ST, & NENRLERE 527 (@), TRE-NFNRILERH
K p WEBTRFT p(0). [

ATENE R SE 1) 2 = iE]_ERUHFIEE
THEIE, RORBA T TR %5 B i) 5% ) i s 6] _E 5 A R (E i T

533 (BHHENE=E
% F =R HVEARYER, IR T € L(V), b, c € RIEFE b < 4c. T4 dimnull(T>+bT+c)
AL

Q

ERR EiZ—T, W S8, mull(T?>+bT +cl) £ T TZFLM. ¥V H¥% & null(T? + bT + cI)
FEHE T A3 R A null(T2+bT +cl) EW T, RATET AN T*+bT+cl =0, XF—K, &
1L th 2t 2 dimV H1E%k. 3

HAeREveVHERTv=av. L

— (T2 - (2 - by, b
0=(T*+bT +cl)y = (A>+bAl+c)v = (/1+2) te— 7 )v

FREAAEFETFNBEEANAESR. TEEXELEAv=0. BRBAEAT T RAHLERE.

AUEVIN—NFERE, CET TEFRMN, HE, FAET TAREERAEN VI
FxREE, CEARANER. FU=V, DLARMNWIEATKT; &N, BEEX IweV
WEweU.

A W =span(w,Tw). 4 WET TA%L, HH T(Tw)=-bTw—cw. %4, dmW =2,
T w kKA T WRAERE. XHF—5k,

dim(U + W) =dimU +dim W — dim(U N W) =dimU + 2,

EEUNW={0}, EMUNWHLERA VM1 EFZERLET TAE (XELTHRM,
A T &AFAEEE ).

HAU+WET TAE, FINERAFXENA, FAEET TAR., ARV BELAT dmU 1
VEFEE. T, UV RBEERAEH. B, Vv gERy G u

P HAL ZIEMISS R vV, RS null(T2 + 6T + cI), TiEHEE MR V.

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]



126 % 5% SFAAfedE ARG F

TR ARG ARG, AR ) 2s [A]_AR TERA RRE(E. FRA TS e
S s ( HICH @ BRI ). T2 e P AER AT F = R.

534 FHPkmE=ELWETEEHIEE

AT 1) S R] b BN TR R

@

ER % F=REVEAREN. An=dimV, Fi&n HhFH% A TeL(V). HIEAT HH
e, RN n AFKG20ENE &8, EEEHE dmV =1, BaBKIELERRL, HH
EHWEV FHEN NN ERE T R E.

A, Bkn>3 EHGELE R TEBNT n WA F K4 mE R B L0 PraEF4 R L.
S pERTFTHHRANAZAR. EXTEAeR, pRx-AWEARE, 2 A& T H—NFE
BElms527@], EARTRT. TEKMNTEXGFE b,c e REF DI <dc Hp Ex>+bx+c
0 Z AR (L 4.16).

T, BEE 4T ge PR) #4% p(x) = q(x)(x> +bx+¢) X P x € R K. EHE—

0= p(T) = (q(D))(T* +bT +cl),
mt, q(T) % T range(T*> +bT +cl) LEF 0. F N degg <degp H p BT &/NZIRK,
AT LA £ X 5K B range(T? + bT +cl) # V.
S ATEAREE (3.21) FIFAA]
dimV = dim null(T? + bT + cI) + dimrange(T* + bT + cI).

F A dimV 2 &4 (e A% ) B dimnull(T? +bT +cl) 1B %k (H5.33), Ard £t
dimrange(T? + bT + cl) 7 % #%.

P bk, range(T?+bT+cl) £V ET TALZHFEE (H5.18), LEH N FH H/AT dimV.
HHE—K, MANWAHBETHE, BT range(T?>+bT +cl) WEF T HFEE, GBI TH
FEAEAE. |

gl B AR UE A 7k WL 8B 1 Y 2 23 i 9C TRy 2T 10.

=, ]/ 5B <~

1 BT e£(V), WEM: 902 7% MRHIF(E, 2 HAY 3 8 -3 & T MRFHE(E.

2 BV E—EmESR, HTe (V) BARHME WEW . vV NEMNMET FAZKH TSR, A
& {0} BRETCPRAE ).

3 1B, HTeLF") EXLH

(a) R T B PATREAE AR ARRAE i) i

(b) Kili T Wi/ N2

T RTF R EANERGELTEA L
4% F=C, TeL(V), peP(C), acC. IEH: a2 p(T) WHEMH, HEMY « = p(2)
XET B EEANRHIEAE A 0T

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



5B = K, 127

5 it —0I7E R? ERSET, FHLGREE . WK C B R, R4S 4 BIREE RA L.
6 T e L(F)EXHNT(w,2)=(-z,w). KT WHHE/MET.
7 () Hili—Hl: S, T e LFY), 113 ST Ws/NE2IAAET TS 1i/NE ik,
@Ymeﬁ@%m H S, TeL£(v). i g s, 7245 hE G4, A ST #
2N TF TS /2 uis.
iWJ , R STiHEH peP(F) A p(TS)=S"'p(ST)S.
8 X T e L(R?) RWMEHIEH 1° X —57. KT /Wi
B4 dimR* =2, FPAT ¥ % ’x kEHHH 2. Kf, TR SARFRL
x84, RERTREA T = -] MR LA,
9T eL(V)), ﬁﬁﬁ%? VIR, T E@%E%ﬁﬁm%%ﬁ%ﬁﬁﬁ R AT A T R/
ZIWA T A A AL
10 %V SEARYERY, T e L(V), HveV. iEH:
span(v,Tv, ..., T™v) = span(v, Tv, ..., T%™V"1y)
XA 8 m > dim V — 1 J]a7.

11 & VT gEmm=sfl, T e L(V), HTRT VRN EERH (b ;)

(2) WEW 7%~ (a + d)T + (ad = be)l = 0.
(b) WM T B/ NE A% T
S tib=c=0Ha=d,
2= (a+d)z+(ad-be),  Jf.
12 EXT € LOF") HT(x1,x0, %3, ..., X,) = (x1,2x,3%3, .. ., nxy). KT /N E Tt
13 BT e L(V) H p e P(F). WU FF7EME—I) r € P(F) 7% p(T) = r(T) H degr /NT T i)
/NI R UEL
14 ¥V EERYER, BT e L(V) RS 4457622 - 72 + 274 + 5. R T (/&
5
15 %V E—ARgEL 20 (dmV >0), HTe L(V). X f:C>RA
f () = dimrange(T — AI).
UER f AN RESLR L
16 Bao.....a, B 4T H B LSET, UM (CETHRIER) W

O —ao
1 0 —a
1 I —ay

0 —An-2

1 —dp-1

BAEBIERE R, BRXAAR T IR A4 (LRI 1) LARdRG—31) (A Ledinl e 0)

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]



128 % 5 F AFAAAAFIE G E
PIAN, FTABICERERZ 0. EMH: T i/ uilE
ag+a z+-+an172" "+ 70

VA_ESE A AR A VA E %R XK IEFE ( companion matrix ) . X8 J AR T HANE

— S RAXAAEANAE TR ZAK. B —AAKXKAE, ZRARBFEENF Leyi
MNET A e FAEAE, FRAEBIT RN AKX e B 5 [ RAE 527 (a) ] PTAREA X
R ARBIEN., R, A—LHRAGFMAT %, RBRIFHIE I H T 0945 IE1E.

17 WV ZEARGER, TeL£L(V), Hp BT W2, &AeF, iEH: T-A WML
Wi L H q(z) = p(z+ ) BIZTIE q.

18 BV RAMRYER, T e L(V), H p 2T W/hEuia. %A eF\{0}, iEH: AT /&
TS LN (2) = 2%2rp (1) FZIA g.

19 %V 2ARYER, HTeL£(V). 28R LV) BTN, EXN:

E={q(T): qeP(F)}.

UEM: dim & %5F T /NI .

20 % T e L(FY), HAFEE N 3. 5. 8. iEM (T -3D)*(T - 5D*(T - 81)* = 0.

21 WV EARRYER, H T e £(V). M T /NS0 A 1+ dimrange T

4= R dimrangeT < dimV -1, R4 X T T #95&/ $R X agR%, X3 JAMpbAe 522 4

T ARy LR

22 WV IEARRYER, HTe £(V). W TA, MHAY T € span(T,T2,. .., TmY),

23 WV EARYEN, HT e L(V). & n=dimV. iEH: WHf v e v, P4 span(v, Tv,...,T" V)
T FAZE.

24 WV RR—ARYGEZ SN, WT e LV), #1585 62 T MFFEEE T %A HABRHE
. WM (T - 5D*™Y-Y(T - 61)*™V~! = 0.

25 RV IEHBRYER, T e £(V), H UV ITE T AR T80,

(@) WEM: T B/ NIRRT E T T/U W2 2.

(b) HEM:

(T|y W/ N2 x (T/U B/ N2 55

& T W N 230
BHEF T/U S48 5A a9 372 38 F 52 L.

26 WV IRARYER, Te L£L(V), HURVWET FAZHTAN. UEB: T 0FREE TR

B4, FT Ty WFIHENES S T/U WFREERTBUEE G ITE.

27 % F=R, VEAREY, HTeL£L(V). iEW: Tc /NI ET T E/NEm=R.
FAC Te E42 3B ¥ 5741 33 52 L.

28 WV EAMRYER, BT e £L(V). i T' € L(V)) W/NETRET T N2
SRSt T €48 3F 1 2 3.

29 JEWH . TEAEER RN A RRYE s ) b, BN AR s ).
5CH 9T 6K/ F=C &AM TFimikizss .

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]



5C L=f4E% 129

5C =%k

RS 3 B, FRATE SCT I—AA BR 2 7] 525 (8] 21 55—~ B2 1) 525 [R] () 2 PR 5 119
FEIE. 2B AR T P o) 25 (] i SR e . FRATTIRAEMF S5 — ) s ] WS 22 2 B 35
¥, WEEEE RS ESR R T

535 EX: EFHEE ( matrix of an operator ) . M(T)
WTelL(V). TERTFVHEHE,..., v IIEERESE n X n FEFE

Ain o Al
M(T) =| : r
Api o0 Ann
HAWITR Ay ESCH
Tvi=A1vi+: 4+ AuiVn.
AR R SOk A B2, mH M(T, vy, .. v)) XSS .

BT IR CRATEAF AR, SR FA e i — BB 1 R I B A
[7].

ETRF FET, BRI, B M) 8% k5, Zu¥ Ty, 5ak
TS 2 RABAE TR R A (O & A Vi oo va BOSRERZLG BT R 69 2 SH R A9
L EEERES & ADARR 150, HARAAREIN 0). LRI UA ) M(T) BYSE &k 5124 T VR
T k AL FTRAEER R F PRIt R S nox 1S REEE ).

536 . —HFXFirdEERER
EXTe LF) NT(x,y,z) = (2x+y,5y +32,82). AT RT F* BIbrHEREIIFEFE N

21 0
0 0 8

PRBE FATHIE.

RMACE PO BrZ —, SURIEIX TAR4Em 20 v BT T, FFE V I—4
e, M T T I2EA NS R AR R, XAk U, AR DI SR TR 24K
BV — 3, (115 M(T) HIRZ 0.

5V IEARRYER mEasal, IBARMEE A AR, ELOERAE V —A3, it
T RFZIEMIEREE S, BRTHE—ATTETREIEZI, HATRHR 0. MF2, f71E

(BRI ZZAEF) (% wri ) Sheldon Axler [F] FARik ., e [#]



130 % 5% SAAASFAER) F
VB, 15 T TR R R

BeAb « ARFRER TSI LIAMO T A TR, HUEB DL arst, 4 42 T i—FHEE (H 5.19
AIEHAFAENE ) FE4 v BN T ERRER &, K v 958 V I—A3E, 84 T R TFiZIEm
A FRER. IR EER], TR V — 3, ff T 2 TFiXENEMAEEL
19 0.

537 EX: EFERXRALZ ( diagonal of a matrix )

TrFERIX R gk N ERYZE A BT M B A ERITTR TR,

filan, 9 5.36 i HERE

X fdier 2. 5. 8 i, 78 LA RIZLERR.
538 EX: =% (upper-triangular matrix )

KT E= AR, AT TATE A N RILRHARE 0.

BN, LR 3 x 3 HFEEE L = AR
FAT— BRI = AAHE PR SR A I
/11 *

0 A
FREERET Y 0 FRTEAS nxon HilET, 5 BRAVE R « KRR TAEME P AR L EAT R Jn b,
MFLZ FROCEAST 0. WY 1= A5 EEFRHAMEXGTE,
TR RAR SRR —— n IR, IRATE nx n B =R 2/ 0E 2 TR AR 0.
N HEIZISTE L =M TS i Z AL 1A FHRER.

539 L=fmEEMEE

WTeLV)Hv,..., v, & VI —EE IBA T HIJLAGIEE M.
(@ TXKTv,..., v, WIRERE = AR,
®) Mg k=1,..., n, ¥4 span(vy,..., vi) TE T FANZE.
(c) MENk=1,..., n, YA Tv, € span(vy,. .., V).

WERH 4B3% (a) oL, HAEHA (b) Ao, & ke{l,..., ny. Fje{l,..., ny, WL

Tv; € span(vy,..., Vi),

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



5C L=/a4EM 131

Tv; € span(vy, ..., Vi).
T2, span(vy,..., vi) BET TA%, X T (a) 28 (b).

AR (b) L, BhAEMk=1,..., n, HH span(vy, ..., vi) ET TAKZ. FehlH, xt
HFNhk=1,..., n, ¥H Tvy € span(vy,..., vi). T2 (b) & (o).

WAEE () KL, A ENMk=1,..., n, A Tv; € span(vy,..., V). XEERE, %
AERE v,..., v, WEBHAAERKE T B, ROARFAEEE vi,..., vi. B, M(T) %t
AAZTHMATESZO TR, MT)BNMNLEZAEE, XRIEAT © 2 (a).

KATEA T (a) = (b) = (¢) = (a), WHIEA T (a). (b) 7 (c) £ FM M. [ ]

TSR], BT e L(V), HRTF V RSN

Ay *
M(T) =
0 A,
B4 T W R—MRIT Ay, .., A, BT S

540 B F=REENEFHRENER
W T e L(V) BAEV H—A, #1157 XTzEA L =M, HIZERERXTfZoT
EREAL. .., A, R4

(T-,0)- (T = 2,I) = 0. ;

ERR 4 vy, Ve EVI—AE, BT XTREAHALTEN A,..., A, B L= fEEE
o Tvy = Ay, XERE T-410v, =0, HTHEE T -0 (T - A,0)v, =0 3T
m=1,..., n KL (FH AT - ;0 & T — A4 d W 3R ).

ERE (T - D),y € span(vy). T5& (T =4 I)(T = D)vy =0 CRELETR), HThk
#H T -1 (T-2,Dv, =03 FTm=2,..., n kL (FIHAT - A0 Fk T — A d 87 %
B A7),

EEE (T - A30)vs € span(vy,vy). TEWE EETHE, (T-01)(T - ,01)(T -A:1)v; =0, ¥
TS T -0 (T2, Dv3=04TFm=3,..., n AL (FIHAT - A0 F4 T - Ad
By T 2 T AT ).

HRINTABET £, BRINFLEAAMNENk=1,....n8H (T-11) - (T-2,1)v; = 0.
TE@T -0 (T-2,1) Z0ETF, ABhe® Vv i—NEPHgmELHTLEO. [

A AR R D T3 S R B T RPN A, XS iR, SR, WRIRATA
ERFN A, RTINS L= M0, I8 ARE (A8 ) B A AR AL,
LUNNTTER v

541 B E=fiEEHESEE
BT eL(V)RTVHFENEE F=MEME. A T BEHEERE Z E=MEMERHh

IRIUESST> 3

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]



132 % 5% A A A ARG F

W, vk V=R, HT XTZEHR L= RER

A «
M(T) =
0 An
HH Ty =Avy, EATT WA 2 T 8 —ANFAE.
& ke{2..., ny. W4 (T = A D)vy € span(vy, ..., Vie1). T T — A d ¥ span(vy,. .., Vi)

B 5t £ span(vy,.. ., Vie1). X EH
dimspan(vy,..., vi)=k H dimspan(vy,..., Viel) =k —1,

AT AR % T span(vy, .. ., Vi) MEF T -0 A4 (F3.22). T2, & vespan(vy,..., Vi)
WRv2OHE (T-A4D)v=0. TE A4 ZTWFAEE HRENEAT MT) A% EETER
AT AT,

AU T REMFFAE, &g RREXA q(2) = (z=41) -~ (2= A,) B9 Z K. W4 q(T) =0
(H540) BAlgZETHRNZAXNSARNE (F529). TETWHRANEZAANENEL
MEqWEE. BATHRERNEFRNEEN T HBEMEE (1 527), FAULTHY T WEI
M2 g WEE. Fik, TWHHREESEEEA,. .., Ay XA B P

542 fl: HLE=REESISMTEE
EXTe LF) NT(x,y,2) = (2x+y,5y +32,82). T KTHrUEILHIFERE N
210
M(T)=|0 5 3|.
0 0 8
Hi 5.41 A7 T RYSFAE(E R 2. 5 F0 8.

NHEPITIER R T 5.44: R RTRATEA =AM, S HACYZE TR N2
HE—RZIE .

543 fl: T REBL=AEMETEEBURATF
EXTe LFY N
T(z1,22,23,24) = (=22, 21,221 + 323, 23 + 324).

TR T KT F* bR AR

0 -100
10 00
2 0 30
0 0 1 3
T W20 AT Z A p.
p(z) =9 —62+102> - 627 +2*. HTAE

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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AR] LA FH H SR 30—
HIEHEF=RIENR. B2zt p o] B X505
p(2) = (Z+1)(z=-3)(z-3),
Horp 2+ 1 TREgE— 2 0 A — IR S R T TR, T2 5.44 KB, AEAERY 1)
—ANE, i T R TIRIA AR
BEZIEF = C IEN. IBAZT p v 5k
p(z) = (z-1)(z+i)(z-3)(z-3),
HP S HFAREA z - 4 BB TJ& 544 B, 77 C* —A3,, 18 T eTiZa
=M. R, WATIRIE—T, BF T XTF CH 3k (4 - 31, -3 - 4i,-3+1i,1), (4 +
3i, =3 +4i,-3—1,1), (0,0,0, 1), (0,0, 1,0) A I = ff [
i 0 0

S o o
S
o w o o

0
1
3

544 GFELI=AEENTELE
WV REARYER, T e LV). IBAT KT VRENES F=MEM, HHCY T /YR

INEBITRFET (z-21) - (2= A,) (Hr A An €F).

R EARTRTVHMENEEALEZAXEE. 4 a,..., a, REZEES ALK EETE.
EXEZTA qgeP(F) N
q(2) =(z-a1) -~ (z—ay).

Moh 540 % q(T)=0. HhB 5297, ¢ ETHRANZAANLHANMGE. T, THRANS
HREF (z-A) - (z2=An), EF A,..., An€F H {A,,..., An} CH{ay, ..., a,}.

HTIERG—FHANBERR, RERT HRDAZTARET -) - (2— 4, (HF
Alyoons An €F ). RAT m FAGE. Eh, Fm=1, Mz-A 2T W&RASTX, BT
BT=X01, #MTHET (R TV NEME) WEESZE L= AH.

Akom>1 EBAEE R Y m B/ EEEER MR A
U =range(T — A,,1).

MaUAET TELERW [XRZSI8E pz) =z - A, HIEHRFER], BAT|y EU LWE
¥

FuelU, ot veVHu=(T-A,0v, FHH
(T=A0) (T = A Du= (T =,1)--- (T = A,,)v = 0.

F 529, (z-41) - (2= Amot) BAE Tly WRAFZAKXMNZAXE. TET|y iR SARX
HEES m—1 MYz - A HHER.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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HEANER, FEUSEw,. .., up, EETy XTRZEALEZAKEE. TEXTEAN
kedl,..., M}, FA 539, ®A11H
Tuy, = (T|y)(ux) € span(uy, ..., uy).
oug, ., Uy T2 VIE—NEu,..., Upgs Vi ooy . MHENke{l,..., N}y, &M#
Tvi = (T = A, D)vi + A, .

(5.45)

B U E Xz, (T-A,1)vi €U =span(uy,..., uy). TEEXREKH
Tvy € span(uy, ..., Uy Vi ooy V). (5.46)
R (5.45) K (5.46), H A 539, RNTHEEEDL: TXTVHREw,..., Upp Vs e VN
HEZAERE, AR n

EAERPREABLE {41, A} SUSET T SRR S S (R, 527 Al T
e/ NI F RN G IS T T IRHMEEA AR S ), R Ay, 4, AR
REA B HEL.

NHRZSEMREF SIS, [ERMENE, 5 8 Frh, AL i A
8.37 #i1 8.46.

547 HF=C, AV LGN ETHEL=R%EE

W

&

WV RAMGELEERHET e LV). AT KT VRENERA F =M%

IEEA /W 544 FARBEATENRAZ (4.13) B FTIEH. B

XF e ST =TS WA ET S T, LiRgsignit—H4E, 0580, 74b, Libsh
WL RS Z TR IEY, \ISFE SE 1T 9 (b).

FE: AHTT e LV) KTV EEANE v, ..., v, B L =M, B2 541 s, T
FIRFIE (A M(T) XL EICER, AL, vy & T I— AR, SR, va, ..., v, FFA
—ERE T EME R . FHSC b, L v R TR, Y HACY T RIS k BTG
TH kA TuERRIERSN, HpRKITEA 0.

Wiz —TF, ZELARTHOEREL D, IRiThReS: W F OB 4 F R R 2% 5T

i, B FEREAR AT ARAL AT B AR n
RN T AR, I8 A BT AT B RS AE
M B =R, EAZHERA E =M
MERE TG T =AM (547, 4
F = CWH—Efr e ) IREER. XM L=
PR Z M2 B R Y.

AFAEE. 5 RRME, AFXTEANE
8 b = 4B ST A B ST R T A A
fEAR. MR, XA B R ERER R EAD
IR, BPAE 547 #4ET F=C i E—
A

= i 5C

1A — Rl AR T e L(V) H T2 KT VAN A =M, AT KTV H

FAFEA =M

(BRI ZXAEFE) (F i)

Sheldon Axler [#] Z1&:ik. T8 %]
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2 % AR BJER/MARIAY L =MMERE, A XL L e, ..., @y, BIXTAZ L2 B, ..., Ba.
(2) E: A+ B =Mk, AL a +6,. .., @y + B
(b) WEW: AB S L =AM, HXMZL LR aip,. ... @, fBn.
X3 5] M 25 R A4 5.81 9IE F A 2.
3T eL(V)E, HV—Ny, ..., v, i1 T T XA ERAEREE =M, =X
L., g TEB: T TR v, .. v, R =, HXHAL L

4 Hh—B. —ADHETF, RTINS AL L HA 0, HZn]
AFe T —MEN, doRFBRITE R A L= AR, 541 AFARLT.
5 fh—B:. —METF, KFEMNEHEEEXS AL L RAIEZRH, (AR,
6 KF=C, VEARYER, HTeL(Vv). WM. W ke{l,..., dimV}, IBAVAEET T
ANEEWY k YEF25 ).
7 &V IEARYER, Te L(V) HveV.
(a) WEW: fRTEME—R AR E — 20K p, #i115 p,(T)v = 0.
(b) WEW: T MR/ NEZIAR p, BZIEAE.
8 WV ZAMRYEN), T e L(V), HAFEAEFME v € V ifF T +2Tv = —2v.
(a) WEBH: WAk F =R, P2 V HAFEAEREl T A b =M.
(b) WFH: QR F=CH AJET XF VIR L =M, IBA A BXHAZ% L
2 -1 +1 8 -1 -1
9 & BRRAME, HOuZE NEE. WEW: fEAETCR WER AT FE A, (15 A7'BA & =1
il
10 % TeL(V)Hvy,..., v, S8V IEE. IR AR
(@ T XTv,..., v, WIEEREE T =R
b) Mt k=1,..., n, ¥4 span(vy,. .., vp) FE T FANE.
) MENk=1,..., n, ¥JH Tv, € span(vy, ..., V).
— AT AR A TS=/EH (lower-triangular ) , R AT A& EF 6T E44 0.
11 #F=C, HVEHRYER. 8. T e £LV), IBATEAEV B—DIMEE T H T =4/
JH .
12 &%V E2ARYER, T e L(V) XF VINENEA L =MEME, HU RV NET SAZHT
2% ().
(2) WEF: T|y KT U BHEAA L= AR
(b) IEM: BT T/U KT V/U BEASEA b =M.
REF T/U €4 5A ¥ ST M5 38 M &2 3L
13 &V EARYGEW, BT e L(V). WAV WET FAEH—FEMU, STy XFU
PIFEATA =M, T/U KT VU AR E=MARE. 8. T 6T v i3
A = AR
14 & VEARYER, BT e L£(V). WEH: TXF VIEANEE L =M, 4 HICSHEE
F T RFXHEZS R VA T = AR

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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5D A ALHEF

Xt 5B BE

548 TEX: Xtfa%EPE ( diagonal matrix )

Xt R BESEN RZ SMLER Y 0 971

549 . 3EERK

S O o
S wn O
wn O O

JEXS FASERE.

BT TR R AN, e BENAERAREEZAG. —fmE, A
AR LR FTE R TSR, ALK SRR X8y L= A S
i 5.41 BVAEBBX AN S (ALt ALZ 0.

P b A B T B B PRIV ).

550 EX: AL ( diagonalizable )

4V ER—ANRTRT VRS SR EA XA, WFRZA T2 A e

551 fl: MNALFTEFSFEARHE
EXTe LR H
T(x,y) = (41lx +7y,—20x + 74y).
T 5T R AARUEIL (1) R B i
41 7
(—20 74)’

XAJEN M. SR, T 2FIA AR, BAmE, TOCTHE (1,4), (7.5) BER2

69 0
0 46]’

R T(1,4) = (69,276) = 69(1,4), T(7,5) = (322,230) = 46(7,5).

N, MG T T BRI A (2 e F) R R LSRN ST, FHHAE
SHRFRE, ETRITHETTHE.

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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552 TEX: $${E=IE ( eigenspace) . E(A,7T)
WTeL(V)HAeF. TXNT AWFERENCIE E(A,T), 2 XNV T2

EAT)=null(T —AI) ={veV:Tv=av}.
I E(A,T) 2 T XHT A BT RFE ] S04 0 o) i BT i 4R 5.

T e LV) B, s EQT) RV T4, PV AL et %2 i
VIFASL T, AR T MRS BACS ELT) £ (0.

553 . —HFREHEZIE
BWRT T e LIV) KTV HIEE v, va, v IFEFEEB] 5.49 FRGHERE. R4
E(8,T) =span(vy), E(5,T) = span(v,,v3).

AR T T e LIV) BIREME, IBARRST E(A,T) B T 521 &Rl A fET
554 $HEZEZFZEF
WTelLV)HA,... A, & THWESFHE B4
E(1,T) +---+ E(,,T)
JEEAL AN, #VIRABRYER, A4
dimE(4;,T) +---+dimE(1,,,T) < dimV.

WFEH HiEW E(AL,T) + -+ E(A,,T) = EF, %
vi+-o-+v, =0,
HEE v A ET E(,T). EAMETERFAEENFENERAELXN (F5.11), &
AEE v HET 0. Hih, EQA,T)+---+E,,T) ZEF (1 1.45).
AV REAREN. AL
dimE(A,,T) +--- +dim E(4,,,T) = dim(E(1,,T) & - -- ® E(4,,, T))
<dimV,

He ¥ —4TET 3.94 & —_4TET 2.37. [

CIPSh=kia:sESts
XF T IR AT T BN 2 mARAT FAL.

BV RERYER, Te LV). 2 Ay,..., Am TN T WEH SRR, BT a0
(a) T &R XFFAL.

(b) V A T AFFAE ) S 4 B 5.

©) V=EQ,T)® - ®ET).

(d) dimV =dimE(4,,T) + - - + dim E(4,, T).

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]
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M BEFTeL(V)XTVHENE,.., v SL AT AR AR
A 0
0 Ay

G EAR G EN kHH Tvi = v THE () 5 (b) FH0

WO KL, TEVART WEERMEARNE. AWV EE NERET WEMERE
HEEA A, MXERE
V=EQ,T)+---+E(,,T).
B R4S 554 7 40 (c) L, WEIEW T (b) B (c).
H 3.94 3L14% (c) i (d).

®JE, & () i, T&
dimV =dimE(1;,T) +---+dim E(4,,,T). (5.56)
W& EA,T) B —NE, BRXBELAE R, RBRETHWHEIERRND vy, ..., Vs
HAn=dimV [ BRX (556)] HIEHRAN4ZLEETKN, &
avi+---+a,v, =0,
Heg,, ..., a, €F. M k=1,..., m, X uy KTH ajv; 25, A9 & v, e E(4,T). T
7%@' Uk ﬁ\%ﬂfé% E(/lk,T), H
Uy +---+u,=0.
AN TERBFEENFENEZRLSELXN (L511), BT HE u HET0. EHE u
RWET av; KABE, Hb sy, AR ET) 85, KTk a, BEF 0. FE v, ....v,
EHELTRE, BREV H—NE (F238). AL () ZE& (b), E¥H TR n

Sl xS ARSI T 5.62, AT S M8 15, 7B T8 24, PUK 8A
TR 15,

FeAVHE, AETA FRYES a2 6)_L AR AT AR (. SR, ARZA PRYEST 1) s
8] L, AR THA LB AR R AT X, W BTR.

557 #l: AR AEHEF

ENETT e LOF) HT(a,b,c)=(b,c,0). T XT F BbRERLIHE R
010
00 1
000
B b =R, A AR HETRE

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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PRI AATIAE, 02 T BME—5REE, JfHH
E(0,T) ={(a,0,0) e F* : a € F}.
FIE 5.55 H (b)), (c) Fll (d) X =SB (295K, B TFRXILEEFME, Frl Rk H
AN T ). T2 5.55 Y () XAWBARS. R AE F=R®HZF=C, T#B
A XA,

FESER, AR R R H S S M AR, IR AT
Jenl Xt AL,

558 HHIEEBSEREAXAL

WV IEARYER H T e L(V) A dimV NEAMEAAEE. IBA T JEn] XA,

UERR % T H A B YRR Aty Adgimy. EAN b, A v € VX R TR A —4
FEME. AN TARSEENRENELELX (N511), il v,..., Vdimv & &
K.

Va4 dmV ANEENEELRAZV I (L 238). ik, v,..., Vamy & V B,
KT EAEFAE R MR, T EA A EE. |

TEJG T B R Th A TR 215 30 T 2 et th AN I XA AR 25 ol an S5 e 2 (7.29)
M EER (7.31).

IR T T A TR AR R, XA RN, BN, Sk
T(x,y,z) = (6x,6y,7z) I F* ERSET T HAPIADREIEE (6 F17) 1M dimF* =3, {H T {2
XHFAALRY (B3 BObRAESERD ] ),

FHEGFRR T AL E TR, B ZEII— AL E AT T IR 21 ¥,
A DSBS S TR R e TR T T e A A A A AR AT 2 AR
Thy = aky (v 2 T SR TAHE(E A 4saEr REFV 0% n g s dak X
) BT,

559 fi: FAMBUFRITE T

EXTe LF) NT(x,y,2) = (2x+y,5y +32,82). IRA T FKTHruERmIFER N
210
0 5 3.
0 0 8
M AR, ARSI, B 541 A0 T ARRIE(E R 2, SIS, R T B=
Aem s LR H T A =D EAMFRRAEE, 5.58 S REATE FP 1)— D501 T ¢
TAZEEA X AR

R TR, FATHF R XN TR MR FEm IR, $i5 2, RATFFE
K7

T(x,y,2z) =A(x,y,2) 2THE

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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FEA=2, A=5, =8 X=FHIE T AYIEZME. SR LM By Jy FEEDAS XTI T A = 2 (%
fE[E (1,0,0), XF A =5 B4EAER & (1,3,0) FIXTR T A = 8 BURFAE & (1,6,6).

T2, (1,0,0),(1,3,0), (1,6,6) 5&EH T BIFHIE R BB B 95, H T XFXANFEAHE
R B kg %o R R

S O N
S wn O

0
0f.
8
TFHLAFHE 7°9(0,0, 1) SEBHIITHEE 7. FA LA (0,0, 1) FRHER REHIHCAY AL
HOZRHEAL 2 FOR K
(0,0,1) = é(l,0,0) - %(1,3,0) + é(1,6,6).

PR T R T B P, T4
ﬂWQQD:éﬁmﬂﬁﬁ»—%ﬁmﬂjﬂ»+éﬁmﬂﬁﬁ»

(2'°(1,0,0) —2-5'"°(1,3,0) + 8'®(1,6,6))

(2100 —2. 5100 + 8]00, 6- 8100 —-6- 5100,6 . 8100).

AN = N =

ZHRRAMCAER, AR4gERESR YV EET T T VRN =M, 4A
% T NI ET (- A41) - (2= A), HH A, An €F (WL 5.44). mimbis)d
(W 5.47), IANEERYE F = C AF R AL

R RMLER 5.62 (NNERE, BT T e L(V) XT VA IEE AR, MHACY T 1Y
BNEZRET (z-2) - (2= ), HPa,. .., A, € F HERHERE. 7EIERHPRIAIX A58
ZHT, AL AR E B .

5.60 fl: AIXAL, EILERHBYHEE

EXT e L(C)A

T(z1,22, 23,24, 25) = (=325, 21 + 625, 22, 23, 24).

T FEREAN] 5.26 Fis, TESLBIh, FAOTRSE T WENZHN 3 - 67+ 2°.

TE] 5.28 Hig R K, TR Bk 20 S i)k, (R AEE TR AT
Bz LW E Sy —1.67,0.51, 1.40, —-0.12 + 1.59i, —0.12 — 1.59i.

A X A ADUEL A A AT LA AN Lk = B RS e, T2, LiRiE g R e iR
FAAFHMEER TSR, W T B5 NI R U S EBE R S ik E — 2=, Bk
5.62 AIH1 T &)X AALr.

561 fl: A—EFAAXHL
EXT e LF)N
T(z1,22,23) = (621 + 322 + 423,622 + 223, 723). 2T ®

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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T T F° AARUESL () R B A
6 3 4
0 6 2
0 0
IR SRR, (BN EXHAAERE. T 6T B3 A HAD 2 75 7T B X A S [ e 2
J T IRERAN A, IRATFFZOR G T s N2mia. Hoe, HEE T RHEE S LR
FEXT AL LT (B 5.41). T2 T /NI E SR 6 A7 [H1 527 (@) ) B LR RE
HXF LR A4S (T — 6D2(T = 71) =0 (H1 5.40). T WMl 3 (H 5.22).
AR A RS, RATEE T /NI ASE (2-6)(z-7), B4R (2-6)2(z- 7).
AT BASHBAENED (T — 61)(T - 71) # 0. HMi T A/ NEZTRE (2 -6)2(z - 7).
WIE 5.62 A]H T AT A4k

7

5.62 AIXMALHTEERH
WV RARYER), HT e L£(V). 4 TRAXMAIH, MHAY T RN E2mET

(z=A) (2= Am), Hi A, A € FE A HIHL

IEEH AR T EAX AN, WLAGERT W ER KRGV BEv,, ..., Ve A Ay Am
BT WERFEEME. BLadENv;, FELER (T -4y, =0. TE

(T = A0y (T = Aul)v; =0,
BRAETHRNAEZARET (2-4) (2= An)-

HTH G —FEWERRZ, AETHRDEFRET -1 (2- A, EF
A, An € F A EXHENE. T£

(T = A1) - (T = A1) = 0. (5.63)

BATE R m FFGEREAT B AN, EhEkm=1. BLAT-11=0, XE
RETEEXFETFHTER, WRIEAT T 27 XA L.

WEEm>1 AL IE m H ENEE A KL, range(T — A,0) XANFEREAET T &
AW [ Z 518 p(2) =z2— A, BEVEEFREI ] AL RA|FE range(T — 4,,1) L85 T 82
range(T — A, 1) Bt EF.

# uerange(T — A1), LA EANAveEeVHu=(T-2,1)v, %4 (5.63) &%

(T = A1)+ (T = Ay Dt = (T = 1) -+ (T = A,y T)v = 0. (5.64)
E, (z=21) (2= Apy) 72 B H T range(T-2,,1) L8 T 85 /N 2R Z AR (H5.29).
TR, mHENERIE, range(T — A1) FHAEE T WYRAE 7] & 4 6k 0y 3L,
% u € range(T — A, 1) Nnull(T — A,,1). 4 Tu=Au. %43 (5.64) 1%
0=(T=A0) (T = Ay 1D
= (/1m - /ll) e (/1m - Am—l)u-
EH AL .., A ZEFH, BT ERFH u=0. B range(T — A,,0) Nnull(T - A,,,1) = {0}.

(BRI B IZEMF ) (H Rk ) Sheldon Axler [F] FARiA. A [##F]
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T & range(T — A,,1) +null(T = A,,,1) ZE A0 (B 1.46), ELHAEHZ dimV ( & 3.94 f13.21).
F W range(T — A1) @ null(T — A,,0) = V. null(T — A,,,0) F 8 E N EEHZ T i -THAEE A,
By AR AE B, AR B RT3 4, BT ALY range(T — A, 1) AR B Tt FRAE 1 8 41 % o 2.
¥iZEE null(T -2, WA, dBATHTHEEEELAKE VIR T X T MR
B R AT A AR T, A AR [

5 KU 2B A SRR A, SR, AU Libgse, SR/ Wit s i EH A
K, BLRBAIWTE i (8] LRI ALk, PRI 1S.

TN SR AR R TR AT TUE B P ST A [ B X AAR B B iz AR OB T L, £ 0L 5.76. 1 5.62,
A ISR/ 22 T A R 22 AT R AR T, T R IR T R X — SRS R X AR A e Y
A J e .

5.65 WAMAUETRATRETEME
BT € LOV) ORI, UV 0FEREAET FAL T4 Ty R U LHeIf

HH T

WFIR ERHEFTRAAAME, AT HENSZARET (z-41) - (2=An), EF A, .., Am €
FHERMENE (H5.62). THRNSZAREZ Ty WERNAZFIAXNHSAXME (B 531). F
W Ty /N EFREA 562 TEHNHR, G T Y Ty = 7 A . ]

B X HEZEE

5,66 TEX: 1&tX#EE ( Gershgorin disks )

®TeLV)Hv,..., Vo RV I—AE S AFIR T RN T T v, .. ., Va
g X mER I 0

[Z eF: |Z—Aj,j| < ZlAjJCl]

k=1
k#j

MG, Hifje{l,... n}.

&

PR L SRR A n FRBUE, FREL T A n DA AREEL. 35 F = C, IB2axHEA4
je{l,....n}, SZXIRARSATARB SIS C PLL A, IELORIPARE, Hb A, 2 AR
XML LR jAOLER. XAMHBERER, ST A A ATERXT A ERnRIMS LR A
XHEZ M. 25 F =R, T2 IHAIF RIS R Al X ).

TE LIRTTIE A IS FFERRRIRIE DL T, BRI AT SRR SR U & — A, B A XS £
2 kiR (R T R R R A, R T g P Rk ). P Ze s
AHES: QPR A BARXALITRIRD, B4 T BB MFEEARS A BOXHAZ ER— DI RR
.

5.67 HBAXHEREIE ( Gershgorin disk theorem )
WT e L(V)Hw Ve s2 V II—1 3 B4 T MR FEEESE S E T TR

v BIEAE AT SCARIE B .

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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HAeFRTH—NMFER. AweVREEZMBNNHERNE. FEC,..., cn €F, 12

=

W=cCVi+- -+ CpVy. (5.68)
AARTTRTHv,..., v, WHEHE. B THERATLEXBEM, T4/

Aw = Z ciTvi (5.69)

= Z (Z A, kck) v;. (5.70)
J=1 \k=1

A jedl,..., n} #1%

lejl = max{leil,....leal}.

FAR (5.68), RATKH, X (5.69) M, & v; WHERBKET Ac;, MEERZELMAE K (5.70)
EWEE v, WERBHE, e,

n
/le: E Aj,kck.
k=1

Eﬂhﬁ%mﬁ]ﬁﬁ% Aj’jCj, E’E%u Cj, Tj]‘%j;

ZAzk—

k#—j

< Z 1Akl
k;ej
%% A &tﬁa‘é%% Vigeoos v B8 jANEAT RARE .
I TRAT RARE e By — > B XA AR A - T F e
AR B mﬁ’] Fﬁk{ﬁj #4+ X Ak (Semyon Aronovich Gershgorin )
IR 23 MR, AR AR BT A, T 193] FRAT EAL
FRERBCH ST HA S (MARET) P #.
XFALICRIMSICRZ N, A AT SRR 25 52 BTSSR AT

[1-A; ;=

= S 5D s~

1 WV IEARGgEL 2, HTe L(V).
(a) WEH: WA T =1, R4 T X fadfk.
(b) WEH: WR T =T, A T AIxtfadfk.
() itk —0l: BT e L(CH, ifF T =1 H T ~AXffafk.
2T e L(V)ETVIH—PILEXMAMEE A IEH. R A1eF, B4 ALE A KXHAL BIA
B dim E(A, T) K.

(EHERE M ZEAFF) (%I )  Sheldon Axler [%] RARik . F7Fa [%F]
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3R VIEARYER, HT e L£(V). WM. WREF T xtAik, B4V =nullT ®rangeT.
4 BV EARYER, HTe£(V). WEHTIESMN.

(@) V=nullT ®rangeT.

(b) V=nullT +rangeT.

(¢) nullT Nrange T = {0}
5 WV EARAEL SR, HTe£(vV). WEM: Tk, HHCY

V =null(T — AI) & range(T — Al)

$HE— A e C HBAT.

6 & TeL£(F) HdAmE®,T)=4. iE¥: T-21 5T - 61 nJii.
78T e L£L(V) ] JEM.

E(A,T) =E (

T

XE—A€eF (1#0) #BEOL.
8 WV EAMRYEN, HT e L(V). & a,..., A T8 T WM SRAERAHE(E. ERT
dimE(A,T) +---+dimE(4,,,T) < dimrangeT.

9 W RT e LIF), AARMEME 2. 6. 7. WFB: fAEE—RHHF S e L(F) f#i1F R=5"'TS.
10 >R R, T € L(F*). Hifit: R AT HSEHRHEM 2. 6. 7 HIA HASFAEY, RN AEAE—A]
WHT S e LOFY) ffifF R =57'TS.
11 R T e £(C). Hu: 6 M1 72T 0HHEM, H T KT C AT ILERBA X A
12 % T e £L(C3) #ifF 6 f1 7 J& T WRHIE(E. R T XF C° ML X AR, IE
M. TP1E (21,200 23) € C i1
T(z1,22,23) = (6 +8z1,7 + 825, 13 + 8z3).

13 % A JEXAL LT RS F AR, B 2R A X/MEFMHRE. WEB: AB = BA 4 HAL
2 B RN AR
14 (a) sih—pl. —ARGEZ im0, DGR EWET T, 15 72 T4 7 An]

Xt k.

(b) KF=C, kj2—1E%%, HTe £(V)nlhi JER]: T alxd ik HACY 7% nrxf k.
15 %V ARG M2, T e £(V), H p & T WK/, IEA RIS

(a) T A%}k,

(b) RFFAE A € C 15 p 2 (z - ) BB TR

(c) p FHRH p7 B AT AL

(d) p #1 p WMERAHAzZET 20 1.

p F= p’ B KE ( greatest common divisor ) Z1£4F p #= p’ F AL %A X450 &
BMRE—5AAXN q. FARANBILEFLE (ATE—T) TRHREZHEZH Z AR K
ARXN, MAREZXT AR EGEMEZE. ARAL (@) Ff d) 95FNXZEN, &M
TN p R E— Rt AT HE T 2 F T L.

16 W T e L(V) a[Xfatk. 2 A4, . .., A T8 T A SRR, UER . V TSR U £ T FAE,
MHACKFEV TR U, .. U 1% U € EE(A, T) M kBT HU=U - -0 U,,.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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17 BV A RRYER). TEH]: L(V) WPAEAE ] ) f A5 5 H ) 4.
18 % T e L(V) Alxtfftk, H U RV IWTET FAEMRFZE0E. B BEFT/U R V/U L
(AT X AL
BHAEF T/U S8 5A ¥ 574 38 2 3.
19 WEMERGA I — . R T e £(V) BAAAE V INTE T FAZMFEE U, 15 Ty M T/U
#RIXI AL, B4 T WXk,
X T E=AEMEMERL, L5CTF I 13,
20 %V EAEBRYER), HTe£(V). WM. T alxtfafk, 24 HACYHBET 77 ] %t 1k,
21 ZEEABEEELF ( Fibonacci sequence ) Fy, F), F>, ... &SN
Fo=0,F =1, HF,=F,»+F,_ %tn>27.

EXTe LR HT(x,y) =T (y,x+y).
(@) WEBT: T7(0,1) = (Fy, Frar) XHE—AE GRS 0 BT
(b) K T HFRHE(A.

(©) K R® J—A~H1 T AOHRAE [m) = 4L A9 3.

(d) H (o) PRMEERIE 77(0,1). 15Hh45e:
1 [[1+V5
e

F, =

n 1 B \/g n
2
XHE—AE 3L n BT
(e) FIH (d) FHHZ5IE: Wk n RAETUEEL, IBAEWIBIEL F, Ehdzin

1 (1 +\/§)n
Vslo2
SHEES e
A F, A S, A (D) PAREMAARRRGEEL. L P
1+V5
2

AR A EE LB ( golden ratio ).
22 % Tel(V)HnxnfiffE AT TV FFEAILAMERE. IEH. WFE

475> D 1454
oy
A jed{l,..., n} W7, B4 Tl
T MHRT, woR T R AZLEESTARAEKRY, AT Tif.
23 s AT ARIE B0 OB . 2k DNREEREREN A MR kA (ARTT ) TR
(ANEX AL LRITER ) dXHEZ . IERRE A AR e 2 (5.67 ) FER e UG R

LN

M.

PP R AR T A S PEAERE (diagonally-dominant matrix ).

(BHRH M IZZAES) (%R ) Sheldon Axler [F] R8Ik, 4T [#F]
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S5E AIX#ET

571 EX: AJX#: ( commute )
o X FRl—mEas ] LMW AEF ST, & ST=TS, WEfTR ik

o XTMAK/IMAFKIITFE A M1 B, # AB = BA, WETAIZ#.

filn, #= T 1EE T, p.qe PF), B4 p(T) Flq(T) /5 [ W5.17 (b) ]
X, A TRV ERESERT, A 15V EENE AT

572 fl: RS EFARE

Wom RAEREEEL 4 P,(RY) FR BAPASE [ AR5 H IR B = m B 5E R
RS S (], HAR A S R — ok fidn 2 e ikis i, T2 P.(RY) HiTE, 2
R? BT HeR ﬁ p:

p= Y ajx'yt, (5.73)
jrk<m

Hrh 5 Ik TR BN J+ k< m WAETRRREUE, B4 a,, R T R, x/yf FoRE
SR (x, ) > xy* (1) R L pRER.

EXHEF D, D, € L(so (R%)) N

xp— =Y a5 Dyp— = Y kajyE

Jjtk<m Jjtk<m
Hrp p E X=X (5.73). FIENETF D, D, BRI S 2 —K T, Tk — 85y
YEREL, FrLL eS8 MRt a+ ( partial differentiation operator ).
T D, M D, wacHe, A poE Xk (5.73), W
(DiDyp= Y jka;x'"'y* = (DyD,)p.

Jtk<m
458 DDy = DyD, 1 P, (RY) LWL, UM T 55— —RAZ5E , TR T
Ji RGP R, iR s BRI 2 O Y.

TSR IR . B, Aottty A SEAVR IR, TS E P49 214,358,881
JIKI] [-5,5) PIAREY 2 x 2 e, mimigt (5T 110) 3 2x2 4R b, AR 674,609 3
T 214,358,881 XF, HUNMLEATER{L  FEFRAT SR
A2 0.3% ST 3Lk,

TSR T, AR EACHENT (OCTR-—M ) IR T Sc i

5.74 I SHREF X R A] 3T HE

&V BN A s T g, HHEAMNY

v,)) AIACH.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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IER #ATH
SHTHX#H & ST=TS
& M(ST) = M(TS)
== M(S)M(T) = M(T)M(S)
= M(S) #1 M(T) 7T % #,
o FLAFIE. |
TR AREERRY], B sc, IR A — AT R MRIE S B 7R 5 — 57
FIAAE. —XF ] S BT Ll — X AR o] sS4 (38 oA A e, HE B RN — e T
I, EATBAZ WX —45R.
575 HHEZEERAZBRETFTIAE

%S, TeL(V)Wxc#H AeF. B4 EQ,S) ET FALE.

R & ve EQ,S). 4
S(Tv) = (ST)v = (TS)v =T(Sv) =T(Av) = ATv.

EREELRHTVEEQS). AHEWS) ET TAE. [ ]

WIRATAEWIANET I HEiI#s XA, WERIRA TR T A R e TS (6
an, WAENAD), ABATA A X AR O TARRI A SRS k. RIS T r45ie,
XA EAE X N AT ACH i R AT T Y.

5776 FIREIMMNAK — A

[F]— ] 22t 25 (1] A PR AT A AL 38 0 T A R B AR A XA RS, 4 HAUCY XA 3BT

Al A

IEE B S, Te L(V) R TR NEAXXAEE. AAKNIE KT AEENTR, T
B AN B A E TR X AT TR A A A, AT KA B B A A
AR, TESHTIARE (H574).
HTHMRE —FmthEEx%, Wi S, Te L(V) BAHANEFHT . 4A,,..., A,
RESHEFHMME. FEHhH STk, Frils.55c) #x W
V=EA,S)® --dE(,,S). (5.77)

FREEQALS) (k=1,..., m) £T TA% (#575). BHT ZAAMNE, Pl 5.65
KW, HATEMNk, Tleaes) AT AL UGN k=1,....m, HFEEET W EREL
B E(A, S) k. Bx A REX, #RATVH-AX[HRGETD], Badkdgs
HEHNKZSWHELTHE, XETWHREEE TESHTXTXNMEYEANALERE, &
ALAFIE. [ |

I 2 5 EIRESHET B 2 TN RO

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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WV EAIEZARGEL a8, AV B NETEA R E (W 5.19). FEsie
UL, RV RPN T A, R4 VO RAEEX AT A BORRAE ) ((EX P
T T IHA—EG L R ). 28 9 () BHZL5 B 32 T AT L.

578 AIXMEFHALFERE
ARFA BRYE R 1) 12 18] L A0 ] S8 50 2 SR RRAE 1] 2

Q

IR RV EEEZARELFMERNE LS, Te LV) TR AL S HWEEM (519 HKFH
NS EEAHEE). TREEWS) £{0}. 3tH, EQS)ET A% (#575).

TR, BAFAASI19%, Teus) AFHLEHAE, AZAERZ S WAEREXZ T 4
fEm &, if . [

579 Bl BRUSEFHLAEFERSE
A P.(R?) 5E S| 5.72 FiR, 34 D, Dy € L£(Pn(R2)) %00 i ] 3845 i i 435
T ARATRAIE, XA R ME AR 0. JFHL,

E,D,) = {Z agy* ag,. .., a, € R} ,

k=0

X AN REAIE 23 (8] 1 28 B S O AN 3 LA BRI s TR R R S, R E(0, D) N
E(0,Dy) 2 HEHREA LS, IR D, 1 Dy B A LA R R[] &, IE4D
578 T .

FHEEeR 5.47 (T BA L= MAMEARERAAENE) R EPA A LB A T T
.

580 ARBETFARMNE=falt
YV AR R, STV ERAT ST IRALEAE v 19—, (7 S
T KT UHIA b= fir. .

R A n=dimV. RO AEMHE. SGEE R n=1 2K, EXAAN 1Ix]1EE
Hab=fAEE. AEREn>1, EHEE A THAESZn-1 WA HE S HH KL
Ay R SATHAENEEEE (FHS5.78). Eik Sv, € span(v,) H Tv, € span(v;). & W
NV TR E B R
V =span(v,) & W.
KT WX —FRENEENE, §F233 EXEAMRHP: VoW H: HEacCRiEkweWw
A

P(avi+w) =w.

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]
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FXS,Te (W) h: tF ~weWH
Sw="P(Sw) % Tw=P(Tw).
HTHRNGEFHBEERAT ST, ROGELARAW LI TANAETFT B Ak, &
weW. HBLFEEaeC, £
(8Tyw = §(P(Tw)) = S(Tw — av)) = P(S(Tw — avy)) = P((ST)w),
Hexg—NEFTRILZEN vi £ S WFEEEE Py =0. XA
(TS)w = P((TS)w).

HAHEF ST AR, FULRTRRTRA STw = (TSw. B S T 7 X #.

TERMTUAAFTHBREFE, FEWH-FEv,. .., v, R ST X TS H
F=AEE. Av,..., v, B Vil — 3

%ke{Z ..... n}, ?Jﬁ/z\ﬁﬁak,bkec, {iﬁgf

Svi=avi+Svi B Tvi=bgvi +Tvy.

A SFTT AT v,,..., v, HEZ 4, B ®AT 4, Svie € span(va, ..., vi) B Ty €
span(vy, ..., vi). Edd R ERF

Svi € span(vy, ..., vi) K Tvi €span(vy,..., V).
FE, SFT ATV, ..., v, FEZAMEE, &ARE. [

T8 9 (b) #5 LREHEHE B 2 T AT R,
— ok, SUEMAE T IREEE, JOET X P AR AR (EL SR, 55X
PR AT S it AT TlAT T DX MRS5S,

581 A ZMEFRIMNSRAFHEE

WV ARG SR, S, T2V LRSS HET. BAa

o S+T MR NFFEMEHARSET S ARHMERIN b T BORFE(E.

o ST WYE MMM T S BFHEER L T FFFAE(H. :
R FAEVE—AE, SRS T XTRENA L= AR (F580). &335M343, X
T i% Ak oy 4 T i R

M(S+T) = M(S)+ M(T) B M(ST) = M(SYM(T).

Bk i LR, M(S+T) A% ENEANTRAET M(S) B3 A &AM M(T) %t
A% b ML RZA KW, BT M(S) M M(T) #2 L= fAEM, BTULAER IR E N E Lk
B, M(ST) X A% EWENTERET M(S) st & M(T) A% EXT R TR XA, Hoh,
M(S+T) F M(ST) # = E=F4EHE (IL5C F a3/ 2).

M(S) x f 4 LA TTEME S WA, M(T) AL LRGN TERE T WA
(B 541). S+T HENFEEHAE MS+T) A% L, ST hENEEEBE M(ST) * A
LE (XREAZERRBIET S541). HFLR, RATEATHH G, S+T WENHEEAET
S R An BT WRAEE, ST WHENFMEEH ST S WREE I T AR, [ |

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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=, 3] SE -

1 25—l F* LRI T S, 7, 115 F* fAAE S FAZREALE T FAZEH T2
6], AKHE T FAZEHANTE S FAZERF45 ).
2 % &M LV)BTE, H & PRAJTRAN XA, W 74 V I—AD 15 & a1
TCRHIARAAERE, 4 HACY & hEXT TR A ] Ak
AMAES T 576, EAMLZHEHAE REAALZHEN. SAEMmE, & TUAaL
EEHRENAL, EETURLRE.
3% 8, TeL(v)fdifd ST =TS. % p e P(F).
(a) E: null p(S) £ T FAZE.
(b) UEHA: range p(S) £ T T AL,
S =T #9452k T L 5.18.
4 FEIAECLE I — R ). R A SRR H B A K/MEEN E =R, B4 A il B
G/ S
5 WEM . ABRZEm S ] B X sc e, Y H A R ] A
FF ey abiged 2 UL 3.118.
6 %V EAMRYEE 2SR, H S, T e £(V) AlcH. WEW: F1E a, 4 € C fiif5
range(S — al) + range(T — Al) # V.

7 WV REEMESE, Se £(V) nxifatk, HTe£(V) M Sasce. WM. 74V H—1
FAHA5 S AR T A L =AM
8 Wil 5.72 i) m =3, WIHZBIATK D,, D, & P3(R?) L[5 mis 31 K P3(R?)
)—EE, 1% D, D, #A =M.
9 WV EARGEEZELZ MBS, % & C L(V), HEXITH S, Te&HA ST 35
(a) UEH: V PEAE—In &, RN EE & B IuR AR M &
(b) WEM: FAAE V — 38, [Hi15 & BATCRAA L =M.
AT 57842580, EARLE B E E REBMLENEY. SARART, 87T
AOSIEERENLE, EETUZLRE.
10 25 —6 . FE—A PRYESE ) 23 (] LT 251 S, T, 45 S+ T AFREEASET S
PIFAE(E N b T ARFEE, H ST AFHMEMEASET S MFHMEETRLL T BRHIEE.
KA 581 £ E R A L RFR L.

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]



F6E NIHZE

FE5E s [y, FRATHE T R? R RS A2tk ghty Ik Abre e ), RIS JLfaf
EROREE, PO BRI B ES. WARRIBE SR & 1 XS U2 I AIARYE, BRBAIARE
e

B N AR AT G ) — A (VR AT ARG iR ). S 2 — e ST, 11
INRETR AR E B . AR AT DU SR ORI Y -t PL 22 A A5 X

TEDHE RS ]I, FRATTRF IO L AR U] rp 03 B ) X — MRS, Hamfa MRS i, &
I ES], MEIEACEAE N AR S IR AR A . AR R 25 e AR AT A 3 R 2. A%
ghRAL, FATRLEG B H] ik T HR MR/ M ).

U TMRIZERER DL

o FIELE R = C.
o VHIWHEF -fy[a) 2 [H].

VS-Ag 00 Hosed meyne

B A 5% - i B # 48 ( The George Peabody Library ) , LEA 2% - E-E 247 K5 (Johns
Hopkins University ) #9—3f 2. % B BAETFAERT, A4 - B R4 (James Sylvester, 1814-
1897 ) SEA2AEIX FT K 5209 B AL P HAZ. 5 R I 4F A Z K o9 F A & <K “%5BE” ( matrix )
— 33 5] NHL AR

151
(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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6A NFRFNTEEL

AR

BRI E XN EE b, K R? F1 R
rh e A R TR k. R 8 RE R i v 1Y (@,b)
KW R v B (norm ) FFEAE ||v]. FRXv = v
(a,b) e R*, FATH

V]| = Va? + b2.
KM, #v=(a,b,c)eR, B4 vl = Va2 + b2+ 2.

JUETRAT AN A (B B EDE (0K AT R R R AHE: FRAITE X x =
(x1,..., x,) € R" BFEECH

A ey@E v e9iE8A Va® + b2,

_ /2
lIx]l = fx7 +- - +x2.

WBTE R EASEZNER. S THEE T IAGTeT, FATTIA S,
6.1 FEX: =FA (dot product)
X x,y e R", x fily fBRFRICE x -y, B FREX:

X-y=x1y1+---+X,¥Yn,

Hhx=(,.0x), y=0n-- ., Yn)-

&

R A S A R A R, REMNESZAA—A LR RE—AFF
TR, MEA x e R, Hax-x = |Ix|2 s K, AL x| BEARREE] K x 6
Ak, R™ RS BRIA 2T A BB
o MG xeR", ¥WHx-x>0.

o x-x=04HYx=0.
o XTMIEM y e R, R" | RAVIS x € R XN E] x - y BYBLSHEL MR,
o M x,yeR", ¥ x-y=y-x.

WBUEXT SRR IHE) . IR AT RESS TN, AR SR E b f | — B i s R T
AR, XS], KA. SR, S8 TR ER SR T 5
I F 2 (A R ) s 6], FRAT7T 2EAE T SO HT % TR B R L.

FZ—TF, R A=a+bi, Hha,beR, 4
o A MAEREICE 14|, & XN (4] = Va? +b7;

o AMEILHEICHE A, &K A =a - bi;

o > = 2.
2 RN & 40 ) SCB AR T WL T4 4 7.
T z=(z,..., z0) € C", TATTE X z BIEECH

lzll = Va1 + -+ + [zl

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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PR R E, FORIRATAEIL |1z &N AER sk, dEE)
IzII* = 2120+ + 20T

TS 121> B 2 55 A BB s inge R AR, T2 LRI, [ w = (wy, .., Wn) €
C" Ml z BNFRN AR T

WiZi+ -+ WpZ,.

WG w Az A EE, AR AR I Egt. T, RADIEENEUE . w
2 IINFEET 2 Flw BRI LS. SIS shUE , FRATTEAE iT LA SUAT: 7852 ] 25 (]
s AV FRSNERT .

KFFmETFARES, A—AHEEE.
o MT AeC, 05 A1>0EN A IS

V EMARE R, BRH V T ITRW RN ERT (1, v) XN 2L (u, v) €
F, Jf 2.
ET ( positivity )
XFEAveV, ¥ (v,v) 0.
E4 ( definiteness )
(v,v) =04 HLH v=0.
F—NMIE LRI ( additivity in first slot )
XTFA u,v,w eV, ¥H (u+v,w) = (u,w) + (v, w).
F—MMIE FHISFIXRME ( homogeneity in first slot )
XFRIA A e FRFTA u,veV, YA (Au,v) = Au,v).
HIEXFFRE ( conjugate symmetry )
ST u,v eV, A (u,v) = v, u).

&

A SR THE . PR R RIS RFRAMART e L. R, #F
He Ry sz, BaBITTUM - ZHEFFERGTLF, BRFREESR
WG — A% R E I, Jf ey —MEEERSE, IARE—MEE.
Rk K WTFIH u,v eV, ¥ (u,v) = (v,u).

6.3 fil: AR

(@) F* FAIRRJLE S MR ( Euclidean inner product ) & SN : XA (wi,..., W)
(z15- -5 z,) € F"
(Wi, ..., W)y (21, v Zp)) = WIZi+ + WaZn.
(b) #rci,. .., cn BB IR ATTAE B g XNERINT XA (wy, .. ., W), (215 s 7,) € F",
(Wi .., W), (215 +s Zn)) = CIWIZL + -+ CuWi T, HETRE

(BRI ZZAEF) (% wri ) Sheldon Axler [F] FARik ., e [#]
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(c) TEHIE XAEXIA] [-1, 1] b A9 2 SE s A0 i el f 25 8] |, Rl SCNARINE « Xt
JIAT 7 AEIXE] [—1, 1] ERESESH RS £ g,
(f.8)= /_1 fg.
(d) £ PR) L, AlEXNBIT: XA p.g € P(R),
(nq>=p@M«D+/jﬂ¢-
() 7 P(R) b, A EXNFRINT . XA p.g € P(R),

(r.q) = /0 p(x)g(x)e *dx.

6.4 FEX: NFRZE ( inner product space )

— AR LA N [ R E] V.

PR ES (B B LA 1, R U0 BB (2) FR B LA BN . 55K B 2R
A, BRARS AU, ARARR R B e SO A BUZ R LA AL

N LA R EZE A v W R AR XA FHR A, A I ik

FEABWRIARTRSF TS, VW EHSRIRF LRz ).

R, X EMMA R AARE. — DN R A MR m s E]L YRR — s
] vV o NARES [, FRATECRN Vv _ERNARBR S T H, BUE il B SCRTEER v RN AR
fare (X Ed, XA ass mbE B, ABA T AU RO LS ).
(@) XMEANEEM v eV, B ueV X E] (u,v) BREFTZE V 3] F IZEPERLST.
(b) XA v eV, ¥ (0,v)=0.
(c) XA v eV, YA (v,0)=0.
d) XA u,v,w eV, ¥ u,v+w) = u,v)+ (u,w).
(e) X AeF Fu,veV, HH (u, vy = Au,v).

UERR

(@ fveV, HRBMEXFE—MLE LT mERFAME, WTHEu— (u,v) HEHE.
(b) FAN& B AT 0 xR 2] 0. BT bl (a) B %o (b) A oL
(c) EveV, idmFE T HERA (b) BE (v,0) = (0,v) =0=0.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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(d) & u,v,weV.
(u,v+w) = (v+w,u)
= (v,u) +(w,u)
= (v, u) + (w,u)
= (1, v) + (u, w).
(e) AeF FuveV. N
(u, Av) = (Av,u)
= (v, u)
= (v,u)
= Nu, v). |

Bl LN S ERPIRIE T R? f1 R L pgiug. RN SEmR, S
HRRERA E — %L
6.7 ZEX: B (norm ). |v|
Xtvev, v ISEEUCLE v, &XH

Vil = Vv, v).

6.8 . B
(@) #7 (215 ..y z0) € F (B SCTROLEAANE), B4

I(zis. ..y z)ll = Vizi >+ + ]zl
(b) E XFEXA] [-1, 1] L A% S R AR B A el i 1) [ L AE Lan 6.3 (o) ] iy

TE £
1
MN:J[/%

6.9 SEHMERMER

wvev.

@ [Ivll =0 4 E{L v =0.
(b) XPTAT A€ F, EAT (vl = 4] [Iv].

N
@ EH (v,v)y=0LHMRXY v=0, FrlJEma K.

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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(b) &A1eF. A4

[av]]* = (v, )

= Ay, Av)

= Ay, v)

= AP [v]P*.
7 34 IF S J7 AR B AR HATAKGE 8y % K. [ ]
Fidg5ie (o) BRIEE G T — >l P AIE R A FE R T R L B AL
IAEFA 45— A 2 X
6.10 ZEX: IE3X ( orthogonal )

PR u, v € V RIERA, # (u,v) =0. .

e R o, AR DU 3 “orthogonal” X /N3F K A A i 45 89 “or-
BE, BN (u,v) = 0 5 HAY (v,u) = 0. thogonies”, SHEA “H M.
BRTUL “u By RIESCHY”, FRATARWUE “u IEZT v

2T 15 BORARUEIIAT u, v & R> HRHEZR &, R4

(u,v) = |lullllv]l cos @,

Hrr o 2 u Moy BRI CF u Ay B UG TIRAESL ). T2 R P EEZ ma (FERK
JURARMAT ) BIEACH, M HACYENTZ BT AMRLER 0, XN T F e FrJL
AT AT B W e T . T, ARPDRRIE 22X AN iA B KR IAZEE ( perpendicular ) Z & —1>
T U

TATI AT BRI S5 T I BT IR AC T

6.11 IEZI4#00

(a) 05 V g AR IEAL.

(b) 02 V HiifE—155 g B IEZ A .

JiERA
(@ EZ—T, 6.6(b) TiRE|, *HFANveV #HAE (0,v)=0.
) FveVHEv=0, Hav=0(hHREELTE). n

A EFAE V = R? ISR RISTE , F1E 3500 ZAERTEEE 2 i B e AT, 7E 2500
AT A IS N R BIEIE. SR, R A UE B AR AR AR,
6.12 EEIAEHIHTEIE ( Pythagorean theorem )
Wu,veV. #ufMvEIELH, K4

2 2 2
[l +vI[= = Jlaell” + [VII~.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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WEER % (u,v) =0. A4
||u+v||2=<u+v,u+v)
= (u,u) + (u, vy +(v,u) + (v, v)

2
= [lull® + [IvII*. u

Bu,v eV Hv#0 FOVER w Gy AR EIESST v (1R w r’IER, WH
B,

EXNM. ¥u kTR v WFRERER EERT v 8@E0E K.
RTRFEAPRE w SR v BOPREAIN L IESS T v B AIE, % c e FFRom—hpi. N
u=cv+(u--cv).
TRBATFER ¢ i1 v 5 u—cv IEZ. FILRAAEE
0=(u—-cv,v)=(u,v)—clv|
BRI, AT ¢ BOY (,v)/IlvIP. BUEZ ¢ &, FATHnT S
= (u,v)v+ (u - (u,v)v).

u=
lIvil® lIvil?

PRATAIERS ,  EidAF 06 u A E T v IR EIESST v e, T2 T
UERA TR MDA A S,

6.13 —FHIEXZ 5 fE

wWuveV, Hv+0. Elc—<u’v>ﬁw:u—<u’v> A4

= V.
Ivil? Ivil?

u=cv+w H (w,v)=0.

FA TR A IESZ 3% 6.13 SRUEW] R I B9RT pY-it 22 A 530, ERBUEh i 2 a0 A48
z—.

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]
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6.14 HFE-MEZZAEN ( Cauchy-Schwarz inequality )
wu,veV. A

[ )1 < NlullIv]-

YEAY u, v BAFEEEOCRR, EIRAEAPIGES.

v

WERA # v =0, AP aBKIEF % RN Fsm Al &
T0, BFE. TERNTEEK Y20, £XK
6.13 4 B By IE X X

u= (u,v)v

[Iv]]?

HebwEXRFv. diekaFarizE,

2 _ <I/£,V> ?

(|l THE

_ u,w))? 2
e +[[wll

2
, Kl
v

2
vi| +wll

(6.15)

1821 5, BEHIT-B % - A1H ( Augustin-
Louis Cauchy, 1789-1857) #E#] 7 6.16 (a).
1859 5, AM®eFALL S - H REHK
# % ( Viktor Bunyakovsky, 1804-1889 ) iE8A
T EMT 6.16 (b) 985 RFX. JLT5)5E,
#H R % - £ K% (Hermann Schwarz, 1843-
1921 ) ZILT £ LT RS0 %
E, AR ERSE BT L.

¥ £ KB T (\vI> 5 5] B FFF 77 AR B AR ARG 09 1 % K
WEBWIERATRME-RLLSFARFETLERLK 6,15 REF%5, TXENT

w=0. Mw=0LHERLuZvWFERF (L613). TEFME-BELLLFTARNGTS, S H
WL uZEy HFRERRy Zu W ER (REAGEGFHKRAR ). ZIHRTUESR u v FT
0 XAHFRIFH. o

6.16 fl: MA-BRLEZAER
(@) & xi,..., Xs Vi -+ - v, €R, A4
iy +- -+ xyn)? S+ +x) (T +- -+ 2),
IR P -t L% AN SFE N T I (- Xn)s (Visee e yn) € R 255 (TR
SEIE R LA AR ).
(b) & f,g R HE [-1, 1] LRESH L, A

[ =L o))

LIRS PY -t FL 2L AN SE 2N T 6.3 (c) BO4S

ARSI =MASE, WL EERRRE, 2 u
AT — RSN T 73 SN AR B Z A,
u-+o

R, =MASERY], SRR ITdieh, A

S ARERBE (T SRR B 742 ) ERAEABE, nrr HEA

DT u K EAmE v 8 KE.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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6.17 =A% ( triangle inequality )
wu,veV. A

e + vl < Jlaell + [w]l-

BAGEARBITES, G HACY u, v PHEE—F 25— AR S5

ERR ®ATH
lu+v||* = +v,u+v)
={u,u) + (v, v) + {u,v) + (v, u)
= (u, u) + (v, v) + (i, v) + (u, v)
= [lull® + [[VII* + 2 Re(u, v)
< Jlull? + V1> + 21w, v)| (6.18)
< lull® + V117 + 2l |1V (6.19)
= (lull + 1IvID?
HAEX 619 FEFME-HLZAER (6.14). ¥ L XFM R #7487, B ESGE S T % K.
FRIUEHER, ZATEFRRREST, BARLKX (6.18) M (6.19) MEFEEST. TEZAT
EXABEZFSENT
Cu, vy = Nlulllv]l. (6.20)
WR uy Z—7 5 —FWERLHE, BPaR(620) KL, Rz, &R (6.20) K. LA
W-LZAER (6.14) BEFWAHREXN, uv LERTEFHX R, BR (6200 X7 2%
PRE LA AE RSB, Xt R T . |

Bl = fANRE L FA T )7 20.

T IEE R P T LR g R T B AR 47 e
e AEEPATIE T, XL IT
ZHRETF USRS J7 Z AL TERL, BUAR Ak
B EEBA L B LA A A UE P B AR T 5.

A @A AZ AL u+v Fou—v.

6.21 F1TMAFEZER ( parallelogram equality )
wu,veV. A

2 2 2 2
[l + 117+ llue = vl = 2(lae]l” + NIV [I7).

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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®NA
Nu+v]?+llu=v|? = @+v,u+v)+u—v,u—v)
= [lutll® + (VI + G, v) + (v, 1)
+all® + 1P = Gy v) = (v, u)
= 2([[ull® + V1%,
A FRARIE

= ]l 6A >~

1 UEM g th—B . kv, .. v, eV, B4

Z Z<Vf’ vi) = 0.

j=1 k=1
2/ Se (V). EX(C0N
(U, v), = (Su, Sv)

3 (a) IEW]: ¥ R? EP?D%?EI"J%J?XT ((x1,x2), (yl,yz)) BRE [x1 31| + X2y E’J o, AR L

R
(b) WEEH . B R HROCE A X ((Xl,xz,x3) (yl,yz,y3)) fiofe 1| X1y1 +X3y3 RORREL, A& R?
AR

4 BT e L)l vl < vl WA v e VRaE. SEW: T - V21 J& 5t
5 BV RSN ES ]
(@) MW (u+v,u—v) = [lul® = v SHEE u,v € V 7.
() WEHT: W w,v e VEEAEE], A u+v IELT u—v.
(c) FIH (o) UEBH: ZEIR AR A SAH B2 1.
6 WuveV. IEH: (u,v)=0 = X a c FHEA ||lull < |lu+av|.
7 %u,veV. IEM: |lau+bv| = ||bu+av| MFA a,b € R L, S HACY |lul| = ||v]|.
8 Wab,c,x,yeRHa&+b>+?+x*+y*<1. IEH: a+b+c+4x+9y < 10.
9 WuveV, |lul=|vl=1H @v)y=1. IEH: u=yv.
10 K u,veV, |lul <1 HIv|<1. iEH:

V1= Py 1= 02 < 1= 1))

11 K u,v € R?, i1 u J2& (1,3) BbsEfs, v iIEXXT (1,3), H (1,2) =u+v.
12 % a,b,c,d ZIF.
1

\ 1 1 1
(@ IEM: (a+b+c+d)|—+—+—+—]|>16.
a b ¢ d

(b) a,b,c,d WE/PE, LI EASER IS ?
13 UER: BEATE /N TFSEET e, s ul, 2UE: Wik ai,...,a, € R,
Zay, ... a, WEETH/NTFRET o2, .., a2 .

(BRI ZIZAEF) (% wpi ) Sheldon Axler [F] FARik | 1\ [#]
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14 FveV (v£0) WEM: v/|v|| &V BPANER FME—fE v TR, BERHDL, ZIE
BH: R uev H|ul=1, A

l. I ||H <l
HAY w=v/||v|| BFHEE.
15 ¥ u,v B} R HEE M. UER .

(u,v) = [lul |Iv][ cos 6,

Hr o & u My B9 OB w A1 v A0 DELS R BYT3K ).
AEHuvu—vHBROZAB LD A AZTHE,
16 R* 5 R® thim i (R MELRHE Ak ) Byl U U 7 ke . R, X n >3
Bf, R A U EAIBRETE I 7. DL, & CPAEE M & x, y € R" AN

(x,y)
llxll iyl
X —E SCHBhHLR A5 15 B TEMRE, AT AUEBX —E A B ST Z 2 P it FL 2%
AR
17 kR .

o) <)

XA T a, . . ., a, M by,..., b, BT
18 (a) ¥ f:[1,00) — [0,00) i%EZE. UEH:

oo 2 o0
([ < [ urora
(b) HIELEREL £ : [1,00) — [0, 00) A2 RREUT, LA H LA RR 2
19 #v,..., wmvm AN, HTeL£(V). iEM: R A2 T WFHEE, R4

AP <> M) L

j=1 k=1
Hf M(T);  FR T KT vy, ., v AR j 47 k SIIICR.
20 GEW]: R wv eV, HBA llull = VI < llu = vll.
ALRFXBARBEZAFER. S V=CHIRA=AFRFX, LF4FIM2.
21 & u,v eV g

lull =3, Nlu+vil=4 fu-vl=

g |v|| EFZ27
22 9B R u,v eV, B4

2 2
e + VIl = v < Q™+ V]I

23 ®ov,,..., Vm €V vl < 1 SHE—k =1,..., m WAL, WEH : AETE ay, ..., anm € {1,-1}
fiifs

lavi + -+ amvmll < Vm.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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24 UEMIECES R AR |- RS R® ER—ABURERRYTERL, IEALFTE (x,y) € R* flifg
[l G, )1 # max {|x|, [y[}.
25 B p>0. WM R® LAFE—NR, (A HORHR I g T (x,y) € R?,

1Ge I = (el + 1) 7,

HHAE p=2.

26 &V ESLNFESE]. GEM . . .
[l +v]I° = llu—vl|

(u,v) = 7]

YT u,v e V sAT.
27 &V EENFESE], JEH .
(u,v) =

XTERA u,v e V J%AT.

28 X mEasE U, H AT EUE X HE— PR
[IIl : U — [0, 00).

H R FHMERT: (ull = 0 4 HACYS u = 0; |lau|| = | |jul| X G « € F MG u e U BT ;
N+ v < lull + || XTHE u,v e UBSE. WERH: 3 A7 U & ok B WAR—
BoriEie, AEIEM, R ) 2 U B R AT B S, B4 U B E—
(-, ) JARRITA w e U A llull = (u, u)'2.

29 v, V, s NARZS ). IR A

((ul, e Up), (Ve .. ,vm)> =(up,vi)+ -+ U, Vi)
EXTIEV, X xV, FH—NF.
EXEMAFEX T, FFEAAk=1,....,m, (u,vi) £FV, LHRR. FEZLR

T RIS, 22V, ...V, THENZETHRARE G RAR.

30 &% VIREENENE. X F u,v,w,xeV, X

llu + V1P = Nl = w11 + e+ i) = Jlu = iv]i
4

(U+iv,w+ix)c = U, w) + (v, x) + ((v, w) — (u, x))i.
(@) WEH: () Ml Ve OB E RS
(b) UEM]: AR u,v eV, P4
,v)ec=(uwvy H (u+ivile =ull®+ v
A Ve #9=SLIL 1B 789 5 AL 8.
31 Wu,v,weV. JEH.

w—ull® +llw=v[I>  lu—v|?
||w—%(u+v)“2: > - 1 .

32 WERVITHE, BAX—MER: uveE4H J(u+v) €eE. S weV. iEH: EhEZ
AR w B B, EEIEN, BEEAAE—1 u e E i1

W —ull < [lw - x|l

XA x € E BT

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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33 % f,g =M R 3| R" fY AT T pREL

(a) TERH:
(f(1,8) = (£ (1),8)) +(f(1).8' (1))

(b) e B—IEE, H If@)ll =c3HERE e RBOL. WEW: (f'(1), f(1)) =0 XHTRE r e R

AT

(c) HULMTi 7=, MR th DR SO RY3KR E— I m ik — M BE, ks (b) thiy%s
.
B3 f R > RYRARA TN, R ALEMARI RGTHIEK fi,..., fu BT f(1) =

(A(D),..., fu(@) HEZF € R AR, #—F, *HEZEr € R, F4 f/(1) € R" LA
@)= (fQ®,..., f(@0)).

34 FHHNBUEH BT 2 e HrE 4 ( Apollonius’s identity ) : £ =K K a, b, c B =FMIEH,
A d AR ¢ B b s BT TS 2B B, A

a+b’ =1 +2d°.

c

35 BUE BB n. R* R B il OHE KA p MALERETEF ( Laplacian ) Ap & R |
e, XN » .

P,
W Ap =0, WIFKREL p jﬁﬂfﬂﬂ’] ( harmonic ) .

R" SIS - PR S (HREAER ), Hrbmy, .., my,
AR TS

g &R FRZizt. ik R PAFE—RRMZOI p, 115 p(x) = g(x) X540
/B |Ix|l =118 x € R* 7.

AT S, XTARIL, RAEEZsE, R p AR LGAFRKE p(x) =0
ST AR x| =18 xeR" RE, AL p=0.

(BMERFIZXAF ) (Fwik ) Sheldon Axler [F] FARA . FTFA [iF]
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— I EEN R, FRGIAF SAX p HBde g+ (1 - |x|))r, L r 2EAZAX.

BAELSENEZR EEXATT A

Tr = A((1 - |lx||*)r)
FHER T R A4, VAR AL R L6 SR r 4% g+ (1 - ||x||P)r ZiAF 4.

In realms of numbers, where the secrets lie,

A noble truth emerges from the deep,

Cauchy and Schwarz, their wisdom they apply,
An inequality for all to keep.

Two vectors, by this bond, are intertwined,
As inner products weave a gilded thread,
Their magnitude, by providence, confined,

A bound to which their destiny is wed.

Though shadows fall, and twilight dims the day,
This inequality will stand the test,
To guide us in our quest, to light the way,

And in its truth, our understanding rest.

So sing, ye muses, of this noble feat,

Cauchy-Schwarz, the bound that none can beat.

L) IR
HERIE e
I P91
MBS
L PINER TR U
DAy Ay 5.
et 2N,
BerZ R

£ : W ChatGPT Fr4E, #A4277 4 “Shakespearean sonnet on Cauchy-Schwarz inequality” ( Z28 % 47

-3 KL% R4 XA 4 b 2R+ w4738 )

& WS —F AR, MARTEA OB ARERFR BoHLEAE !

"GRG, P IUERFFRREESR, JFO5IRER, R AT BBV R — 7, (R SCHiRpiA, 327 nl Lo B pel .

(BMERELZXAET ) (FH IR )

Sheldon Axler [#] FARiA .
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AEIE X ARSI IE- MBI 12

6.22 TEX: MFEIER ( orthonormal )
o W — ] Fr A M e 2 1, HAEA a5 Ak S AR IEAS, WIFRiZ

A ERSEERM.
o MFZ, ViaEM ey, ..., e EMIEIERR, HXFA j ke {l,...,m},
1, #j=k,
<€j,ek> = s
0, Hj+*k.

6.23 ;. MSEIERA
(a) F" (PR UAEIERE— U IEAC 4.

®) (& & &) (-5 &.0) & F higRIERAL
© (55 %) (-5 50). (& & -2) & F PR
(d) & n RIEEEL B, 1IEUN>I8 4 FERAIREGUERIAREE
1 cosx cos2x cosnx sinx sin2x sin nx

Var N NR U NR R R AR
JE Cl—rn, 7] MEIMWEIESZ M. Cl-n, x] RHE XAEXE] [, 7] L AYELESLE R
Pk it s ], B A ERE SO

(f.8) = /_:fg-

EIRHEIE S 28 TS 5 R R R .
(e) RBLFATE Po(R) LE LB : XFTHA p,q € P(R),

P, q) =/_]1 pq.

XA P (R) B NS ], Po(R) BIFRIESE 1, x, x* ANEHEIESCH, PR &
AITEROANE 1. B P A AR LR, ATA54 1/V2,4/3/2x, V5/2¢2, Hirp A
MRS 1, JFEE A MESE A B mEIEs. AW, P ma A
BEAMEARIESS, MWIMZAARIIEIESCA]. ARk 2 S0 38 Q] pr AR 1, x, %2
F3E — PRI IE S (WA 6.34).

AEPERTEIE S AR A 7, Q0T A5 e TR,
6.24 HEIELZHZKMAEGHEH

Wer,....em eV HFRBGEIEREA. BAXFTE ar,...,am €F, A

||611€1+"'+am€m||2= |a1|2+"'+|am|2- =

R EAS e MEHAMEZ L, FIURBEREAR LA TR EHE (6.12) WARFKIEFA. N

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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THEZSEE FASHEH — A E L.

%’l\%ﬂ?ﬁﬁ G [i] 4 QH%‘IS;EQ)% IR

EFR &oey,..., emeVAWARERHEL, Ha,..., a, € F i &
ae;+---+ape, =0.
A2 ar P+ +lam> =0 (B 6.24), EKAL a HETO0. TRep,...,e, BERERXN. W
IAEFA A ) — D H AT
6.26 MZE/RAFZEK ( Bessel’s inequality )
Bep,...,en e VHIHVEIERMEY. HveV, PB4

(v, en) P+ + (v, en)? < vl

WER & vevV. 4

V= <V, el>el +--+ <V, em>em+v - <V, el>el - <V, em>em .

u w

Aufiw i EREN. Fhel{l,...,m}y, L (we)=(,er)—(v,er)er, ey =0. E&E
KE (w,uy=0. FLEE ﬁ%t&ﬁﬁ@i?
V1% = [lull? + [Iwl]®

> [lul?

= [(voen+- -+ (v em)],
HERE—TKHE 6.24. u
AT N1 L rhg | AW ARz [l fc A Tz —.
6.27 EX: MIEIEZRE ( orthonormal basis )

VI MREBEERE, Wi Vv PR MG IE S SR B ) 4.

BN, FRfERSE B — A IR A .
6.28 KENBRFHISEEXHZMEESE

BV IRARAER. R4 v REA KD dim V NBLGIESS AR v RRLEIESSE.

iEAE @625, VEEAMMEERMEBAHNZ AN TN, TREEMXFNA, RELKELY,
gt — /N E—N 2.38. ]

6.29 f: F* — 1M HEERE
e, pRERE R E’J% JWIEACHE. ‘ﬂ‘mﬁ%fﬁ
1
5

priny i 11y LU
2'2°2°2 22 2 2 22 22722 ETHE

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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AR B BTG IE A,

e NEE
1111 L,
(2 2°2°2 TR
FA, EIRA T HAR = A m R 1.
HEE

<(1,1,1,1),(1,1,_1,_1)>=1.1+1.1 1.(_1)+1.(_1)=0,
2°2°2°2)°\2°2° 27 2 2 2 2 {272\ 2
FUH, IR AP AT R NN TR] 1) 2 Y AR SE T 0.

T LR FEIESS ). PORZdL 2 4 e as (8] F* AN 4 IREIESCAL, Frbh
H 6.28 1% 41 2 F* R IE 5C 3.

[\
[\

—BORUL, HEV I ey, e, SRRy €V, HATMEFE—HIRR a),...,a, € F i

2
v=ae +---+a,e,.
XF VA= MEREERUEL, I BRI ay, . a, PTREARBRIGL. 2RI, M II4S
R, HHAZHNVEIEASE, AR MRS T— AW ar = (v, er).
et (ve), ..., (ve,) Y Fr FTEXT vl 89X A MERREFX

q:m g £¢ngﬁ@ Mﬁﬁﬁf‘ ¥y n gy (Parseval’sidentity ) , € F 1799 4 & 42 #F
/\Ilﬂ%@ﬂéﬁjﬂ% F—PE RS Tl AR T (Fourier series ) 9303 .

WM B A ).

630 KRESHICEXENEZUEEE

Wer,...,e, & VIMEIEREH u,v e V. T4

(@ v={(v,ener+---+{(v,en)e,,

() [V = (v, ey +- -+ [(v,en) |,

(©) (u,v) = (u,e)(v,er) +- -+ (U, e, ) (v, e,). .

iEFA EH ey,..., e, EVIN—NE, IUBGERE a,..., a, ¥ &
v=ae +---+a,e,.

AAen,..., en ABIERE, Pl EXFmER G e FAR, & (voer) = ar. T5E (a)

H (a) 1 6.24 <% ¥ %1 (b) A% oL

¥uRliER @ BAMNERR, FAAAREE -AME L EHEH [ 6.6(d) F16.6(e) ]
Bl HT 4% (c). ]

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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631 fil: KH—1TEKEHAENRE
BN TR R (1,2,4,7) € F* B F* PG EAc 5L (L) 6.29 )

1111 11 1 1y (1 1 11 11 11
2°2°272)°\2°2° 27 2)°\2° 27 272)°\ 2727 272

ML G, RN ARARMMIE S, BN | — T 2 S A AT AR . USRI
TR R WA FA THIA R RVEIE RS S, BT H @R A WA 6.30 (a), RO
A (1,2,4,7) T

7(1 11 1) 4(11 1 1)+(1 1 11)+2( 11 11)
2°2°2°2 2’20 20 2 27 2 2°2 2’2 2°2)

BESRTRAMERS TRV IESHARA I, IS AFRA T E AR ENINE? fildn, H4616.3 () FA
B P, (R) HAT L IEACHENS 7 T 1T A58 20K 3 75| sk 26 ] i 2 58

T EHE N R S R AR - i 291% - #4538 (Jorgen Gram, 1850-1916) A+
$E R T TR — T b, 2R%84E - 58 % 4% (Erhard Schmidt, 1876-1959 )

5 22 B2 TR I R B TF S 2L P 7 2. T EAMEIIEE L Sk
6.32 1&AIIB-HEZ4FiE R ( Gram-Schmidt procedure )
Wvi v &V PR EA. 2 fi=vi. Mk=2,....m, IKKEXL fi K
S =vi — <r|]} ﬂ?fl - —<ﬁl}gkﬁ;> Je-1.
M k= 1oom, & o= o T v SV IMOBIBTE SR, HLA 5
MNk=1,..., m i A
span(vy, ..., vi) = span(ey, ..., er).

@

TERA RATA X & FHGE R HHGEE R R, TN k=14, TFEE N ei = fi/llAill
BTV ATA |let]l = 15 &4, span(v)) = span(e;) E 4 e; & v, By 3E R,

Hl<k<mE®H632MERNEe,..., e AW AT RNNATTER 4
span(vy, ..., vi_1) = span(ey, ..., er_1)- (6.33)
HHvi,..., Vi L& TR, T BRATA vy ¢ span(vy, . .., Vio1). T7& vy € span(ey, ..., ero1) =
span(fi, ..., fic1), XERE fr #0. TE 632 & Loy WA T2 HIATRUT A A —A
HEGRUELTEHSBERBEN 1 WAE, E (e =1.
Ajefl,..., -1} ?J[S/A
““”>uﬁwﬁﬁﬁﬁ>
_ 1 _ Vi, fi) L Vi, fr-1) >
'Wﬁwmm” nmvﬁ I ERARE
=0.

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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span(vy,..., vi) C span(ey, ..., er).
FRFEANABELERLN (Zv EBELRXZHTHREAH, Ee &ML XEHT NN
WIER A 6.25). TEXENFRENELRMY b, HCIHEE, XgTRT VTH P BRET
WA, kR T B NE . ]

634 fl: P,(R) I— M SEIERE
BRRFRATE P,(R) L& XNER: X THrH p,q € PL(R),

<p,q>=/_1pq-

SORE Py (R) TR ). JRATATE 1x,x 2 Py(R) U, (A RHIE At Tl
AR R B T A vy = 1y = v = FSRH P (R) ) B TE AR,
Boe, W fi=vi=1 FRIAIP= [, 1=2 WH 632 FrgA
o nf), )
hEv s T E T
KA RSG— S AL T (x, 1) = [ rdr =0.
1 E3E S M AR = [ Rdr= 2. Bifedh 6,32 g AR
_ _ <V3,f1> _ <V3,f2>
K=y RE T e
3k f Bk

! 1\’ ! 2., 1 8
2 _ 2 2 — 4_ L2 = - -
HﬁH—/¥& 3)dt,KAt 3;+sz 15
B £1, fo, f5 BBBRUAHSEEL, nI1S8iEIEAC 4
1 /3 45,0, 1
Vi Ele-1)
XAHTEIEACH KR 3, 1A% T P(R) 4EEL.  IILIZHVEIESC 2 Po(R) AL IE
K (H6.28).

1 3 1
fr=x"- 5(962, 1) - E(xz,x>x =x’ - 3

PRAEFRATT AT LA R AT SR I A S AP AE PR A R T
6.35 HEEXEMTFEN

A R P RS T AT I SO

UERR &V RARAE. /I VA, AEN RS- TSI (632), THRKA
dimV WG ERA. h 628, XAHMIE R4 V By — AT IE 3 m

A I FATAL ZRGE M IESSHAT A, b ZEANE A IS IE S A BE B TR — 1
TBIESCHE. fE FEHEE S, M-SR R, SRR R B I ASE ALY

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



170 % 6% AT

6.36 BMACCEXAMAEY TANCEZE

UEER & ey, ..., em 2 VHER—NHABLEXHEL. L e,..., em EHRMETL R (H 6.25).
HAWZATHYT A VH—NEe,..., Cms Vs o) v (W232). HAEM ey,..., € Vs ooy Vi

Clye..y [ f1 ..... fn
BRI RTANARRFAT I m AHELR, AAXLHECEEATLERNT.
B 6.28 [ &1 b 4% VAL IE A u
MZ—T, FR—DHER N =M, R eem
0 *

Hrhm 0 S8R AL Z TR LRI N 0, B SUFRM ML BT & ILR.

TELFd, BAIG T T —NRETRTHASERA E =AM EERM (W 5.44). BESA
A TBAEIFE NS 0], AT R R S e — M RBEIE SR 2, (AT X T e e L=/
HEFE. FgHeu, A TR IE S RA L= MR A, R T—MEREER
A L =AY SRR — .

637 ETENNEEREGTL=fEK
BV EERYER, T e L(V). AT XTVHEMNRIEIEREA F=MHEM, 4 HA

BT HRNZIXET (- 0) - (2= ), HF A

UEHH /T X TV HENE v, ..., va BB E=ZAERE. TEMNEk=1,..., n, span(vy,..., Vi)
ETTERFEH (N539)
v, .. v MRS E-HEERLRE, THEVH—IEER K e,..., en. EH

A, [ |
SHFE R E, Fiiee bikgtis P 48R (Issai Schur, 1875-1941) F 1909

RSN, A /REIE I TEAE T FART TRERGIEN.

AL T2 8 20.

6.38 &F/REIHE ( Schur’s theorem )

A BRAES A RS (8] B RN AROC TR I IR S AT = A

IEAE R RBERTENIRAZ (4.13) F16.37 BIF L. ]

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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M= | LRtz

DR RSN AR i F AR R OR A M @, BT RLIRATIAE 3F 35, W BT EA]
PR T S [ TR R A4 FR. ORI RER I 3F 7, BrRA R i Ed— T X e X

639 TEX: Z4Z& (linear functional ) , XHEZIE ( dual space ). V'

o V EW—AE&EZEE— MV B F RLIEB.
o VHYRHBZEICHE v/, &V LARAYEZ R T B . 52, V= L(V,F). .

640 fl: F° _ERILIEZS
TSN
0(21,22,23) =221 — 522 + 23
HIRREL ¢ : F? - F & FP L8z k. AT IZZ S s e XA~ 2 e B2,
¢(z) =(z,w)
Hrbw = (2,-5,1).

641 fl: Ps(R) EHIZMEZ R
XA 1
o(p) = /_lp(t)(cos(nt))dt

AIBREL ¢ : Ps(R) — R J& Ps(R) FHIZPETZ bR,

W v eV, 2K u SEE u,v) e A L& H LA - ZA7 (Frigyes Riesz, 1880-
SRV FISMEZ E. FREssieyis, v o 1956) , TaLwAes L5aes. Zhik
AT WS BZIE R, 0, T E 20 BEFHIEN T LA R T TR Ak
6.40, FATATHL v = (2,-5,1). 0

WAL E XL (p, q) = [, pq BiFIEZS ] Ps(R) AR 4 o i Ll 6.41.
Bk —IRE MAFTE g € Ps(R) fHif5

1

/_ (o) (cosr)dr = (p.a)

XA p e Ps(R) HAL [ FATARERL (1) = cos(nt), I HIZ g NET Ps(R) ). FHiZEisH
fegh i — MR AZER, BRI FATEZIR ¢ € Ps(R) (115 XX TR p € Ps(R) #BAK

<

6.42 EHIRTEIHE ( Riesz representation theorem )
WV AR, ¢ &V EREMZ R, IBAfFEME—IaE v e V, Xt ueV

#A

p(u) = (u,v).

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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HABINEAGEAEve VERNENueV H o(u) = (u,v). Key,..., en = VI
ERE. WLdBENueVH

e(u) = p((u,eryer+ -+ (u, en)en)
= (u,en)g(er) +- -+ (u, en)p(en)
(0 g+ BEen).
HpE—NEFTFET 630@. AT, &
v=o(e)er+---+@(e,)en, (6.43)
BNHTEAE N ueV, BH o) = (u,v), FAEESZIL.
THRIVGEA LREXTAFHHEvEV BE—W. Rvi, e VERXTE N NueV, A

o) = (u,v1) = (u, v2).

WrxtENueV, A

= <M,V]> - <I/£,V2> = <M,V1 - V2>-

Ru=vi—vy AF Vv —vy=0. TRV, =vy, XHTRT EaAAE— I 20ENA.

644 ). BEIRTEENHTEET
B FRATAER IR 2 g € P(R) fiif:
I I
/ p(t)(cos(nt))dt = / Pq (6.45)
-1 -1

XA ZI p € Po(R) HBGL. A, FATE XX T p.g € P.(R), (p,q) T EXAGM,
M P2 (R) AN ], R BN AET p 5%t — cos(nr) £ Po(R) L1
WHR, PR #E A ZEZ .

TE XL Pr(R) LEHILRMEIZ R o (EFEX T4 p € Po(R) #RA

1
sﬂ(p):/ p(t)(cos(nt))dr.

BAE, eI 6.34 B RIVE IEASHEIFi8 FH BL 2R e FE I AP 10X (6.43), TRATHLAETS
th, #p e P.(R), M4 o(p) =(p.q), Hh

q(x)— /\/jcos(m)dt \/7 /\/7tcos(m‘)dt \/7
/ \/7t - = cos(nt)dt \/7(x ——)

400 = 55 (1-32).

s FHARFE AR TR, BIAT eI IR AR 1k ¢ € Ps(R) SR (6.45) X FTA p € Ps(R) #RLT,
BB-2 0 H
) == 105 ((27 27%) + (24n° 270)x24-(315-30n2)x4)

(BRI ZIZAEF) (% wpi ) Sheldon Axler [F] FARik | 1\ [#]
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WV IRARAERH ¢ J2 V ERZIEZ K. IR (6.43) Zaih T 17
e(u) = (u,v)
XA u e VSIS v A BRmS, &ITH

v=gp(e)e+--+(ey)e,.

A DT R B TS A H e, .., e, 5 . BRI, 6.42 HIRFHAT, v i1 o ME—HARE.
FJ& LA mFERES V BUME ES ey, . . ., e, PIERTICK.

HH R E A S AN TERIEEE LT 6.58 il 6C 5 > 5 13.

= ] 6B -
1 %ey,... e eV HPH—mEdH, #15

larer + -+ amenl® = lar]* + - + ||’
XA ai,....am € F AL EH ey, ..., e, RFIEIESCA.

Méﬁ%uh T 6.24 95 .

2 (a) WOeR UEH:

(cos8,sin@), (—sinf,cos @) F1 (cos@,sinf), (sinf, —cosH)
HBAE R? BTG IEAC AL,
(b) IEH: R RV IESSHEREA (a) TP Z —iiEaL.
3¥ey,..., em e VI —HEIESC, HveVv. IEH:

2 2 2
IVII" = [Kv, e +---+[{v,em)|” & v € span(ey,...,en).
4 & n NIERE. E .
1 cosx cos2x cosnx sinx sin2x sin nx

N Y Y
= Cl-n, 7] PI—HMIEEAS . Cl-n, ] & [-m, n] bS5 o BOR i i 1] 4 23
B, HAXHERHNEH— i
(f.8) =/nfg-

THAXEZAH .
sin(x — y) +sin(x + y)

(sinx)(cosy) = 5
(sinux) (sin ) = cos(x — y) ; cos(x +y)
(cos.x)(cos y) = cos(x —y) +cos(x +y)
2
5% f:[-m ] > REBELN. ME—AERBE L, X
ap = \;_ _: f(x)cos(kx)dx F1 by = % g f(x) sin(kx)dx.

UEM :

2 o n
?0 kz ak+bi)£/ﬂf2.

(BRI ZIZAEF) (% wpi ) Sheldon Axler [F] FARik | 1\ [#]
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AEREX L ERFAELERK f: [-m,1] —» RREHEX. Kf, ERZAR
FXIE, FAME A BM TR, TART ABWEE.
6 iXep,..., e, 72 V LT IEACHE.

(@) WM. Ak vy, ..., v, & Vg, i1
1
llex —vill < %
XHE— k oz, R4 vy, ..., v, e V I3
(b) iE: FFLE vy, ..., v, €V, [#ifg
1
llex —vill < %

XHE— kB, Hovi, .o v, AREPEICCH.

AHH (a) 35k, MEERAFHE L DA AL RS b)) LA, ) PREXS
Mag 1/\n REEBERET .
7 WT e LR LTI (1,0,0), (1,1,1), (1, 1,2) H L=, R R B—HIEIEsSH, 15
T XTEH L =Mk
8 & XWB—XIFTA p.g € P.(R) B4 (p.q) = [, pq. B PL(R) BRI

(a) XTFE 1, x, x* RIS HL- TR A, 58] Po(R) MY— B IESCHE.

(b) P,(R) LM FT GZBATH p #F p) KTHEE Lx,x® (NEMTEIESEE ) A L=
. K P(R) LR TRT () PHRMGEIE SRR, JFRIEH Dy =14
FERE, X — AT LA 6.37 BUER] okt ).

9 U err.... e TRV UILEETEIAL v, .. vy LA R B PR S 25 EMH
Vi.er) >0 E—k=1,..., m JNAT.

10 Wvi,..., v, 2V RRERHETCRA. MR A A P R R A, B2
WIS €1, .. em, BAVEIRE—k=1,....m #H (vi.ex) >0 H span(vy, ..., ve) =
span(ey, ..., ex) MU IESCH.

ARG 45 R T 7.58 493,
1 ok—2t g € PR), 183 p(3) = [y pg MITE— p & Pa(R) AL,

12 5k %55t g € Po(R), fiif3
1 1
/ p(x) cos(mx)dx = / pa
0 0
XHE— p € Po(R) HBHTL.

13 B VR —Z R vy, v ZRPERESG, B HALE 6.32 WA RS- R R 2 R A
ke{l,...,m} 153 fi = 0.
XTHEARSR T —A0 T4 TEBEAML, RARET S0 Tk —FHNR 7 %
14 WV IRINREE], Hovi, .o v g2 VIR —DEETOC R R, IE: VPR L 2
MHVEIEZ R ey, ..., e, i1
span(vy, ..., vi) = span(ey, ..., er)

XA ke{l,...,m} B r.
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15 % () FLGoy, S22V ERINERL, 85 (u,v), = 0 HHAY (u,v), = 0. WERH: FE7EIESL o fiff

15 (u, vy, = cu, vy, XHEE u,v € V I{OL.
ALY, e R\ARBRTHELGESARE, RLAL T —ANARZH —ANiFER.

16 BEV ZARLER. B (¢, A1), 2V BN, 52 CBATEETE (|-, A ||-|l,. EHAF
TEIEEL ¢ 45 |vil, < clvll, *HE— v e V 15T

17 % F=C HV Z2FMRYER. EH: GR T2V 87, M HME—FEER 1 BX A
ve VATV < Ivll, IRA T ZIEFRT.

18 Fuy,. .., U STV P—ZMETCA. UEH . 7FAE v € VTS (ue,v) = L XFFA k€ {1,...,m}

iy
19 % vy, ..., v se VIR SRR ARV I, . i
oot = 0 #j+k,
1 #j=k.
20 R F=C, VEAMRYER, H&c L) fiifg
ST =TS

XA S, T € & oL, WEH: fE4E V B— M IEAC RIS & MBS TTR T ERA L=
JELFE.
AFERA T SE Y 69T AL 9 (b) eI AT AR E A ER A, M (f£ RS R 693
FF) mmig 7 ARE A G 45k
21 F=C, VEAREN, T e L£(V), HTHIAREELHEE/NT 1. 2 e >0, WEH:
TFAE—1ERB m 15 | T < €||v]| *HE— v e V 57

22 W C[-1,1] & X[E) [-1,1] EAESSAE R B B el 2s (8], HA NF—X I f,g €
C[-1,1] Y
1
(f. & =/1fg-
Lo N Cl-1,1] FREMZ R, & o(f) = f(0). W] AFETE g € C[-1,1] ffif%
o(f)=(f.&

SHE— f e C[-1, 1] BT
AFEE, BMEATEE (642) EXTV Fo @ EAHFIMEXNG LR LSS R LR R

YA

23 XA u,v eV, EX du,v)=|lu-v|.

() IEM: d 2V ERER.
(b) TEWT: R v AR, B4 d 2V RS CERE—RPE RS,
() WM V BB AIRGEFERIER V (TR d) BT

AME B R A &,
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(EESER LR “EX”

2010 4F, LA - B SR BUFRISEEREIEB N — PR T

B 1EF A YOI BOE XA BOEE 2 EAS. RO B AR ——
FAR R REE: WA, Eaethar

hEEF A B BUREM. AT AHER
FAK IR EE: W

HFAERET: OERRFA7 RERE.

hEIEF AL IEACH.

FAOR AR EE: B

hEEZ A X, X

HFA R XEE: B, B (RK)

R R FE: WEHBIRXFRTHARITE T M. (%K)

Lo L kL
&R

£ ) (% wpk )  Sheldon Axler [#] F4RiA. T8 [iF]
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6C IEZZ#pFNE /ML [B] R

IE3Z#b

6.46 TEX: IE3Z%P ( orthogonal complement ) , U*

HURVETE, BaUERZH, iff U, 25 U PR EIESHA v
Hh i A A R 1

Ut={veV:XTHNuecl, (uv)=0}. .

IEAZAN U* [FIHBET v LU, 4R, FA T2 BN SCmi N RS [|] v eI, T
EERATTMNIC T EE.

6.47 fil: IE3Z4p

o 7 V=R, UBMUEE N (2,3,5 MV IFE, A U JUE 1 {(x,y,z) € R®: 2x+3y+5z =
0}.

o £V =R UEF {(x,y,2) € R®: 2x+3y+5z = 0}, A4 Ut 5l /e EHLR {(21,3¢,51) : t € R}.

o WM, # U JE R il siny i, 84 Ut Eidlf G HEE T U i EZ.

o #7 U2 R it e si i Bk, B4 Ut B HEEE T U /P .

o ZV=F HU={(a,b,0,0,0) cF:abecF}, Rxa

Ut ={(0,0,x,y,z) € F° : x,y,z € F}.

FATE oo 2 —b b e SCHI Al Hfi i i SR 4 e

(@) % U & VINTFE, B4 Ut 2V Fas.

(b) {0} =V.

(c) V+={0}.

(A # U VHTHE, B4 UnUt c{0}.

() %G M HREVHTFHELGCH, R4 H € G-

JIEBH
(@ HURVIWNTE. L8N NueU B W,0=0, ANfi0eU*. Hv,welU'. Huecl,
A4,

(u,v+w) =(u,v) + (u,w) =0+0=0.

TEZv+weUt, KW UL X T hmiksHA.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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k(MH, kA1eF HveU- FuelU, L
(u, ) = Au,vy=1-0=0.
TR AWeUr, XA U+ A THEREZHNE. TREU ZVHTFZHE.
(b) EkveV. A4 0,v)y=0, XEXHve{0}. TZ{0*+=V.
() veVt Fa(vvy=0, LKW v=0. TZV*={0}
d HZUZVHTE, BueUnU* 4 (uu)=0, XXxHAu=0. TZUNU*C{0}.
() WGHAHEVIWFEHGCH #veH. oG NueHA (u,v)=0, Xkt
FNMueG WA (u,v)=0. AW veGt. TZ& H CG" . [
BHZ—TF, % U FM W2V IFasEl, IRaas v & TR EaBRegiE—S i U ig—
AmEEnE WA mEAER, AV EZE U M w EM (EhV=UeW) (Il 1.41).
EEFEMTFV=U+WHUNW={0} (I 146).
TR, V REA R4S EERRET 1V I— B AR E SR, 2T 16 %%
BIULEA T An SR B F25 0] U A BRAEX D ETEE 554, F T Z5 18 Pl RE B2 BT
649 FZEIKHIEZAETN
WUV NAERGET=R. R4

IR & LR ATIE 4
V=U+U"

WM, EveVv. Lep..., em = UMATERE. RNEEvERUFTNHESEXTUH
W&,
HATA

v={(v,epne + -+ (v,ep)en+v—{(v,e)e; — - —(v,en)e,. (6.50)

Aufrw g X ER (F 626 WiEH PRI B E XK ). HHE e € U, TR 4
uelU. HHey,..., em B ERH, Filxtdk=1,..., X
<W’ ek) = <V’ ek) - (V, ek>
=0.

M w5 span(ey, ..., en) PTHENHEHNER, REHweU. ARENTEH v=u+w,
HbPyeUHweUr, XBERT V=U+U*+ tHiL¥.

B 648 (), RMNTHUNU+={0}, WEV=U+UETHV=UaU* (N 146). MW

AR TAT AT iy dim U 451 dimU* T

6.51 IEX#MAYZEEL
BV IEARRYER, U RV BTFasE. R4

dim U* = dimV — dim U.

(EMHRHRZXAEF ) ($ Wik ) Sheldon Axler [#] RARik . fTr8 [#F]
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UEEA | 6.49 f13.94 s %] T 4% dim U~ A 5. ]
THZEIERE 6.49 BY— A EZHEL.
6.52 IEX4MHYIEIZ#b
WU &V I—1ARETZ0E. IBA

U= (UYHY"

IERR H R ATIE A
Uc (UYH*. (6.53)

AW, HueU. WLHENweU BH (u,w)=0(H U WEXHRF). Bhul Ut I
BAWMEBER, FUAENE ue (U, XHIEHT R (6.53).
HTEHX M A* R Rb KR, FveUH. 649, BMNTER v=u+w, 2
FueUHweU, NMAv-—u=weU*. HHhveUH HueWH [ER(653)], &7
Byv-ueUH'. TREv-uecU'nUH", 2XkWv-u=0[H648()], #MXUv=u,
FveU. Hit (UH cU, 4R (6.53) B TR T ENIEHA. [
WU RV I—ATFesE, BRI T 16 @ AW, FH U RAREXANITR
U=V. fERIERT, B pmiEskReir Fe, TESRRARLT.
5 U IERM I R 0, RIS RS, B, NRESISTE I 4 kiR A AL

654 X VHEREFZFEU, U ={0} = U=V
WU 2V INARRGET2s . B4

Ut={0} < U=V.

WEEE 4B U ={0}. 4 W 652, U=(UH" ={0}* =V, &iL.
Rz, U=V, ll#H 648 (c) %1 U+ =V*+ ={0}. [ |
TATIAER V A A BRYEF25 0 U & LB Py.
6.55 EX: IEX# % ( orthogonal projection ) . Py
WUV IN—ANERYEF0N. VB U MIERREEC LN TFHET Py e L(V):

MENveV, BEERv=u+w, HPueU HweU*, RE2 Pyv=u

6.49 B EMMAER V=U0 U W, ve VAl LgiE—FRm Hv=u+w (KhueU

Hweut) Wpig. HIKAT W Pyv @ SUEEERR. TEE 6.61 IYIEN] T I B Y 7R 2 B ——1R
POAZAFIXTKIIR Pyv MEERAE T 0.
6.56 fil: MR —4TF=EPERTIRE
WueVHu+0, UV H—47F250E], 23R U =span(u).
tveV, A
v= (v,u)u+ (v— (v,u)u)
[l ul® )" HTAE
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A M —DUE T span(u) (AMET U), % _WIERLT u (MNMET UL). T2 Pyv 55
FEXAEME—T0. H52, HEPvev, B
_v,u)
TP

Bov=u, EXTHPyu=u; Wve{utt, FXWAER Pyv=0. 2 FHRZRT b)) 5
(c) M B

PUV

6.57 IEXIRF Py BIMER
WU s V WA RYEr=5 06, 84

(@) Py e L(V);

(b) XA ue U, #F Pyu=u;

(c) XA we U, #A Pyw =0;
(d) range Py = U;

(e) null Py =U+;

) XA v eV, #A v - Pyv e Ut
(g) P, =Puy;

(h) XEv eV, HA |Puvll < vl
() & ern...oem e UM—MHEIESHH v eV, HFA

Pyv ={v,ep)e;+---+(v,en)enm.

JERA
(a) %iﬁmPU%V—té@éﬁllriﬂk%9 i%VI,v2€V. %VI’VZ Eﬁz
Vi =upt+wy —’%7 Vo =Uy+ Wy,
Hb u,uy e U H wi,wy e U, T Pyvy =uy B Pyvy=uy. WA
Vi + vy = (U +uz) + (W +wa),
EVYu+u,eU Hwi +w,e U T2
PU(v1+V2)=u1+u2=PUv1+PUv2.
K WH, HAeFHveV. ¥vERv=u+w, EFueceU EweUr. L Av=Au+w,
HAP weU, aweU*. FHM Py(Av) = Au = APyv.
FE W Py 2NV E| V& Mk 5t
®b) FuelU. BNTHuBEHNu=u+0, E¥uecU HO0cU* TE Pyu=u.
() TweU-. BNTHEwWEhw=0+w, EF0ecU HweU*". T&Pyw=0.
(d) & Py #9E X 4F range Py C U. X W (b) F 41 U C range Py. T 7% range Py = U.
() W () & U CnullPy. HIEWARANMEAXRR T KRR, EEFE v e null Py,
2649 B ER LK v=0+v, EF0ecU HveU*. TEnnullP, CU".
6 HEveV, BEHv=u+w (E¥uecU HweU"), x4

v—Pyv=v-—u=weU.
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(e FveV, HAv=u+w (EFuecU HweU"), Hx4
(P%,)v = Py(Pyv) = Pyu =u = Pyv.
(h) Z#veV, BHEv=u+w (EFueU EweU'), #4
IPuvI® = llull? < llull® + (Iwl* = lIv]1>,
A &E—NESRT KR FA €.
(i) W 6.49 i H Y R, (6.50) Bl 7T 43 Pyv th &k R n
e rp IR T B RoRE R (6.42), BERCHNEAE, AR4ENASH Erys1
AAEIZ bR, HRAT S A EDE s RN ARAOR RS, TR R AR A Ry 2 FR A DR i B
TIE, WATIAEAR ZHIRBFE IR IE A ERIE I B e 2, el IE AS R SEIE B
N ERA R ERERAIGER v 5 v SRERE. TSR HIEH
B Ay, PR X A R PR B A ——H 6.42 HYUELE RITT.
XAHHRER G EMAR R ZoeV, veV H o) = (u,v) SITH u eV EBSL, P
Zv € (null)t. TMH 6.51 F13.21, (nullp)* & V I—ZEF25E] (BE ¢ = 0 PEFLIEIESN ). F
FERATAGE I (null ) HAE—IERT RIS 8 Y br AR M 2 v. T EUERT IE
SEIXFEARR).

6.58 BEEIRTEEHITIE
BV IRARYEER. Xt veV, X o, eV A WM ueV,

Py (u) = (u, v).
WA v = @, JEHG V BIR V7 B — X — e %L

UERA

B v o B4, Hoev. £ EE: EF=R, Nadve o RV F
0=0, Wh o=, NTIBEez0. Hi V HEMBRHE KR, £F=C, Nz
nullg # V, X&W (nullg)* # {0} (d 649, FRERE, BAhE1eC, Moy =10,
HFHF U =nullg).

A we mulle)t Hw#0. 4

o(w)
TS 6.59
w2 (6.59)
Mave (nulle), #Hv#0(EY wenullp),
R (6.59) 7 (i 7l AR 38 4T 42
o = £ (6.60)
[Iwll
¥ o B HAEF TR (6.59) 3% 3£ H & (6.60), 71§
o) = 2O
llw|? ’

AERkuev. FIHLEXTH
. (u ~ w(u)v) L)
e(v) Iviiz

(BRI B IZEMF ) (H Rk ) Sheldon Axler [F] FARiA. A [##F]
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RFEHEH—TFET nulle, BHE v EX. TEUMAFLSE v FRRTH

() = £ ) = o).

Bt o=0,, v @, 24, UJEA AL, .
HHr R B 5 —FPOR [AIERE WL > 8 13.

=2\ AL

Rl BB F IS, HE v nTs  ENRDCPIRN MR RS, Wit AT
W U5t v eV, Ril—fue Ufifd PREAELFEFIGRS TR,
v — ull RATREAN. TSRV, u = Pyv %850 MU — .

6.61 ZFZ=EMRENES
WU RV IARGEFSNE, veV HueU. B4

v = Pyvll < [[v—ull.

Beoh, ERAFERIBAGE T HHA Y u = Pyv.

IERR &ATE
v = Pyv]|> < |lv = Puv|)* + |Pyv — ull? (6.62)
= (v = Pyv) + (Pyv —w)|?
= |lv—ull®,
Hp TR RE N 0 < |Pyv —ul®, % =479 T £k B4 2 52
[TULEAERE A E 657 v—PyveUt, XHPyv-ucU],
BUE R B ZAT R, WA T RREE T RAVHGER R % K.
FEIASFERIGLE Y AN LR (6.62) WEBLE, &y Puov AU TEHVEK
FlIPyv —ull =0, BT u=Pyv. g iR %
FATHH BRI 5 AR 6.57 () S E AR L e/ ME RS B2, I FETR.

6.63 fil: FALMERECRIEILIEZSEE
TRANFRATREZOR B = T 5 S R B u, EHAEXA] [—n, 7] ST REE LT IE
SLERER, XHEAY HET FREfl
/”|sinx —u(x)|*dx

JEATRE/ N
A Cl-m, ] T LIE [—n, m] LA A S SR PRI A IR SE N AR ZS ], B IR
SR i
<f3g>=‘/i fg (6.64)
2#TRE

(EPRE P IZEAEFE) (FHwRR ) Sheldon Axler [#] FARiE . A [i#]
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v e Cl-n,m] JBE XN v(x) = sinx BIPREL. & U FmHIRECNE T 5 A SE R
FRAR AR C -, m] BYF-23 8], SRAE DR o) S g ik o
Kithu e U |lv — ull SATHE/D.

N T A E R S, Bext  — 6 TH IR e IR A AL
U 3 1, x, x2, 03, x4, x° AR RL-iE &l #2 [ T NEDE st (6.64) ], 53] U I—1 81
TBIESE K e, €2, €3, €4, €5, 6. g, PRI (6.64) 25 H BRI 6.57 () K35 Pyv (F
Fom=6) HES Pyv ilEE SCUTT A pRET u:

u(x) =0.987862x — 0.155271x% + 0.00564312x°, (6.65)

X IRAERG A IR S 1 REOH RS 0 TR OUMEDR . | 661, LikZI
K u BAHAEE 5 RN ZBIEX ] [—x, 7] FXTIEZ R e (A “HtEEir”
JERL 7 | sinx — u(x)|*dx F/NITF ).

R T MESE TR 20, RATE T B RIS IR Z R BRI (6.65) 45 HS A AT PR AR
u TEX[E] [-m, ) AR,

1l
[-m, ] RE] EEFZERH (L0 ) FoX (6.65) L EeyRAERBERLRSAKN u (KEL) d9BAE
T (6.65) HERH RIS M pRE A EUS LT —E——FRAMTH R IR R REE 2 —A-E1R! 1t
LT G S T A ER. WRIRTE R s LA BRI, RATLTE o 8 —x Kt
I ETOR 2R SER 400%, DA LT eRAT RS i A 22 ).
TR Z WA K8 I 1 5% pRE 75— Fh 25 24 05 2%, SR A LA i 285 21512 ( Tay-

lor polynomial ) p:

3 )CS

p(x) =x—%+§. (6.66)
AT MBS 2 e, FATET B EAT2 H IE 5 RO Zs i 20 p X [-n, ]

EREEA.

1t
[-7, 7] B EEZRH (L5) foX (6.60) FTrey sy AKX (H&) $9EK.

#TRE

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]
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1 x B5F 0 B, Z8 20N AR R AT HiTE i sinx. SR LIREMG W], XT x| > 2, Z&i)
LA AW T, FenliEe 50 6.65) M. #iltn, B x =3, @iz (6.65) XFF sin3 [
TR ZEL Hy 0.001, THZEEZ T (6.66) XFT sin3 MMGTTHIREAE 04. TEEx =3
Ab, ZEEZ A AR E L (6.65) TR2EREARE. LMAREE BhFRATH R 1 1E 5% s AL A B Y
MR, XA R T IR TR a1 ik |

thiZ

WTeLV,W)HweWw. ZEXANME: Kiliv eV fiifs
Tv =w.

B, #HvV=F HW=F", BabLXFREGH m DNLEITE, n DRI v, ..., v, 5
%%gﬂ, ;H\:EP V= (V1 ..... Vn).

o T A, RA ERTRAME—fRgE v = T-'w. SR, #5 T AT, IRaxFhek
weW, DFIRIFREATRETCAR: X T 0ioh—28w e W, LiRJrfEnl fEA ToT5 2.

YT AR, AT 2R T Rl s Ab B R TR i, A LR TR, IRATR
NTREASSKAF AL Ty —w =0, TSR |Tv — wll RATRENK v e V.o XG0, ASRATC
552 v e Vil LR TR, IR ATRATAT ALt ax Se i rh (A5 ||v|| e/ NI

PRt 3N U] BRAFHSR A iRy R it VA LR, RIME 7 Al S XPhi,
TATTFL T HIZSL.

TERE T ORIPIEN AT AINE T X451 7 V 2 ARY4En, H T e
LWV, W), IB4nullT, (nullT)* 5 range T #ARJEA BRAERY.

WV EARYER, HT e LV,W). IBAT|mury: & (null T)* WAL range T 155,

Wvemll)?* B Tlpury:v=0. EkTv=0, 3 ve mull)n (nulT)*, AiTv=0
[ 648 (] EM nullT|mury: = {0}, XEHA T|mur: < F4.

L&, range T|mur): CrangeT. HiE AN A K & Rt R KL, % w erangeT. FE
FhAEveVHEw=Tyv. H649, FHuecnllT foxec (nllT)* FHFv=u+x. N

Ty X =Tx=Tv-Tu=w-0=w,
# R Y w e range T| ). B range T € range Ty FHAE W T range T )+ = range T
BAETRATAT 4 LA PES T Bopha 70 48 TEX PHA T \dagger B 47k T,

T HETHEEX (JIRZJEWEET ) T, B Tlunre BRI (null T)* B range T B A2 1
Wiy ( TAER T X — ).

(BHRH M IZZAES) (%R ) Sheldon Axler [F] R8Ik, 4T [#F]
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6.68 TEX: {47 ( pseudoinverse ) . T°
WV RARYEN, Te LV,W). TIHAET € LW, V) &E AT W 2] v Lt
B XD w e W,

TTW = (Tl(nullT)*)_IPrangeTW-

FZ—T, # w e (range T)*, W Prpgerw =05 #7 w € range T, W] Prpgerw = w. THE, Ul
Hw e (rangeT)*, W Tiw =0; %5 w erangeT, W TTw J& (null T)* FME—E T(T'w) = w )
JLE.

WATKER], hidiE ARG —mB .

6.69 ThiFERIREME R

WV RARYENH T € L(V,W).

(@) #& T W[, W TF=T""

(b) T = PrangeT = 4%‘ w Bﬁ’%& range T E"JIE;&&%Z

(©) T'T = Pounrye = V BLAL (null 7)* BYIEAH.

ng::
(@ & TH#. Ha (mullT)* =V, HrangeT =W. AT Tloury: =T B Pranger = W EHE
£4F. AT =T
(b) % w erangeT. Ti&
TTTW = T(Tl(nuuT)i)_IW =w= PrangeTW-
# w e (rangeT)*, A Ttw=0. B TT W =0 = Pppgerw. T, % range T 1 (range T)*
b, TTT F0 Prapger #5AE . B MK AN LR EHAE (H 6.49).
() Wve(mulT)*. EHNTverangeT, Frilm TT & X7 41
TT(TV) = (Tl(nullT)i)_l(TV) =V= P(nullT)iV-

#FvenllT, A4 TTv=0=Puaurypv. T&, & ulT)* FnullT £, TT M Py

#HAE., HEXHEADN LS (dF6.49). ]

WT e £(v,w). WE T 2met, a1 %L HARAFERZ T HFE (Moore-
IS5 (b) W4, TTT J: W [fgfa%ssy  Penroseinverse ) .

F. R TR, A4l EEESIEn o) nfE, TT 2V EWESER . P s 28 0E
JELF 28 19 & 23,

XFTeLV,w)Fflwew, BRANMERBRKEHEE TR TY =w v e VXATELK.
TR, 25 T &), A v =T"'w st & RBRIAME—f, (B4 T Anl, IBA T %A
ESC BRI, Dt TR E LY. NI (@) S EVRRNT, By = TTw Alff Tv Rl fE
Bk w., FRMESHE T AT ROITERES ( best fit ).

ZEA T (b) KL (a) PANSERIE S &I, e A A Ty RATREHEE w 9
myveVH, mETwBAR/NIEE

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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6.70 fAIFE R4 Y IR MR R AR
WV EHRYER, Te LV,W), weW.
(@ #ZveV, N

IT(T w) =wll < ITv - wl|,

MAACY v e Thw +null T iF, ERIFGES
) ZHveTw+nullT, N
I Wil < vl

MEHAY v =Tw b, FXNEEES

iEBA
(a) kveV. L
Tv—w=(Tv-TT'w)+ (TT 'w —w).

ERE-NEEFWHAE T rangeT. EAHEF TTT 24 W B R range T W EREH [ h
6.69(b) ], Frd ERE —ANFEE FHWIHAET (rangeT)* [ 1 6.57 () ]
TR, BRA TR ER T, LRAEANEFFNANEEDTHET (Tv-wl, FH
VEHRY PXF-ANFTFHNRAETOR T TREES. Bl ERFAERABMEES, 4 H
MYy -ThwenullT, ZENTveTw+nullT. FFHTHKT (a) HIIE .

b) HveTw+nullT. FHibv-TwenullT. HRATH

v=>w-Tw)+T w.
TH R R, T'we (mullT)t. TREEAFUHEES |Tw|| < |vll, FFELYERHY
v=T'w Bt BF4% 5. ]
TERL T RN (W 7.78).

6.71 fil: F* 3| F* M 1R GTRfh
W T e LIF,F) % H
T(a,b,c,d)=(a+b+c,2c+d,0).
LMW BEAS R B AR S, BRAT . S, BT P range T =
{(x,¥,0) : x,y € F}. MWIXFHA (x,y,2) € F?,
PrangeT(x’ Y, Z) = (X, Y, 0)
JEH,
nullT = {(a,b,c,d) e F* :a+b+c=0H 2c+d=0}.
H null 7 H YA [ A RS 4L (-1, 1,0,0), (=1,0,1,-2) 5K null T, M4 (a,b,c,d) €

null7, R4
(a,b,c,d) =b(~1,1,0,0) + c(-1,0,1,-2). HETRE

(EMHRHRZXAEF ) ($ Wik ) Sheldon Axler [#] RARik . fTr8 [#F]
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NHF4 (-1,1,0,0), (-1,0,1,-2) Tk, FrLHZALE null T (H—A3E.
WK (x,y,2) e F. {4
T"(x,9,2) = (T)un)2) ™ Pranger (%, ¥, 2) = (T munr)y2) " (x, 5, 0). (6.72)
RN L T(a, b, c,d) = (x,y,0) il (a,b,c,d) € (null T)* B[] & (a,b,c,d) € F*. #t
§Z9 a, b’ c, d %‘?ﬁ/@?ﬁ”ﬁﬁ%:
a+b+c=x
2c+d =y
—-a+b=0
—a+c—-2d=0,
HA RTINS T IR T(a, b, c,d) = (x,9,0), JEPIDITRBRUEH T (a,b,c,d) IE5LT
null 7 &M & (-1,1,0,0), (-1,0,1,-2). ¥ x,y AL, I a,b,c,d MARAR, Bk
TR S A AR UASREE, 215
1 1 1 1
a= H(Sx -2y),b = H(Sx -2y),c= H(x +4y),d = H(—Zx +3y).
Bl =L (6.72), .
T'(x,v,2) = H(Sx —2y,5x =2y, x +4y, —2x + 3y).
i B T AT, WA (x,y,2) € B, A TT (x,y,2) = (x,,0), XIEZEEET
6.69 (b) Y TT" = Prapger X T

= i 6C

1 &v,...,vmeV. i
{vis.. o v} = (span(vy,. ..,vm))l.
2 U VHFER, HE 1 u,...,u,, H
Uly e oo s Uy Vs oo oy Vi
= VL GEB . WERXTLA L VRN RS Pt S e A, 1B ers o ems fia s s
M2 e, ... e, UBHNEIESSH, T fi,. .., fu & U B IE A3,
3 UER TSR], HoE N
U = span((1,2,3,-4),(-5,4,3,2)).
KU M—HNEIERSHE, 5 U —HEIEsC At
4 Bep,...,e, &V H—dmE, HWE: el =1 HE—k=1,...,n LK
IVIP = (v, e+ + [(v, e
XA veV o wEM: e, ... e, /& V IAVEIEACHE.
AFFE T 6.30 (b) #9154

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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5 WV IEARYER, HUu RV TN, WEH: Pyo=1-Py, Ho 12V pESEE T
6 XV IEARY4ER, HTe L(V,W). UEH:
T = TP(nullT)l = Pra.ngeTT-
7 X MY &V WERYGETZSE. JEH: PxPy =0, HHAY (x,y) = 0 X rF x € X fl
y €Y Wor.
8 WU VIARYETT=E, HveV., @XLMEMS ¢: U >FN:
e(u) = (u,v)

ST u € U RS, HRITFRER (6.42) M TWZSNE U 115, FE7EME— 1) &
weuU, it

o(u) = (u, w)

XA ue U BSL. WEB: w = Pyv.
9 KXV IEARAER. & Pe L£L(V) i1 P2 = P H null P FE— [ HBIEAS T range P HE— ]
i WM. ARV FASE U 15 P = Py.
10 &% V A IRYEmy, Pe L(V) s P2=P H
lPv] < [Iv]]

YHE—v e V lior. WEBFAE V T2 U 13 P = Py.
11 % Te (V) HURVWARYGEF2M. JEH.

UT:ET—FK/\ — PyTPy =TPy.
12 %V Z2ARY4ER, Te L£L(V), HURVRTFE. GE,
UMU AT TAE — PyT =TPy.
13 X F=R, HVEARLER. SHE—veV, & o FnV ERLMEZE, HE XN
oy (u) = (u, v)
YA u eV OT.
(@) IEF: v > o, BNV BV LR PERLST.
(b) FIH (a) FEEXTAEEAITTE, EH v = o, ZHE V BEL V7 ([,
AR E, B EMEATEE (6424 658) ZEF =R &M T % —iEH. Ak
TR ZEBETH I A TE R AL,
14 Key,...,e, 02V HEIESRIE. RN 4. EHEIFRER (658) BtV 5V
PEFKRT, e, ... e, FIXHMBIE (WL3.112) Zey, ..., e, 2
15 7/E R 1, 4
U =span((1,1,0,0), (1,1,1,2)).

Koue UM llu-(1,2,3,4)] LATHE/D.

PR EMIX S BT TAVMIERIR: e o (-, ex).

(BMERFIZXAF ) (Fwik ) Sheldon Axler [F] FARA . FTFA [iF]
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16 & C[-1,1] ZX[H [-1, 1] FAESSHE BRI E2S |, HANB—Xrf f,g €
C[-1, 1] W7

<f,g>=/_11fg-

AU Cl-1,1] iFasial, He Ll
U={feC[-11]: f(0) =0}.
(a) WM. U+ ={0}.
(b) MY AMBEABRAERIEOL T, 6.49 Fl 6.52 AFEAT.
17 >R p € P3(R) {#i15F p(0) = 0,p’(0) =0, H. /0 12+ 3x — p(x) Pdx JEAT g/

18 3K p € Ps(R) fifi /7r Isinx — p(x)|*dx RATfE/).
X (6.65) X — 5 M XA AMEEA RGN, A2E R LIREE R BATHM, Jb
FR T TR SR AR %A A B
19 &V EARYER, H P e L(V)2# VSR F= R IESH. Y. PT=P.
20 WV EARRYER, BT e LV, W). iEH:
null 7" = (range7)* H rangeT" = (null7)".
21 % T e L(F,F?) EXH
T(a,b,c)=(a+b+c,2b+3c).
(@) XT (x,y) e F, K T7(x,y) BIZRIL.
(b) H (a) HAFRIM TT AR, KHE: 6.69 (b) FAYER TTT = Prpger ML
(c) B () PAREIN TT AR, BE: 6.69 () HIER TIT = Punry: MOL.
22 WV IEARRYER, H T e L(V,W). iEH:
TT'T=T H T'TT'=T
ALK T TiHE E KRR, BAEAFEG T RATT R TT AR T
23 WV MW RARYER, HTeL(V,W). iEH:
TH =T.
EXEMTF (T =T (T TR ).

(BMERFIZXAF ) (Fwik ) Sheldon Axler [F] FARA . FTFA [iF]



£7TE NRZEHLWEF

SRS (A4 K R 2N B 45 R, 95 I TR TERAE BT B i M —— P s ] B 2k
W AET. A FER], FHERERTER, af LAEY]—2AR 4 14 E B

A ) i PR AT A A, SEN AR S TA] Y B RS R N AR S ] B IR R T
SRIGFRATHE I B LA B B (R L5, 30K | D L TEAR R AR R o3k 15 Al
B3 | AR 57 R 2T A, 7 e 0 SORE 5 | AR 0 fie.

AR B IR B A5 A RAEA BRIVAERCT Oz, BT UUABAE TR A 1k v ft w
A PRYER.

U TMRIEEARER S EMIL:

o FF/R R B C.

o VHIW EF LRAREA FRYEAFRZS .

VS-Ag OO JINSS0|IIN Jeled

T, XERTEAELSAMALF, LGHR
FEAMABR. K772 F5) 1918 4, X BIRTAL FRwA), FHAMR A4 N4 (Lemberg). &5
— R R KA R R IR, X BT TR 2, AR AAREK (Lwow ) . 3
i), FUR KA BCF T, AR - & &4 (Stefan Banach, 1892-1945) Fettty B F411
FASFH AT LG TN, ZFEILTIARZBHNGERLER. BHRER
KERLERAR, FIAR—ALETE L Z, mEHEAE 1991 F 550 520 5 A& RBE—3R 5

190
(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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TA BHEFMEMRE T

+hE

71 TEX: B (adjoint) , T~

WT e L(V,W). THERESHEHINME—y eV FiE—weWH A
(Tv,w) = (v, T*w)

HIPREL T - W > V. .

THEEL FEX 2R E Xy, “HHE XM EKEREKELER S —F4
WTeLv,w), BUgwew, Zv | X, REZEANGRFEIT, ZEETCH
RO R AL eg 4R A RARKX.

vis (Tv,w),

BR v e VIR (Tv, w). IREMEZ BRI T T Al w. HRAEEIIFREH (6.42), V PIFE1EME
—Ma i, ZEEZ Rl S ARG . RATFXME— iR Tow. #AEDL, T w
&V PR E— v e V EE

(Tv,w) = v, T"w)

R — [ k.
Eah, eI NBURTE W ER), HORABRETE Vv BB A, AT X IR PR
RIS ).

7.2 #l: R E R? f—Z RG22 FFE
EXT:RE-SRH
T(x1,%2,%x3) = (x2 + 3x3,2x7).
KT T, W (x1,x2,x3) € R* Hl (y1,y,) € R% MITA
(T(x1,22,3), (y1.2)) = ((x2 + 323, 221). (y1.y2))

=x2y1 +3x3y1 +2x1)2
= ((x1,X2,x3), (2y2, y1.3y1)).
MR X LAR AR E AT 7
T"(y1,y2) = (2y2,y1,3y1).

73 Bl EEBERESH | B—E MRS 6
BoEueVMxeW. EXTeL(V,W)R: ME—veVEAH

Tv = (v, u)x. #TR

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]



192 % 7% ARZTE ELHETF

HTHH T, WveVMweWw. Mk
(Tv,w) = ((v, ux, w)
= (v, u)(x, w)
= <v, (w,x)u).
A,

T*w = {(w, x)u.

TEVL FFifI, B ARIN T AMEEN AEBEEAAE T @GER AR THHE T 0

W R VYRR, R W BV s, FOR T & KTy, w) #RE XTI, KB

FAGREY, XN PRy, RE—F, RF ) WA —AMEEZRA Y,
RaB—MLEEZHATW T.

7.4 SRVERRETRIERER L MERR ST

WRTe LV,W), AT € LW,V).

WEEH & T e LV, W), WwFveV Hw,w,eW, 4
(Tv,wi +wa) = (Tv,wi) +(Tv,ws)

=W, T'wi) + (v, T wy)

=W, T'wi + T 'wy).
ERKWN

T (wi+ws) =T 'wy + T ws.
wmRveV,. 1eFHweW,
(Tv, Aw) = X(Tv,w)

= A, T*w)
= (v, AT"w).
EX%H
T (Aw) = AT w.
i, T* Z&MBA, & H5IE. [

7.5 ERERIIMER

WTeLv,w), IRaE:
@ (S+T) =S8 +T* Xh S e L(V,W) AL ;
(b) (AT)* = AT* XA A € F 8L ;
() (T*) =T;
(d) (ST)" =TS X S e LW, U) Bor (iXH U JEF LR R4ENFZSA] );
() I'=1, K 112V LESETF;
(f) G T A, A T R H (1) = (1Y

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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WA veV HweWw.
(@) W& Se LV,W), L
<(S + T)v,w> =(Sv,w) + (Tv,w)
=, Sw) + (v, T*w)
=W, Sw+ T 'w).
b (S+T)'w=Sw+Tw, & ARiL.
(b) R AeF, AL
((AT)v, w) = ATy, w) = AW, T*w) = (v, AT"w).
H (AT)'w = AT*w, & BIFiE.
(c) B A

(T*w,v) = (v, T*w) = (Tv,w) = {(w,Tv),

FTVA (T*)*'v =Ty, # 4R,
(d) & Se LW, U)FruelU, \TiA
<(ST)v,u> = <S(Tv),u> = <TV,S*u> = (v,T*(S*u)>.
E W (ST) u = T*(S*u), 4 F4%iE.
() ueV. NWH
u,v) = {u,v).

Iy =v, &85,

() T T3, AEXT'T=1F"HFHE, KEH @M@ IEFT(T ) =1. £, &
TT' =14 T )T =1 Bk, (T BT W3, &AL, [
WAHRF =R, IP2MWIELL L5 @ M (b), T - T X—BEHEN LV, W) 5] LW, V)

MRS, SR1fT, AR F = C, IBAIZBEGIA RN, X2 T (b) T E 4.

T B SR s T S R S B ) S (R R = [T R S AR
7.6 T* WE=EFEIE

WTeLV,W), Brf:
(a) null 7* = (range T)";
(b) range T* = (null T)*;
(c) nullT = (range T*)";
(d) range T = (null 7%)*.

ER RANTGERA (. A weW, ATH
wenllT" & T'w=0
= W,T'w)y=0XfiHveV R
& (Tv,w)=0XFiHveV ki
=

w € (range T)™.

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]
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F M, nullT* = (range T)*, (a) /FiL.
WREA X (@ WFMRKERA, RORFET ), LFAET 652, & (2 PR T Hk
BT, REET (¢, HFAET 150©). ®E, EQ PHTHEHRRT, 72T b). ™
TAMBREFE D], TR0 S LMWL B bl 0 R B 25 DD AH OC.
7.7 EX: HIFFEE ( conjugate transpose ), A*
m X n FEfE A B IR B R HATY) B B R O R U LA 20 noxom FERE A”

Famgigie, Wik je {1 m}, IBLHE
(A*)j,k = A_kj

7.8 Bl: —2x3 EEHLTEES

2x3%Eﬁ$(2 S 7.)5@ st BEMARSAELE, WA =4, K
S A R AMBE (175) BHIH 4B ).

3 x 2 HERE
2 6
3—-41 5
7 -8i

B PR AL R T A A T R B AR R A TR a9 85K, B
PR T R, SER: TS, MEFRIAN RO, &R
T WA —E T TR, PR RO,

7.9 T HYIERESET T RERMHIERE

ST e LV.W). Rer....e iV IBGLIESIE, fi..... fu S W INBLEIESSEE. T

/Zx M(T*, (f] ..... fm), (61 ..... e,,)) IEIL: M(T, (61 ..... €n), (f] ..... )) H’J %%Eﬁ %ﬁ%/_‘]
UL,
M(T*) = (M(T))". ;
IEE AR F, RATE M(T, (et ..., en), (fi,..., fn) 2 M(T* (fis ..., ), (1, en))

TR ERER, 275 & M(T) A M(T).

BB —T, M(T)WE k7|, TRIIE Ter TRAE [ WEARAGFEN—ZEMAS
AR AR B R R M(T) W% k ﬁJ. BH fireeos fu e WHHIEERE, A ULRAT 02 201
o Ter 5RA f W E44 [ 630 ]:

Tey =(Tey, fi)fi+--+(Tex, fu) fn-
S
M(T) 8 j AT k PI L& Z (Tex, fi).

N ERRA, BT HERT, HEWer,....en M fi,..o, fur BIEHR MT) B jATk
FITLE N (T froe;). KETF (fi,Te,), #TET (Te,, fi), MEBET M(T) t k4T j 7l 05
W g 4. Bk M(T*) = (M(T))". =

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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HIr R ER (6.58 AR ) 8T vV AHXHME AR v/ (78 3.110 i@ L) 5 FKR.
TEX—%[RERT, TH U CV WIER U MRT U EAT U0 R U & vV Tasi,
WAL —FFRRT, U U° 4ER s A [FS >k T——WU 3.125 il 6.51.

BTV WR—EMg, vy REAT @, EXAM R 5
AEFCR S WRIW WERERZ Ttk #AR. IAEARZMGHET, HAE
WL T c W — VST B 7w RRERNT AR T
V/O(AE 3118 g ), A RVRIEATT 28 32 IR, 153X —% R AT, null T Fl
range T* AN [ 7.6 (a) Al (b) ] BEEE null 77 Fl range 77 F)/A K [ 3.128 (a) F13.130 (b) ] 564—
B OMA, AR TR ERE (7.9) WHRMTAR T MHERERER (3.132).

BHET

WAE, FAHETEE S e AR ] E ST AR V B WAL PERST, 0
JEV BV R ERGS. IE—T, IXAERY S i O

710 EX: B (self-adjoint )

BT e L(V)RANBER, WRT =T

WRT e L(V) Hey,..., ey 2V IHEIESSHE IR A T 52 A HE 2 BACY M(T, (e, . .. en)) =
M(T, (e, ..., en)’. XAEH 7.9 HEFFM).

711 fl: RIFETHEEHREESSTEF
WeeF HTRF LWHET, HXEThRERRER 2

2 ¢
M(T)=(3 7).

T KT A AR R

Cc

mar=( 23],

K M(T) = M(T*) MHAY ¢ =3. T, BT HFESEMY c=3.

FAMEA ORI LV) FRORERETNE T 2T C L bsamfi . 5 o 2ot
MRS EACY 2 =2, AT (T=T") HAMTFI%
RAVEES, L EFrHemst, &x FFTeLV) a#, HARS
A AT — Lo BB ARk, B (Tv,w) = (v,Tw)
N L SLE e e SH A v € VB
W F = R, IBAMRYEE UM
HOESTA. AR TR 4455 E F = C K F ol A58,

712 BEHEETFHHIEE

H AT B B DR AL (E AR A2 S ).

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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R B TRV EHAERET. 2 ARTWEEE, BLvEVFERTv=0 HEERE.
ok

AP = v, v) = (Tv,v) = 1, Tv) = (v, v) = A||v||%.

A A=A, B AZLE, &7 (]
T ORI SR N T NARZS [0 5 R Bar . 2805, I8 SR s i A e 90°”
X—TFTe LR, BAT(x,y)=(-y,x). FEEH, TvIEXT v IHME—v e R, B
BT £0.
713 WA VEHE TV EXTFv & T=0({RIE&F=C)
WV EENBEMUKLT € LIV), 4

(Tv,v) =0XHE—v e VEII & T =0.

WER R uweV, 1A

(Tu,w) :<T(u +w),u+w) —(T(u—w),u—w)

N (T(u+iw),u + i‘vtv) ; (T(u—iw),u — iw)i.

H A AL A MR, EEE, FUNE-FRAHEAE (Tv,v) (veV) WHR.
RAEX(Tv,vy =0 E—veVHRERL, BatLXERE Tu,w) =0T H u,weV ik

I XERETu=04F—ueVHRIL (Mw=Tu) TET=0, &HFiL. [
BRI AEREMTRNRS S E R TARLFTRARR FH, TEEL

R, AR E AT — At SRS T XA

MR, FBREUEIIX AL,

714 (Tv,v) A v #REHN — TEREHM (RIEF=C)
WV RENBERIURT € L(V), B4

TZAMFN — (Tv,v) €e RXE—v e VL.

UERA R veV, M4

(T*v,v) = (v, T*v) =(Tv,v). (7.15)
TRAHME e T-T"=0
— ((T-T)v,v)=0xE—veVHRL
= (Tv,v) = (Tv,vy =0 xH{FE—v e V&KL
e (Tv,v) e RA{E—v e VA I,
HPLEANERXRABINT-T KA 713455, E=AFHhXx 2R (7.15 F3. |

TEFNRZEE V E, =D EERET T WFSNIA ve VIR (Tv,v) = 0. HEHE Tk
XARGREY], IARKELANR T L.

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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716 T BHEBR (Tv,v)=0F B Vv < T=0
WT 2V EMAET, B4

(Tv,v) =0XHE—v e VEI < T =0.

A AV EEARTEHEAGET, KMNELEAX— 28, AXRFBRET 84 (17.13).
FW RN T UBRIEV RERNREE. R uweV, BLH
(Tw+w),u+w)—(T(u—w),u—w)
(Tu,w) = 1 .
K DA AN RIER. HHEIREAE TR

(Tw,u)y = (w,Tu) = (Tu,w),
HEE-NETRIZENT B, F-ANFTRILERHHANAEENRZ ] EHEKE
WA (Tv,v) =0t —v e VAR, BHRX (7.17) WHENEG A LA (Tv,v) (veV)

R, FIUXESRE Tuw)=03FHuweV RL. IXERETu=0xF—veV#
oL (BRw=Tu) TZ, T=0, &~AFiE. [ |

(7.17)

EMEF

718 EX: IEM (normal)

o WHRZSIH] RSP IEMEY, AR E S ERIERET sck.

o WAiEL, T € L(V) ZIEMM, WRTT =T'T. .

BHAAETERIERR, XERN, R T Atk, IBAT =T, T&T M T 055 #k.

719 6. EMELRBHNET
AT 2 F EWET, HOCThrfERL R

2 -3
2
I T(w,z) = 2w — 3z, 3w + 22).
ZHEF TIEAZ AR, FOAHAERES 21755 1 9IMeE (55T 3) AETHE 11758 2
JIMICER (T -3) ML

TT* (RS T
2 -3 2 3 s 13 0
3 2 -3 2 0 13
KAHh, T*T WsEESET
2 3 2—3’%? 13 0
-3 2|3 2 0 13

R TT* FTT PFEREFARE, FRATTLLER TT = T°T. KHNIL T 2.

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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T, IAPEEBEE T A AR, TR KA At T X IEAE T
A —MRAH Y 21 ).

720 TRIEMPUEBENY 7v F0 T BISEEAEE

WTeLV), Fafi

TRIEME e |ITvl = IT"v]| M{E—v e VAL

iEFA
TEEHN = T'T-TT* =0
= (T'T-TT")v,v) =0 X {E—v e VH R L
= (T"Tv,v) =TT v,v) S —v e VA KL
= (Tv,Tv) = (T*v,T*v) * £ —v e VH R
= |ITvIP = IT"VIP A E—v eV ® T
= |Tv|| = IT"v|| A HE—veVHHIL.
e, RANAZET 706 kREILE -_ANENXAR (EREHEFTT-TT B HHMW). u
TGRSR T UL ESSIRILI S, T —ARERAY (o) AIATT )8 3 ML RiE
AR MR T R PEBERRHEE (MRS ) AR TR TR R INE ', MBch $2 0
FHEm R, PSR SRR UG AR R Em . SR10, T—RE5R Y o) £W, IE
U FVE R PEBEA 52 AR R A ARFAE 7]
W T e L(V)ZEMP, BLA:
(@) null7 = null T~
(b) rangeT =rangeT";
(¢) V=nullT ®rangeT;
(d) ME—A€eF, T -l #RRZIEHAY;
(e MR veVHAIeF, ATy =av BHY T =2v.

ERA
(@ &veV, aH
venllT & |[Tv]|=0 & [TV =0 & venullT".

PLES X R EABA d 7.20 2. E M, nullT =null T

(b)
range 7 = (null7%)* = (null 7)"* = range T".
Hb, E-MIEXERET6W), F-NMMEXEZARERLERN (2, F=AMHEXR
* B 7.6 (b).

"B RS TR EAE RS, NSRS PIATCREIME, SN R I R (R B SR

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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(©)
V=(nullT) ® (null T)* = null 7 ® range T* = null T & range T

He, F-MHEXRRKRE 649, FNMMEXRKRET60), FZAMEXRKREAE
R A7 (b).
(d) % A1eF, LA
(T = AD(T =AD" = (T = AI)(T* = AI)
=TT = AT — AT* + |A]*1
=TT — AT — AT* + |1
= (T" = A)(T - AI)
= (T = AI) (T - aI).
Ht, T-AIfe e 8. TET-AI ZEAM.
(e) kveVHAeF. i (d) 720 %75
HG—AUM=H@—JDWH=WT—EUw-
Bk, I(T-anvl =0 5AR% (1 -any|=0. FETv=0v SARY Tv=T0. ®
PR AR TR ERY, BT T — R 4PRWE T BT

7.22 EMEFHERFMERE

WT e LV) ZIEMAY. B4 T BRSBTS FRFAE(E A FRFAE ) 1AL :

EAR % o, B = T WA BRFAEE, MR WA 2 u,v. BH Tu=au B Tv =Bv. 3 7.21
(e), A Tv=pv. Eit
(a = B)(u, v) = (au,v) = (u, Bv)
= (Tu,v) —{u, T*"v)
=0.
AHa+pB, ILEREH (u,v)=0. HbufvER, @ AEIL. [ |
WAk, N4 TEF = C HMF AR SRMTEAT I8 12 4, WLLES—4
RIE F = C it f F = R AA E LRAS.
WF=CHTeL(V). ¥ LWV)ELHC, LV) ERERESIE C EEIH, IAah
3 (7.24) E XHWET AR B WHAS T T 1y “SGHK” R, XAE—Rk, DTS RIMAEE
AR T,

723 TREEHNH — T HLIPFEIAIH
WF=CHTeLV). Ba, TRIEMRKYHACYFAER 3P BERT A F1 B (i15

T =A+iB.

R H&, BT REAN. 4

(7.24)

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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o Afn B ZEEMNEAT=A+iB. TURKEITES
T*T — TT*
AB-BA=——F—. (7.25)
EATZENN, FTUEXRAMETO0. B, £F Af BT, i HFE.
HYEWG —FENERRR, AEBEGFEITRENEHEFARBERT =A+iB,
WALT =A-iB. B HAXHNRFHMBELRU 2, FERX 7240 F AWXTF, BTEXHAN
N FAHBMEFRU 21, F2IRX (7.24) F B F. IHF—%K, XN (724 #EEX (7.25. HX B
Fr AT RH, AR (725 BET ZENN, F AL

= S TA

1 %nE—FEE. EXTeL(F)H
T(z1ye52n) = (0,20, ..oy Zuz1).

KTz, z,) HFRIEA

2% TeL£(V,W). UEMH:
T=0 ¢ T"=0 = T'T=0  TT"=0.
3XTeL(V)MAeF. iEH.
AT RHHE = A& T WEHEH.
4 &TeL(V)HUZVHFZSE. EH:
UTET P — U-FET TAZ.
5%TeL(V,W). ¥ey,...,e, &V IHVEIESRIE, fi,..., fn e W HHBIEIERREE. JE:
ITerll” +- -+ | Teull* = IT* fill* + - + | T° frull
EXFW|Tell, ..., |ITen|l> ETAB FHEER K ey, ..., en, REMTIRM T ey, ..., e

M E XA, EMGFRIET e, ..., e, BEWTARNILIEEA.
6 X TeL(V,W). WEH;

(@) T ZHY — T 2

(b) T &l = T P4

(@) dimnull7* = dimnull7 + dim W — dim V;

(b) dimrange 7" = dimrange 7.
8 WA NmxnkfilE, HOLRTEF . HE 780 b) IEH: A PITFRSET A B95IFk

FR LR 3.57 A2 3.133 P A ZIEAE T, AMB R BAr 5 X2,
9 UEEH: V LAY AR T RRBUZ AR, X HACE X AN A ] Ac .
10 % F=CHTeL£(V). iEl: T2AMHK, HHY
(Tv,v) ={T"v,v)
YA v eV loT.

(ZMRE R IZXAEFE) (FHwhg ) Sheldon Axler [F] Fi&ik. {78 [#]
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11 EXETS:F> > F HSw,2) =(-z,w).
(a) 2K §* ByFIA.
(b) EM: S IEREAS [ £
(c) 2K S B A FHIE(A.
E F=R, /4 S 2 R> b “i#ind4tsest 000" X —FF.
12 7T B € L(V) ZHH (skew ) 2, R
B*=-B.

WT e L(V), WEM: TRIEMA, YHICYAEAET ST A T B i A 2 AR, B2
AT, HT=A+B.
13 F=R EXAecLLV)N: XNIATeLV)HEAE AT =T".
(a) 3K A WPTA R,
(b) 3K A Wi/ 2 uiL.
14 16 P,(R) F3E X—HMBN (p.q) = [y pq. EXFET T € LIP,(R) H

T(ax*+bx+c) =

(@ W AT, T AR AR,
(b) T KTHE 1, x, % (S

S O© O
S = O
oS O O

AR S T E R B, RS T AR AR, BN AR AT S,
15 & T e L(V) Al kR
(@ T Aff = T Aff;
(b) T IEM = T-' IEM.
16 X F=R.
(@) WEW]: Vv ERY AR RE SR L(V) B2
(b) (a) PEXANFFRPMELGEZ D7 (FH dimV FoR)
17 & F=C. W v L AR FARES AR L(V) 725
18 &K dimV > 2. kW vV EIEME PSS AR L(V) 25
19 & T e L(V) HXME—v e VERA TV < ITvll. WEH]: T ZIERA.
AALERRLENREE ERKR L, A5l E T TEEMEF ( hyponormal opera-
tors) . A THELT, CARZTENEL.
20 % P e L(V) ffifg P2 = P. WEBITFHIE:
(a) PJ&HAPEm.
(b) P iEIEFLM).
(c) fEFEV 2500 U ffif5 P = Py.

207 ASCARMGRIRIRERE (T2 A+ A = 0 FOAERE A ). TRIXFR (skew-symmetric ) ZEFE XM XS FK (antisymmetric ) ZERE, 21
M, XFPRF SR BT

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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21 % D : Ps(R) - Ps(R) JEE XN Dp = p’ WA T, WEH: Po(R) LATFERER D ik
IERETF RN AL

22 B —fl. BT T e LR®) IEMUEA A FE.

23 TRV EIEMAT. #v,we ViR TSR

Vil =lwll=2, Tv=3v, Tw=4w.

W IT(v +w)| = 10.

24 & Te L(V)H

1 m

Ao+ a2+ WP+ +am 12" +2

& T WE/h2iizl. B, T /N2
To+Tiz+ @B+ +ama™ 4+

ABER, WwRF=R, RL2T HRDERAXFTT RN ERAX.

25 W T e L(V). WEW]: T RXfAfl, SEACY T 7D k.

26 i u,xeV. EXLTeLV)N: MME—veVHATv=(v,u)x.

(a) WEH . WR VoSt s, I8a T A HACHA u, x PR
(b) WEH: T IERL, MHEAUCYL u,x PG
27 W T e L(V) ZIER. UEW:
null 78 =nullT Ml rangeT* = range T
XHE—TE AR & BB

28 W T e £V) RIEF, WEWT: WA F, TBA T MR/ NETR AR (x - 0) TR A,

29 WERAERGE — il AR T e L(V) H VA —HEIESS S ey, .. ., e, 1F [|Terll = IT* el X
fT—k=1,..., n WAL, A T ZIERL.

30 T e LF) BRIEMMH T(1,1,1) = (2,2,2). ¥ (21,22,23) € nullT. WEW]: z,+20+23=0.

31 %€ —1EEBH 0. (e [-n, 7] FRMGESIMEREOIN . BRANR(f.9) = |7 fg N
s, &

V = span(1, cos x, cos 2x, . . ., cos nx, sinx, sin2x, . . ., sin nx).
() X De LIV) N Df=f. WM D*=-D, HHB45E: D IEMEAR AL
(b) EXT e L(V)NTf=r" EW: T REAMEM.

32 WT: V- WER—LMEYS EW: 75V IV BPRESFSCR (W 6.58) LIKAHNA W
MW SRR, ERERSS T 0 W — V X8 FXHEBUE 7 0 W — v, EE b,
R

T'(¢w) = 1w

XA we W o, He o, il or., 416.58 e X.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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7B & EE

MIE— & s X AN AZIME AL 0 7R Vv BB T VIR I X A
Rt phk Xt LAY, XA D02 HAN Y VA5 X7 BORRAE ) R 2 S A 2 e A
(W 5.55).

V FERFHE T, SEET V FRENCSEER LA AEENE . WIE R XsE T,
FLRFE ) T FOR AL V RS IE S, A IRATA B bR, TERH LA 20 i e 50 1 3%
H——p8ih, M F=REXEEFIAFERT, X F = C X7 IEE T

FEXT RS ] B FREsT T, 3 B RS I TR, EFERe e i JoRR 4y s
fi) | 3t ——fln, WAERE R COUEE . B9 5555347 ) ( Measure, Integration & Real Analysis )
—PEIEETT 10D——FEIZ BT PR E] T OCHAE.

i T B 25K T F, Bt AR PR3 e B R 43, 43 BIRR Ry S e AN &2 3%
.

LiEEE

EMI SR, FRATT RSB AL B AL PR ) AL, R AE
S E AT R T EE ).

RETFH PRI, AR VR R RS, AR R IR, RS
HIERGIER. FUATT S, % bc e R H b2 <de, 4 x 328, I

2
x2+bx+c=(x+g) +(c—b£) > 0.

R, %+ b+ R— I GOARHE RIS TR TH#F =R AR,
HBAE 07 FEE A TUL). SR x B E ST (IR S2B0R A P ),
BT R I ARG

wWTeL(V)ZEE/HER, Hb ceRFE D <4c. WA

T? +bT + ¢l

iEE Av BV HWEEEE, 4
(T* +bT + cDv,v) = (T*v,v) + b{Tv,v) + c(v,v)
= (Tv,Tv) + b{Tv,v) +c|]v|]*
> ||Tv]* = BTV [vI] +cllv])?

bl vl b?
= (o= P - S e

>0,

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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HEE TR IEEMAE-HBLEZAER (6.14) BEW K E—NT%E5E%RE (T*+bT+cl)v #
0. FHT>+bT+cl 54, XEREFECAZTHN (N 3.65) ]
P X 2R R R TR A TIE BH S a8 BRI FH A G T AL

727 BEHEFHRNESTR

WT e L(V) ZHAFR.IBAT BIRNZHXET (2-41) - (2=An), HB 4

IR Bk, " F=C. THWRAZAANEENT WREE [RES527@) T WHIAR
MEEA 22 (R 7.12). HMARBEEAZTENRAZ (L4.13) FFRBATT & /D Z A
EHETE AR,

AEBREF=R. IR LN ZAX0M (W 416) 7, FEA,..., An €eRF1D, ..., by,
Clyenes ey ER (HE— Kk #H b2 <4de) E/RT HRANFZTRET

(z=A1) - (z- /1m)(z2 +biz+cy) - (z2 +byz+cn). (7.28)
HemHNTREFTO, et ZRAMEHRNA. XHFE—kK, BA
(T=0) (T =2, )(T* + 1T +ci1) -+ (T* + byT + cyI) = 0.

RN >O0, AW2RKANTUN EXAAE BT T+ byT + oyl (B 726 TRt hT#EF)
W, XFERAWT WERIAMET 0, EHAHRK (7.28) K 2, XF&kNLZIHAR “KHEK
AN WERAEEE. ALK HE N =0, XERER (7.28) ¥ RN FFREANH A E
(=) (2= Ap), @ AL, [

P B2 RER] 5.27 (@) 2500 T “BA AR FEA A" X —amdl. 50 R, RATER
TRMEERPIESED], AEEFA LSRR & DI R — 4.

TR FAR, BEMREBPHFEEHZ — B 7SRz L A A
T .

7.29 SLiEFEIE ( real spectral theorem )

BF=RHTeLV). IBLATHER.
(@) T =& .
(b) T KT V I FIIE IE S IAT X AR,
(c) VA T WRHIE ] A8 B TS 1E 58 3.

@

IR HEBL () oL, AT REMEN. RIE63TMI2T XFHAHEXRRNSTRMNER,
AETAXTVINEAMMEEREE L= AR A TFTX—NCERE, T WEMEEZT AR
WEE., KT, T'=T. Bk, THEENHRESETTWNERE. XENTHEERZ =AM,
A BEREZREEM AKX EF T HFOTEANO. TR, TRTEX-HEERENEREE
AR Fi, (a) i (b).

HR, AL (b) KL, AT XFVHREANEEEAMALEE. XA EEFR
CHHEBAE. FIUXTAANE, T"WEESTTWER. TE, T"=T, L% (b) & (a).

(b) #1 () ZI W EM KR, mEXTH [ 5N 555 ) Fr (b) FMHIEH ] [

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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7.30 fl: —HFHFE@EMMHAEESLE
FER ERET T, HIER TR )

14 -13 8
-13 14 8
8 8 -7

PR T A S E TR S, BT T & A ER. TR,
(1,-1,0) (1,1,1) (1,1,-2)

V2 V3T 6
e R WML IESSHE, Bl T BORHIEI B4R, CTIXANEE, T BRI E X f AR
270 0
09 0
0 0 -I5

SR BRI L T A — AR RORRAS WA L 17.

Btk EE
TR REIR, A mMA 7 NARES (] E I IE RS T
731 £i%EIE ( complex spectral theorem )
WF=CHTe L(V). BLTHEMH:
(a) T ZIERL.
(b) T KTV ARG E ST HAT R A R .
(c) VB H T WRHE ) & A4 R R TE 5SS L.

@

R E B (@) Rar, AT ZENM. BFRTE (638), FEV IH—ABERE

er..nen, ERTRXTEHLEZAER. TERNTUEH
(257 BN 43 W)
M(T, (e1, ..., e,)) = : . (7.32)
0 An.n

FATHAE U1 2845 1 52 % b 5 4 46 .
FATM UL L 346 1 T D45 3
ITerl? = |ara|
IT*e 1P = |awa]” +|ara] +- - +|ara]"
BT REHE, Fiod|Tell = Tl (1.7.20). Eikpbl EHALRTE, & (7.32) F
WA — TR T % —ATTE an, TR0 4R 0.
K-k, RT3 HET

2 2
ITexl|” = |Cl2,2|

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



206 %7 F AREE LT
(AHRNEL—BILHAT a;,=0) f

1T esl|? = |azs|” +]azs| + -+ +]aza|.
EATZEAME, I |Texll =T el Hibm A EBANFERTHE, X (7.32) HHEEE AT
BT A AL TCE azp TR N 0 SN 0.

Bex AT Nk T &, RATT USR], £ (7.32) AT ALTEAFT 0. Bt (b)
&AL, gt K T (a) ZIE (b) BYIEFA.

HEBZ O KL, WL TXTVHEMEERER - AEE. BT 04 %L
F, AURE T (XTE-ANHE) hEE,;, TET WHENAERE. EEFHNAEEA TR
B, NTITAT [ H, BT REMN. #AER, (@) RIL. KXW TERT (b) B (a) B
IE 9.

(b) 1 (c) Y E MK R, dE XTHE (4 5.55).

KT HIRZE R () 2 (b), PITEAT I8 13 F1 20 38 HA 7 A UERA.

A9 2B 14 R0 15 A S I A R AE S ] AU TE S LN, SRARR S i BRI L i
TEH.

Sk R R TAS L — TR, UL 16.

S E A E AL A MR RS ) R IE ST, T R I S 3 A
fb. HETORMPIF 2T X — 5.

7.33 . —EFRISEREMRPIMEERE
ZEETT e £(C?), HEXHN: T(w,2) = @w—3z,3w+272). T ( ETHrEdt) MsEME N

2 -3
3 2 )
WEANFRAIAER] 7.10 WL, T R T

TSR E,

%(i, D, %(—i, D

2 C RREIESSHE, Hilt T AOFRFAE ) AR, T RXANE, T BB P2 A

2+3i 0
0 2-3i]

= 3l 1B

1 UEW]: RSN R IERSA T2 AR, S HACE BRI BT R AE(E S SR

BRGR AT EMGIIRT, AR T AT A 552 069 £ k.
2 WF=C &TeL(V)RIEMMW, HRAMHEHE. EW: T 2ESEHET 1R
3WF=CHTeL(V)ZIEMM. IFH: T RREEFTEREESEET (0,1}, MHEACY
FAEV T30 U i3 T = Py.

(ZMRE R IZXAEFE) (FHwhg ) Sheldon Axler [F] Fi&ik. {78 [#]
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4 JEW . ENBEEE ERIEE A CREVAETHAERERI 7O ), 24 HACS S B FTA FRIE
HHELEE (BRI BN SSHRESE T 0).

5 JEMHEA H— ] AR T e £(CP) B XHAE T, A T (EF@H N ) BIE
HLAY.

6 & VIEENMZSN, T e L(V) 28 7° =T WiFHEF. M. T 2HHEME T2 =T.

7 i —B:. SRS ENEF T AT =T T £ T.

8 WF=CHTeL(V). iEW: TZIEMD, HHACYE T WEFHE R EEGE T 1FHIE R &.

9 WF=CHTeL(V). iEM: T EIERK, JHACSHFAE—ZT p € P(C) 15 T = p(T).

10 % v 2ENRZREL JEH . Vv BRI IESE FARE TR,

HTSeL(V)#RATe LV)HEFIR (squareroot ) , 2o S>=T. X THFu-F
Tk, BAEAEFY 1C A2 8C b E S 8 N A.

11 Gk V B B AR T SL TR,

HFSeL(V)#HATe L(V)WILFR (cuberoot) , 4R $°=T.

12 %V EEmEEE, HTe£(V) BIEMM. EW: RS2V 5T s, I8
2 S FIT* Al 3gffe.,

KA 25 R AR N G 45 2152 3 (Fuglede’s theorem ) .

13 ANHE S, i HE K B F A ] S8 AR (6B 158 20, B E =
(T, T*}), A ZAERN S —IEH: MR F=CH T e L(V) ZIFEHM, IBAT KTV K
AR IE SE S X £ P

14 & F=RHTeL(V). iEMH: TREAMN, SELCY T X T A FREIEE R ) 7
WEsE, HV=EWQ,T)® - ® E(,,T), Hi A, ..., A TR T WA FRFAEE.

15 KF=CHTe L(V). UWEM: T RIEMA, HHACY T BT A FIRAIE(E R RFE ) 5 P
PIER, HV=EQ.T)® - ® E(1,,,T), HHA,..., A, Fm T BRI

16 & F=CHE&ECLV). iEH: VAMEIESSIEMES & MR nZ T ERA XA
M, MHICYXSTHA S, T € & # S AT JEn] 38 il IEFLUE T

AWK AR AY EE T TRRENTFEET.
17 % F=R H & C L(V). iEH: VA NIESSEMSS & TR Iu R X T ERA XA
M, MHICYXSTHA S, T € & #A S AT JEn] 38 iy F AT
AR RER BT R T TR AL TR P.
18 25—l iRl V, BT T e L£L(V), VRS b, ¢ (b2 < 4c) 1115
T2+ bT +cl

AT
AME, FEREZEERA T, 720 F “T 2 BIEM" X — B4R aM .
19 % TeL£(V) AN, URVIET FAZRT25H.
(a) IEH: U 16 T FAZ,
(b) IEM; Ty € L(U) & ATEH.
(c) WEBH: Tly. € L(U*Y) AR,

SUHR T € L(V). T = -T.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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20 % T e L£L(V)JZIEME, UV IIET FAZER T2,

(a) JERH: U+ TET FAA.

(b) WEM: U FE T FTAAL.

(© UERH ; (T|U)* = (T9)|v.

(d) WM T|y € LIU) M Ty € LIU) EFET

AT R T4 Fik R ey L—iE8] (*FdimV B FEME, mALERF T A4
ERE” X—4R).
21 & T2 ARYEN RS [ LA HAEE -, H 2 M3 02 TCAMFHEME. W
T? - 5T +61 =0.

22 —Wl: T e £(C?), 2 F13 2 T AR, 1 T2 - 5T + 61 #0.
23 T e L(V) RAMM, 1eFHe>0. EfffEveV, i |v=1H
[|1Tv —Av|| < e.
WERH: T HRHEE A 15 A -2 < e
ABMER, ST ARETFTmE, M RBE T AL R ARFIEMEGEX, A2
C AL THAEE.
24 WU RABRYEE2sE], T e L(U).
(@) B F=R. U TREAIXAMN, SHICYHAE U — D305 T XA
P25 T A
(b) W F=C. iEW: T2 XAy, SHEACYAEE U — D0 T TR
P 5 LA A T R T A 1.
A 5.55 Br b T At — RIVFMFAF L EXRmT — 4.
25 T e L(V) HVA-HIESL S e, ..., e, B T XN THRHEE A, .. ., Ay BYRHE 7] E A
B R AR ke {1, ..., n}, IBathif T R

%kek %/1](7&0,
0 %/lk:().

TTek =

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]
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7C E&EF

734 EX: IEEF ( positive operator )

[T TeL(V)FRANER, MRT ZAMFNENTGEveV A
(Tv,v) = 0.

&

WER v BE mzsh], IPAL g X “T & BN X —4 0T DL dst (AR 7.14 ).

735 6. EEF

(@éﬁ?ﬁ“eLW%%ﬁ@(%?ﬁ@%)%(

2

T).%ZT%a&m,wa

<T(w,z),(w,z)> = 2|lwl* = 2Re(w2) + |z* = |w—z* + [w|* > 0 X FFH (w,2) € F2 Ji{

S I T R IERET

(b) W U &V ITFEN, IBAERLE Py RIEE T, RNIZEIE—T.
(c) BT e L(V) ZHLER), H b,c e RIIFS b? < 4c, IBA T>+bT +cl EIEHE T, 117.26

LR B 7.

736 EX: FFHR (square root )

HWFRMMNATTHERR, MR R =T.

737 il EFHTEAR

ﬁn% T € L(F3) XHES(jﬂ T(Z1,22,Z3) = (Z3,0, 0), %B/A\XHEX%? R(Z1,Zz,Z3) = (22,23,0) E@%:
T Re LIF) T W—AFIrR, o R* =T (4RA] LIKIIE ).

FEP ORI ZRA R PR IES T RORRE, X
BT C HPARSCERE. BRI, 2 € C
RS HOCHEAARTOFITR, XX T4
@ z BT HACHEA LR, XX
BT (e); z ARTHHACHAFAE w e C il

B A EFTF R TR fidk, Prvk #4569 RiE
B RET R, A FEERN—]
FRZ Ay B FH T, A BATAE 5] 1R — 4
FRMGTEFEEEF” ( positive semidef-
inite operator ) , &&= “EHFF" —AHF.

itz =ww, MRLTRA ). SEMHT HEFRIERT M50, WAT > 20.

LT e L(V). IRATIEN:
(a) T RIEH T
(b) T AR AP FEEAR A,

(d) T AIEFHH.
(e) T A HEFEHR.
f) FEAEHA R € L(V) f#i15 T = R*R.

7.38 EEFHHEE

(©) KT VA BEIESSEE, T BREFEER AR B A AU AR %L

(BMRBRZXAEF) (F i)

Sheldon Axler [%] RA&ik. 78 [i%F]
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EHS RATHEH: (@ = b)) = (o) = d) = () = () = (a).
HEMBE (@) KL, AT REN, 4R EAETEEHN (REEFFHEL). i
) Flm—FK, RAZTWHHEE AvETHWAETANEERNE. A2
0<(Tv,v) ={Av,v) =A{(v,v).
Bb, A REFRE. T&E, b) &KL, ©HEKHA (2) BT (b).
RAEBE (b) oL, AT BHEFAFEEESR. HEEE (729M731), VE-AE

FXx#e,..., en BT WHAEEEHAK. A Ay, Ay BT NFPT ey, ..., e, WAL, B4
BMuBREAE TXTe,..., en BIEEHEZ UL Ay, ..., Ao A ALTRW A AR, Xk
B (b) 27 (c).
AABK () KL Key,..., en BV HHEERE, /T 2 FTALWEREZN AL
M, BxtA& EREREA,. .., Ao, BLEBRSTEIIE (34) (&, FERec L(V) R
Rei = v Aeex
ME—k=1,..., n AR, VRM BEATIGE, REZEHTF. Moh, H R’er = Arer = Tey MHE—

k# KL, XERER =T. HAl, RETWEFFR. T&, (d) KL, XN (c) B (d).
BANAEETHZOREY (REELTFHEL), T2 ) EF ().
AEBRZ @ ML, BNV L EE—OBHFAFRER/T=R. LT=RR(E}NR =R).
T& (e) & (f).
BJE, B @) KI. ARe L(V)#EBT=RR. #4 T =(RR =R (R) =RR=T.
TETHEHW. BiEA @ RIfZEZ-—F—FEE
(Tv,v) = (R*Rv,v) = (Rv,Rv) >0
ME—veV AR, FIT REIEH, XEW () EF (a) [
B R B ME IR AR, ORI AR A R RV E A R M.

739 SNEEFHRE—NEFHIR

V R IR T HRA ME—IEF TR,

Q@

A % TeL(V)REW. #veVETHWHERNE TEFE-EKA20MERTv=2v.

AREBETWHEFHAR. KRAVMEN Rv=  —MNEFTFTTARLG AP (22E
Vv, XE%#H R M T B ERENERE METREA-AREN) . Hlde, R
RN, EhVEEAETWEEEE dmV > 18, VEHEFETHRALY
YR ME (RAEEER), FlxExERE  FOFIR

M — A T Y.

AT Ry = Nav, EEEF, EBERE V PHEAER R WAERE 4K AEER
Hep,. .., en. BARZREET, FIUACHTARMEEER. BRFEERIA,. .., A, R
Rey = Ve SE—k=1,..., n R L.

HHep,..., e, =V E, FrUEMNTUT H

v=ae +---+aye,,

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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Hda,. .., a, €F. Hb

Rv :a]\//l_lel +---+an\//l_nen.

W=Tv=R>v=adie; + - +a,d,e,.

ERKN

adey+---+ayde, =adie; +---+a,d,e,.

i, ax(A=A)=0xF—k=1,..., n#@KIL. =&

V= E arélj.

{kl/lk=/l}
At
Rv = Z akﬁek = \ﬁv,
{k:/l/(=/l}
i FLAFIE |

oI LRI AREEA, T HE X ME A TR

740 2= VT

XFIERT T, VT FR T M IEF IR,

741 6. EEFHEFIR
7 (HAEFIRNOLESARE) R LEXHET S, TN

S(x,y) = (x,2y) M T(x,y)=(x+y,x+Y).
M2, KT R (bR, BATH

0 11
M(S) = 2) i M(T):(1 1). (7.42)

XPIAFEREERSE T A RV S, Rk S f1 T #E B AR,
W (x,y) e R?, A4
(S(x,y), (x,y)) =x>+2y* > 0

H
(T(x,y), (x,y)) =x>+2xy+y*> = (x + y)2 > 0.

R, S FIT HRRIER T
R HORRUERIE T S AORFE R RALRATIGE IE 38, VE# 5
1 1 1 1
(& e
S T IR (R A M IE S, Horb i — MR B M L REAE (6 2, 55— iy
FAEMA 0. P VT RORHERIE S T ORI, TTRFAEE S V2 A 0. ETRE

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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TS IER LA X SR I F O s (7.42) hERERE, OF B R BRI IR0
TARERERRERE, AR AT DAL -

1 0
M= [ g 5] ()=

T ORI ARA R FRIRIFAW ST, (BRI AIE AR bt M T T RS T A9-F
JitR.

743 T RIEHHE (Tv,v)=0 = Tv=0

Sl 5l
Sl 5l

WTRV ERIERETH v e VIEE (Tv,v) =0, IBA Ty =0.

iERA
0=(Tv,v) = <‘/7\/Tv,v = <\/Tv,\/fv> = ||\/Tv||2

F&Z, NTv=0. Pl Tv:\/T(\/Tv)=0, AR [

= I 7C

1% TeL(V). iEH: W T M -THZIERT, IBAT=0.
2 WHT T e LIFY) (RFArfERL) YRR Z

2 -1 0 O
-1 2 -1 0
0o -1 2 -1
0 0 -1 2

WERA: T 2] ER T
3 n RIEERE, BT Te L") (ETHER) MEMEMSITRESN 1 IEH: T 2IERT.
4 Ben BEE, n> 1. E: FFEnxn 5655 A, HETACEMMIERH A=A, (H&F" -
(ORTARMESRE ) DL A MR A ZIER T
5T eL(V)ZAMHR. WM TRIERT, SHICHYS TV IE—REELEe, ..., ens
A M((en,. . ., en)) X FALITER 2 AR AL
6 UM V EPIERFZAEIER T
7% Se L(V)BAWIERET, Te £L(V)RIEET. L. S+T Al
8 T e L(V). EM: T RIERT, MHACYH TT ZIER T
9 W TelL(V)EIERT, Se LW,V). M. TS & W FRIER T
10 T2V EMIER . Wv,we Vil
Tv=w H Tw=v.
WEH: v =w.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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11T RV EMIERET, UV INET FTAENTER. EH: Ty e LU) 2 U LWIER
¥.

12 T e L(V) ZIEET. WM XIFE—IE8H k, TFAEERT.

13T e L(V)ZAMFH, aeR
(@) IEM: T - ol BIEF T, MHACY o /NFSRET T RN RHIEE.
(b) WEH: ol - T BIERT, MHACY o KFHET T WAFHE.

14 TRV EMERET, v,..., v € V. EH:

z’”: z’”: (Tvi,v;) > 0.

=1 k=1
15 & T e L(V) Z2AMER. WEW]: fFEIERT A, B e L(V) {15

T=A-B H ~VNI"T=A+B H AB=BA=0.
16 & T2V ERIER T E#:

null V7 =null7 H.  range VT = rangeT.

17 BT e L(V) BIEFET. WEW: FFAESRBETE p i VT = p(7).
18 W ST &2V FWIERET. ¥ ST ZIEE T, MHEAMY S F T njscfh.
19 GE]: F? ERQESESR T BA IO 2 B AR,

20 X T e L(V),e,..., e, &V BB IERC L. JEM : T JRIER 7, B HACKIFE vy, ..., vp €V
fiif
(Tex,e) = (visv;)
XA jk=1,..., n J8OT.
{U@xﬁhﬁ ..... AT X THEE K e, ..., e, WI4EIE T %,

21 BEn EIEHHL nxon ARIEEHERE (Hilbert matrix ) , 25 j 175 k SICRA 1 1)
nxnHilE BRT T e LIV) KTV IR HNEIE SRR HIE nxon f - ARRERE. JiE
W T AT IE T

Bldm: 4 x4 A RAGATFE IR

11 1
13 3 3
L1 1 1
2 3 4 5
1

L1 1
3 4 6

1 1 1

I
15 6 7
22 T e L(V) BIERT, ueVIE lull =1 H (ITull = |Tv|| XA vl =18 v eV ]T.
WER: w2 T BYREEm X0 T HE KA R

23X FTelL(V)MuveV, € u,vyy N uvyy = (Tu,v).

(@) WT e L(V). WEH: () 2V EME, JEMCY T 2 CGCTIREN G /) 7]

WOEHE T
(b) WEH: V ERE—NBERERA ¢, BB, HPh T e L(V) BRAAIER T

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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24 W SHT RV EMIERT. IEM:
null(S+7) =nullS Nnull 7.
25 4 Tt TA 720 31 (b) MY PR S5 7. Ikl -T 2iEH 1

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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7D ZEEEMRET. X IEEFEMESFE

& PERR ST

PREFOE LB e 2, (HASA BT
744 TEX: HFEMLEGT (isometry )

LRPEMT S € L(V, W) BiFONSEEERRET, QSR
ISvil = 1wl
XHE— v e VARSAL. #AgTEE, PREF B P il A5 T

&

WS € LV, W) RIS H v e v A BE#E£37 isos & A48, metron & 4 &
#5 Sv =0, A vl = [ISv]| = 0] =0, X %, FrvA isometry 89 5 & & &3 A E 248

A

ERE v =0. PIRASFHBUR AR . E

745 6l BICEEZEMFRMNEERE — FEBSG
Wep,..., e 7 V RURTEIESSEE, g1, ..., gn = W HIHEIESZ. 4 S e LV, W) &ff
BAE—k=1,..., n A Sep = g WIRNMEMLS. THEIUER] S Z5FEMLN. BveV. IF2H
v=(v,en)er+---+(v.en) e, (7.46)
D93
VI = v, e P+ + (v, e (1.47)
HARFATHE T 6.30 (b). K SAEHITE (7.46) BN, 1521
Sv={_v,e;)Sei+---+(v,e,)Se, =(v,e1)g1+---+{(v,e,) gn-
A,
ISVIZ = 1(v, e P+ + (v, en) ] (7.48)

SR (7.47) TR (7.48), FIAN vl = |ISv. ik, S EEEPERLST.

T—2REE RGN T CHELM MU E AR LR AN A, () B (o) M R KW, 4
PEB SR AR L Y HACY BRI, () BT (d) AR DR IRI, SRt 2 A5 PR i S
2 HACY AN IE A FEM S A B IEAC 2. R 7.45 s T Fr A SSEEL), Bk —2
WA, LRPEMSREIEMU, Y HACY B R R I A AR A LG E 2 H—— H (a)
HI AL 5 B I T3 e, .. ., e, MEHL

TR R, (@) B (o) AN R R KRN, LNEWUGHESFIEMUR Y HACY e (O THE:
—HIVEIEREHE ) PRSI R — RV E IE3C . X LIRAT TS m x n FERE Y5 S5 H T F oK,
SR Fm LR LA R,

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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749 SERERRETHYFFIE

wSeLV,W). Ke,..., e, 2V HLEIERE, fi,..., fon 2 W BB IESCRE. R4
T AN

(a) S BAFRRMLG.

(b) S*S=1.

(c) (Su, Sv) = (u,v) XI A u,v € V {oL.

(d) Sey, ..., Se, & W HFHLEIESC 4.

) M(S, (e, ..., Gl Uilloac oo fn)) BIGIEE Fm A5G TR LELAS A AR A A TE S 4.

IERR H Bk (@) L, A4 S BEFEBRSE. wRvev, 4
((I=S8"S)v,v) = (v, v) = (S"Sv,v) = |[v]|> = (Sv, Sv) = |Iv]|* = [|Sv[|* = 0.

TREMETFI-SSET0(RE7.16). BHS*'S=1, LW T (a) 3T (b).

AR (b) R, A SS=1. WwRuveV, A

(Su, Sv) = (S§"Su,v) = ({u,v) =u,v),

LT (b) ZIE (c).

AV () L, A2 (Su,Svy = (u,v) 3t A u,v e VR, Bk, wE jke{l,..., n},
A 2,

<Sej,Sek> = (ej,ek>.

TZ, Sei,..., Se, =W FIWHMEERH, W T () 3% (d).

%E{E{iﬁ(d)ﬁiﬁ,ﬁﬁz Sel ..... Se,,;%W EFQ"J%W_,%E?E?H,%A:M(S, (el """" en)7 (fl ~~~~~
wR kre{l,..., n}, A4
m m m 1 Ek=r,
D AjiA;, = <Z A,,kf,-,ZA,-,rfj> = (Sex, Se,) = N (7.50)
j=1 j=1 j=1 0 FHk#r.

R (750) EMZ AWE k7 r FIEF FRMR. FHib A WP R T F" FHHTEIER
M, LR T () BZIE (o).
AL (e) oL, Ab 4 b — B LN EE [ A W 7| % i T o 8 #0318 28 40 38 4 X, (7.50) &

0 Seq,. .., Se, & W Bty HL36 I 28 4. F L, ARAE ] 7.45 (Sey, . . ., Se, S FTHFWg,..., gn ),
HESEEERA, EHT (e) B (a). [}

HLNEWIN AN " M AR, WA IR 1 11 L

KIEEF

TEA/NT, FRAPRAE R FRAITE M 1] 125 [A) 21 ) S mispr. #em)ifise, FRATieA T
751 FEX: XIEEF (unitary operator )

T Se L(V) PR N KIER, WER S 2l di2F ).

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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FIHHES, A 2 R n . T BRAMTAREARTA LGFFRE, 4
A BRYE [ 23 18] b A 2 R el B (unitary ) 257 3E (isometry ) £ Fl—A&
() (W3.65), “VEARMENRZR g B ARG, A ERT a2 S kg
AT BT — B, EHIRATAT A o B8 S, W IEr 6 2 w2 5 —
Hf5E LR 2 <Al —i, MABER S (TRARS) @2 aE.

S HBCRRER T BRI, R T E B, e A E A R
eSS ]I, 3B AR I 2 1 A2 S

7.52 f: R® HIiEs:
W 6eRHSREF ERRET, HXET F AbRIHERERHER 2
cosf —sinf
( sind  cosé ) .
IR PIFIERL T F? hEREIEAZEH, Toe S 2SRt [ 40 7.49  (a) 1 (o) 045
MmRFR] Wik, SELXEAT.

WARF =R, a4 sEL R WRGEREER 0 %" X —51. WERX—x, fiE
AT —F T2k § 2 2 A RS ——D O 58 R? A0S 2 R T .

TREE R (7.53) I T “REFELERT" WIS &M 7.49 HETASH T 4
NEBUF 2 S BEU” SR R ROZ AL BRILZ AL, 7.53 Rl T o — S, X2
PR FAT T 1 91 T R 7 DA o) 23 () 21 B B PR 2 b, filan, 7.49 SRUIZVE it
S e L(V,W) EEIEM S HAVY §*S =1, 1 7.53 FWE T S € L(V) BLERTHHNY
S*S =88 =1

7.49 5 7.53 M2ZEREA : 7.49 (d) FERIZAEIEACHL, 1M 7.53 (d) $ER P E R IESCHE
7.49 (e) $EENRE M(T) W51, i 7.53 () FEBNHIE M(T) BIFT;5 7.49 (e) T M(T) Z2XT V
H—ANRVEIE S A W — N EEIE RS, 1 7.53 (e) H I M(T) BT V iF—AN 3L
— XA B AR TR

WSeL(V). Ke,..., e, BV BT E S, IR AT A&, .
(a) S ELIERT.

(b) §*S =588 =1

(c) SAIWH S =5

(d) Sey,..., Se, & V BHIVEIE A 3L,

(©) M(S. (1. e,)) FOFTIGHR B o TIL A BRI E A I,
) §* RLIEHT.

Y% (@) R, a SELEETF. T&, R 749 F (@ F1 b)) WENKZ, A
S*S=1.

EXWMEHARS TH S =5 FEWSS =8S!=1, FIELEREE, #1 (a) 2F (b)
1B,

(BHRH M IZZAES) (%R ) Sheldon Axler [F] R8Ik, 4T [#F]



218 % 7% ARETNE L ETF
]t i LR, (b) I (c).

AR () Ror, i SHHHE S =8 Hik, S*S=1. TE, i 749 & (b) #
d) WEN X &, 1% Sey,..., Se, =V PWHMEERH. IANAHANKE XET dimV, Hit

Sey, ..., Se, &£V HEIERHE, W T (c) 2% (d).
WA ) R, F4 Sey,..., Se, EVMAMEERE. 749 F () F1 (d) WEM * &%

WS ELZEZTF. FEM
(5°)"S* =SS" =1I.

HpgEg—NETRIL, RENRMNEZENT AERFH (2 HiF (b). EXF 749 % (@
f1(b) MK FRN S REEWA. FHH, M(S (er,...,e,) BRI K T F* 8y HL3E E &
[RAE 7.49 # () 7 (e) MK R ] M(S, (er,...,en)) BIATIE M(S", (1, ..., e,)) B H7 R 3E
. EH, M(S,(ers. .. e,)) BATH R F" LB E R, LA T (d) 95 (o).

AABK (e) RaL, Aa M(S (er,..., e,)) MFITU K F" (LT E K. 7.49 W (a) 77 (e)
ZREWENRARA, ST REERS, EAT (o) BH ).

RAEBEZ ) ML, LS RLERKTF. AX—FRY, BMNCKEWNTWEEX ZEXR
(i (). S MAX—FR, TiEW (§) Z2EHET, WHEAT ) HiE (a).

BATEAT @ = b) = () = d) = (6) = () = (), ATZEATIEH. ™|

BB — T IFATHIE) C 5 L(V) ZIERIZKEL. 7EX—KILT, B XM TRT S e L(V),
XTSI (2 =2) XMW TAMET (S=57), MEAEFREBXN T (BB 251 ) £
T

C i — AN EERNTEZBN (unitcircle) , HEE [z = 1 FEE L. |z]=1X—
FMFFEN T 22 = 1 XM ERAIRILT, IMT §°S =1 X—&MF, FHT S=EALIE
Hy. TR, X—KHERY], CriPRYSAI BRI T 2 IR TS, TR T ORI M4 R
H, X RIARETE T L IER FRORE(E B X 2R IR 5 — 07 WL 2J 8 15.

7.54 AXEHEFHYFEESLEIMER |

B AR LIERTRREE, R4 4 =1.

R & SeL(V)RAEETFTHARZSWEMEE. AveV (v£0) R Sv=av. LA
[ vl = llavil = ISvi = 1IvIl.
F, |4 =1, & RAFE. [
TR RGIR, DI e oy 2 TR, 2w A R4 WA ] ERY L RS

7.55 XERNRTE LKL EEFHHEIE
WF=CHSeLV). IBaFIE.

(@) SEZIER T
(b) fF7EV B—HIEIESCIEH S AL R A, OGN A RFIE(E A 2 X BRI 1.

(BRI ZEMESY (%) Sheldon Axler [£] 2Rk . AT [%]
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UFFA fRi% (a) oL, A4 S RLIEZEF. 753 F (a) f (b)) WEM K A KW S ZIEAE. EH,
WA EHE (731) T/, FEVH-ALEREH SWAFENEAR. TS HENFEMEN
HRTEA R 1 (RAE7.54), kTR T (2) i (b) HYIE .

AR (b) RKiL. A ep,..., en BV IWAEEREE, b S WEAE W B4 K, Hat R4
5 A,..., A, W3 A 1. A4 Sey,. .., Se, 2 VHEERE, XERNY

_ 0 #j+k,
(Sej,Sek> = (xljej,/lkek> = A <ej,ek> = { =
1 &)=k,
SEEAE jk=1,..., nRiL. Ek, B753 F (@ Ff @ WEMXRTHE, SELEN, IEAT
(b) 7% (a). [ |
QR 7
FEA/INYT, BATEEE SN F R R, XA B TR SR 55 R T 7 PR B 4E 5 =K
(TEEHR T3P LA R Z G ). VRIENZ S IR M AE S Ay B Z (8], R R Rh &
SE AR [l A

MIRAT nox n FEREAES T &R, BRAESIA I, SNBSAT B TERE (AR
JLEAANAR ) Fr b, JEH eGSR CT Fr BbafEsES 210,

BATE MU T E X, ¥ L IEF T IRESEFA ol L 1E .

756 TEX: AIE%EP% ( unitary matrix )

— n X n FEFEBARON K IER, AR ERSIE M P eSS4,

&

FELL X, BATAT LS “Fr AR e IEsc 4" Bl “Fr BRI IESCHE” , BHh n
AN FA I R n RS IESC AR I IESS . W S e L(V) Heey, ..., e,
firooo, fu 2V IEREIESSEE, A S &L EHF Y HATCY M(S, (e ..., en)s (fisooo, fa)) X
IEHRE, XTI 7.49 H (a) T (e) MEM L RGH]. BZERL, AT PRy <" &
Bl 17, XHFT 7.53 H (a) B (e) IS L.

R R FRAIR, hih T R L MR B —S SN 450, HAEW] B VRS 1Y >
TE (©) 1, Qv F/R Q v BT, X HUK Fr e ST nox 1 AERE (CARHLFR M3 H
B, TR (o) TRTEECE Fr BaEE RO LA, Hok ARJLESNAL 7 d) T, 0
FORHME Q WAL B, XN T H BT B T R,

7.57 AIEAERERYESIE

B QJ&nxn . A TINE .

(@) Q &L IFEHE.

(b) O MFIIE AL F" H AR IE S 4.

© llovll = vl XHE— v € F" #RLL.

(d) Q0 =00 =1, I EXNMALLN 1, HRLAEH 0 1) nx n KFE.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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T HIRIAFIEIR QR 2, S IZMER QR L (MRS ) PRIERTH,
ZRE R TR I T B AL (ERRFAE [l i Y AP 7 P RIASSR T, WEPRAEM A /T For,
M2 Q Ml R WwT ¥

7.58 QR 7% ( QR factorization )
B A SEEFNEYETCRI T, IR AAFAEME——XH M Q F1 R, Hip 0 B LIEM), Th R

e =M E A EAUE IR, it

A=0R.
Q Q

R A vy, vo KT AWE, FFHREAL F TR, v, Vi B RS9 5 A L AR

span(vy, ..., vi) = span(ey, ..., er) (7.59)
SHE—k=1,..., n#KIL. AR EnxnfEE, EFXH
Rjx={(vi-e;)

HP R RTRMNE jAE kPN TE. R j>k, A2 e; EXT span(ey, ..., ex) AT IE
RF v [RAER (759 ] #AaER, wFEj>k, BL (viee;)=0. Hib, REF=Z AR

A Q REF A e, ..., e, WL EHEME. WwRke{l,..., n}, 24 QR W% k 7% T Q 47|
WEMHAE, HRABKRERNWE kFH—N 351 (). TEZQRWE k7% T

(Vi-eryer+- -+ (v, er) ex,

HHET v [RE630@]), BAWE k7. Bk, A=QR, WEFIEER.

- E AT RN E XK (N632) kW, BN BET ex WEHBEm L ey, ..., €1
WEMAE. Bk (vier) REH, TERMMAX L ATENZER, X — K WFEL.

HJe, WEA QMR E% —ty, Bk RNEHA=QR, EF QR LEW, REL=ZAMN
EMALERAERA g, g BT QWFL A L HAREFEETRE, TURE, G4 v
Q. qr BB A, ERKEY RWE k7). XE %% span(vy, ..., vi) = span(qy, ..., qr)
H (vioqi) >0, TR XA G ERAELAE—E (6B F3H10), XKW qr = e
ME—k=1,... .n BRI TR, 0=0, WERFER=R, ANTTZRT%—wiEH. =

QR J i MR F B, A B - it 2 R R FH R o i R 0 81, mT A3 H g =X
ZAEHFERS). BT RXAMT, ETIRATRIRISERAIEN, 23T QR it AL .

7.60 . 3 x3 %EFERY QR HfiR

IR AE R
1

1 2
A=l 0 1 -4
0 3 2
B9 QR 3. FRATIEIE 7.58 BUUERH, 2 vy, va,v3 T A Y51,
vi=(1,0,0), v,=(2,1,3), v3=(1,-4,2). HTRE

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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Xt vi, va, va BEHIREALA- I R AR, A5 2R IE S

1 3 3 1
=(1,0,0), =0, —, —), =(0,——, —).
er = ( ) e =( mm) ey =( 0 10)
Wi 7.58 FIERH, 4 Q JELL ey, 2, 3 HHNEHY L IEHRE
1 0 0
o=l 0 o -
0 =+
V10 V10

PR 7.58 IOUET, 4 R J& 3 x 3 500E, 45 /3405 k BIIOTEEEN (vine,), 1351

121

R=[0 V10 ¥
0 0

FEEE R #IER AL EACH BRI =M%, XIEE QR @ FrffiER.
BTE, MEFESRE I T HAIE A = OR U FERIN MR

1 0o 0 12 1 12 1
1 3 Vio | = —
QR—OWNOVE? 01 -4 (=4
3 1 V10
0 & 4 Jlo o &Il 03 2

ik, A =QR, EAFRATHUHRIIRL.

FE R —/NRTEL M i (7.63) RUIEIH, QR JMRK 2 EZ TH. QR iy — MR
GFEIR T, DBk T ANAES (9.66 ) FRIER.

Fr—HEAT QR M, AR ASK AR AR MRS L ) 27 R gl T A i — it s A P e J8
Mook, Bk, % A BEIIRMETL K nxn JTHE, b e F', RATEESRFETE Ax = b,
Hoprx = (xy,...,x,) € B (RATIERZIFAL P BTTRERT nox 1 51 )4 ).

WA=0R, Hop Q RLIER, T R 2 E=MREX ML EAUEIEL (Q A1 R ATLIHIMS

PO T P A 753, 40 7.58 MAEMIFTR ). J7FE Ax = b S0 T QRx = b. X
NZETfe 0, T E 7.57 (d), BLAl153) )7

.....

Rx =Q"b.

AR O 2 O WALHEREE, BRI Qb AR SRy, PN R ZXAL FONIER
AR, BrPALL FOr R RN AT RE A, SRIFEARAR R ——E5K x,, SRJER X1, IR
I

RNy

FRATLAM PR BT 0] 390 1R 58 20 A AR /N 15 OO0

HEERT T e L(V) ZAIER T, HHAE (Tv,v) > 0 XHMEEAEE v € V #RRGE.

(BRI IZIEART ) (iR ) Sheldon Axler [F] FARik . T [#F]



222 %75 NP ey ET
FEE 4B ET REATHEETF. WwEveVHv20, HLETTHMNAETY 20, XE%FH
(Tv,v) 0 (H3E 743). FT& (Tv,v)>0.

HTIERE —F ENBEEXR, RERE (Tv,v) > 0 FEREFF v e VHRL. 2
Tv#0MERFEFveVHMMRL TRTREHN, NWT T#, aARFIE. u

F ROk E SR UL L 25RO R EE S X ERATARE P Ll w RO LA R,
I HAS Fr R T RERT nox 1505,
7.62 TEX: IEFE ( positive definite )
JilF B € Fr" fROMIEERS, WR B =B H

(Bx,x) >0
MHEEAEE x € F" #ROL.

R L =AY HACY IR B R T = A (BEXAEL LA ITE R 0). T
TP, B IE B AE RS T = MR e I B IR, EEEEZM h
AELEEX.

T ARXARG R BRI THIER, A EmMuEEA A T8 F MR E S5 Z E
FRKER. FEFHXAGR T, WRIER BJET F, 25K R BT F.

7.63 FIFIHTE S f# ( Cholesky factorization )

W B BIEEHE. IR AFAEME—— X AL EAUE IEEO =M R 15

B=R'R.

UERR By BEEREH, FTFAEYS BA/MERETHEMERE AFR B=A"A [ RIE 738 F (a)
Ao (f) Z B ENHER ]

A A=QRZ AW QR M (N758), HF QRLZIEM, T REL=ZANAEMNALEX
HIEH. a, A*=RQ".

., X — w218 20355 - A5 A& (André-
Louis Cholesky, 1875-1918 ) £ 3L, {4t

B=A"A=R'Q'OR=R'R,
)& B % T 1924 4.

Bl 4 45 K.
NI ZEE R — e, XS ENALEREERN E=/MA4EE, A B=S5S [

HNHEME B, FrUERS T (L3DFWIALIL). EERXB=SSHMAR S 74
BS~l = §".

4J513C computational linear algebra, FiEH “THFMEE”, (AFehSCH, XA SRS, ARG 40, BmAKE
i, FSCHEH LAARRE BUELEMRE (numerical linear algebra ). FRIMA TS —FHEER “BUEZIEEL.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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A ARVERE —BWBNER A, LA
(AS™) (AS™!) = (§9)'A"AS™!
= (§)'Bs!
=(s)7's’
=1.

H, AST' RLIEH.

FR, A=(AS)SX—A M, ¥ AfH— & EA MR AZERETES LA
BRI, TEM 758 $HR, QR AMALE I, TaERE S=R.

DA RS — Berkr, JRM AT LA A BESE N B 1P B e — [ LESE PR (1L7.39)
SR —UEW AR T3 — R A, B DA FASE YIRS B, SRS AR A TTHE
WA,

= A D >

1 & dimV >2, Se L(V,W). WEB: SESEHMS, S HICYXF V AP E—KE R 2 i
B ey, ex, A Sey, Sey 42 W LI IESCA.
2% T e L(V,W). WFBH: TS5t ibriafy, MEACY TR EsCH.
“THREBEXH $EERA, STTHAEBL (u,v) =08 u,veV HA (Tu,Tv) =0.
3 (a) WEM: V EMPILIERE T2 RUE L IER T
(b) WEH: V B LIEBE TR L IEE T
ABEW, V oy L EFFHRGEESZE AR, IR LGE F 3T m AT 20858
LRE R
4 KF=C,HABeL(V)ZAEMW.IEH: A+iBEZIEN, 24 HAVY AB = BA H A2+B2 = 1.
5% SeL£(V). IELLITF S50
(@) S ZEAEMLIERT.
(b) S=2P-1, Hf PRV FWFEANIELEE.
() HIEV T2 U, #15 Su=u X TAE— u € U ESLITT Sw = —w SH{E—w e U &
BT
6 T, T #EF LLL2, 5. 7 AFHMEMAIEME T, . FELIEET S e L(F) {5
T, = S*T»S.
7 il WABEMEET T, e LOFY, HAMEEERZ 2. 5. 7, HEAMAE—LIER T
Se LIFY BT, = S'T»S. S50k, NITAAFEAEN &I B L IE 5T
8 IEMAECAA H— ). WiR S € £(V) HAFTE V l—HIGTEASH ey, . . ., en AT — o) #A
ISexll =1, A S ZELIERT.
9 WF=CHTeL(V). &TWEMHAHERNLXERZ 1, H TV < |v|| XH{E—v eV EB
Wor. WER . T RLIEE T
10 i F=C HT e L(V) &5 |Tv]l < vl ST v e vV EBLH HAER T
(a) WFR: 1 -T2 RIFE T
(b) WFEH: T +iVI -T2 R4 IEE T

(MR FTZEFESE) (iR ) Sheldon Axler [F] ZARiA. TrE [%]
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11 & SeL£(V). iEH: SEZIEET, HHAY
{Sv:veVH |pl<1}={veV:|v|<1}.

12 TERHEG H— R R S € Lv) AT E ||S~y|| = I1Svl| XH4E— v e V &L, TRA S &
ZIE).
13 SRt 4 EBOE 75 FE R AT 2, € Fr IS TE A4, 24 HACY HAT ATk ¢
AR I 22 4.
14 FveV, |vl=1, beF. X¥dimV >2. iEH: fFELIERET S e L(V) #15 (Sv,v) = b,
MHEHAY [b] < 1.
15 8T 2V EMZKIER T, T -1,
@ WEW: (T+D(T -1~ RV (AT HAERER 7).
(b) WEH: MR F=C, AT +D(T -0 JE AT
FBH i+ D(z-D)"HC PR (BT 1XA L) BB R ¥, Bk (b) 230
TAEREFAC PO R Mgk, AR AEE T/ R X6 LK.
16 F=C, HT e L(V)ZHMMW. W (T+i)T -i)"" BLIEETH 1 ARIZE 70
FFAEAH.
17 R4 7.57 45 ) L O R R S ST 1.
18 7B A WA XS FREY ( symmetric ) , WERTEHETEMFEE. WEH: R A BTE NI
IXTFRAERE , IR ALFTETCR SR L IR O 1113 0 AQ Jext fshifE. °
19 % n BIEEEL ABH, RAPRAX—IES: K C" XK ziEm 2= (20,215 - - -» Zno1). RE
X C FREYEZ PR wo, w1, .. ., W N

BEE{EBEM T ( discrete Fourier transform ) B SN
Fz=(wo(2),w1(2), ..., ws-1(2))

HEFF:.C"— C.

(a) IEM: F& C" FMLXIER T

(b) WERH: AR (zo,. .., Zuo1) € C" HIUE 7, FT 20, A

F 20,210+ s Zne1) = F (Zns Znts e - -5 21)-
(c) iEM: F4=1I
BRI T RERESN P AT S ELL R, @O Lt T3 AT A
/ f(x)e—Znitx d)C
ERAKX, EP FRAELEREGEATRRIL
20 & A BEHNLMTC R TR, E . fA7EME—HERE R F1 Q it A=RQ, P RETF=

FAR EX L LACEIERL, 1 Q J& Z1ER.

STEHAUSCER T, “TER NSRRI PRIERE" WA BRI “TTR TR LB A CIESSHERE

(BMERFIZXAF ) (Fwik ) Sheldon Axler [F] FARA . FTFA [iF]
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TE FRESE

A E

AT AR LN X R4 R
BTeLV,W), A

(@) T'T &V ERIEHEF;

(b) null 7°T = null T';

(c) range T*T =rangeT";

(d) dimrangeT = dimrange 7" = dimrange T°T.

iERH
(a) E XN
(T*TY =T(T*)" =T'T,
FTUA T°T & B £ 1.
wEvev, AL
(T*T)v,v)y = (T*(Tv),v) = (Tv,Tv) = |Tv|]* > 0.

FW, T'T R EZF.

(b) BEK venullTT, L
\Tv|* = (Tv,Tv) = (T*Tv,v) = (0,v) = 0.

i Tv=0, i 7 nullT*T C nullT.

B HNEERRZERARN, BEAWRveV ETv=0%% T"Tv =0.

FEld, null 7T = null T, X3 5% T (b) BYIEH.
() RMNMBEZEMN (@ FamE T T°T £ HHH. L

range T*T = (null 7°T)* = (null T)* = range T*,

Heo g Nz g—MI%EXRAKE 76, ME_NMEEXEZEKE (b).

(d) EEZ|
dimrange T = dim (null 7*)* = dim W — dimnull 7* = dimrange 7",

HPE - IMEXFRE T76W), F/NKH 651, mg—MRELAMBGEARTHE
(3.21), ATTEIET (d) # 8 —MNEA.
% X dimrange T* = dimrange T*T # (c) [ /5. [ |
BT WRHE(E ] LU BUE R — PR R, A —Mpifcch AR s, RIARA K.
T HREBIRREE RANC S E (FEafirh 23 878 5.52 thie .

(BRI ZEMESY (%) Sheldon Axler [£] 2Rk . AT [%]
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7.65 EX: FR{E (singular values )
WT e L(V,W). TWERERETT WRAEHEMAETCF R, #&EFHES, 0 H 844

SEM L IREL, FT T°T X AR Rl 4E4L.

7.66 fl: F* E—EFHTRE

EXT e L(F4) M T(z1,22,23,24) = (0,321,220, —324). TE 1S

T°T(z1, 22,23, 24) = (921,422,0,9z4) ,
PRIIZ FHATERIEIX — 5. R4, TATH F* fbriESEXfafe 7T, nIAS T*T WRFIE(ESZ 9. 4.
0. DhR, RT3 S ib{E 1 RRIE 2 (R 4R 50
dmE(9,T°T) =2, dimE@4,T'T)=1, dimE(0,T°T)=1.

BT T R SR AR T AR, FEHIRILL ERERE B, FROTaT I gsie. T a5
B3, 3,2, 0.

T A BRFIEE SR -3 10, T AFERX A, FREE I BA A& M ETE T 1 P
2, M#aETHEET 2.

7.67 fl: N\ F* 3 F #—&MEBRHNTFRE
WT e LFLF) (CTHRfERL ) MAEREZ

000 -5
000 O
1 0 0
PRAT LABGAIE, T*T fRHE
110 0
110 0
000 O
000 25

FIEER 25, 2. 0; M dimE25,T*T) =1, dmEQ,T*T) =1, dimE(0,T*T) =2. FiLL, T
RS, V2. 0. 0.

AT IR 2 25 T IE AT SRAE A —Fh 2] .

7.68 EFRENER

BT e LV,W), Ha

(@) T RS —= 042 T armfl;

(b) T WYIE#AF S(E 5T dimrange T

(c) T Wit = T WIEFREMEET dimw.

@

IEEE MBS T R Y EALY nullT = {0}, %A Y null 7T = {0} [ H£3E 7.64 (b) ], %4
ARYOFRETT WEMAEE, YARYOLETWEHRME, X THRT (a) Wik .

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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Hit BT T°T 4% dimrange T°T % T T"T WIERMEEN R (FREE ). A4, B
7.64 (d) 7T 17 dimrange T % T T W IEF FE N, LA T (b).

FIA (b) F22.39 F[E B (c) AR L. [ |
DL AN H T RRIE (AT S

HFEEM R A AT REMRNA

Ha: s Hat: A

ASOGF A ) £ [V 1) 1 B ) e P B S SL X1 P AR 2 (8] 3 BT BEAS [R] 6 P9 AR (] A 2 P

SRR A L

iﬂﬂlﬂcﬁ)%%ﬂu%ﬁ%fiﬁ (FF=R) 8% (& | dAhmELRmIEREL

WHRF=R, AR ZH A B 5 T SRS

&0 = HF AT HE0 = LB

BWATMENT, RS F = C SRR HES

TR RER, HH AR 2 T AR

7.69 ETEFREHET | @5 IEMSTHIFHE
wSeL(V,W), 4

SR = S MPIrA T S EASET 1

iEFA
SEFHBRF — §S=1
= S'SHHFHFEEHET 1
= SWIATREMBET L
Hep, FANFRNKXAKRE 749, F-AdhiEEE (7290731) A THHETF SSTHR.M

EERRETANIEFE R T RIES R

TR AEREN, STNVEI W T MERBEIMREFRAR, BA
AT, BT LRSI R K v AR AT R T8 R T ad 4 AE L
W HEHINEIE AL, AR Trlvgy AR R, mERT TT 5 A 442
R, FEF N, AP ARG REG (d W ERALS] ST
ZeHFRIE SVD) fy—SE e 2 .

770 FHR{EHMH ( singular value decomposition )

WT e L(V,W) HTWERFHEE 1., Sm- WATEAEV PRIMTEIESZ A ey, . . ., em
WP YEIESEA fi, . . ., £ (15

Tv=si(vie)) fit - +5n{(V,en) fm (7.71)
SHE— v e V B GT.

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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EB A sy, sy RATWHRE (M n=dmV). BATTEZEZF [N 764)], dmifE
AR, FEVEEARER K e, ..., e, (£
T*Te; = siex (7.72)
MHE—k=1,..., n #P R AL
dFHE—k=1,..., m, A re,
Je= T (7.73)

wRjke{l,..., m}, A4
U5 ) = g e Ten) = S GenTTe) = ey =y 07
A2, fir... fon W HEATEE R 4.
mE ke {l,..., n} B k>m, BLs=0, Kl T"Te, =0 (R 7.72), thaEvksE
Ter =0 [ R4 7.64 (b) ]
*veV, BLu
Tv=Tv,e1)er+ -+ (v,e,) e,)
=, e)Ter +---+(v,en)Tey
=si(v,er) it +Sm(V,em) fm-

Eh, RE-NTHAE—ATWn BRAZ_ATH m ZEBAWR k> m HA Te, =0 (L E—

B, Tis ZATEMRER (7.73) HF 2. Xt 2RATT 4 R |

W T e LV,W), T WIEAFELE s,..., Sm, MM er,..., em M fi,..., fon T FH R
(7.70) W BEM L m . BTEIEACH ey, ..., em FTUY TR V IEEIESS H ey .., edimv, M
WIER4 fi, ..., fon TTUAFE0 W BREE RS £, .. faimw. A2 (7.71) KW

scfe A 1<k<m,
Tek:
0 ZHm<k<dimV.

sk Bl<j=k<m,

0 HAt.

IR dimV = dimW (A0, WER W =V leiEre ), B4 b—BHld i M2 X
W, JRFA T AR X AR A SC, (GRS TR A — 2 Je T M O RE R, IR 43K
ITARUER] T — R 2 2R
.

774 TEX: XRAEPE ( diagonal matrix )
M x N HilE A B3 fmsERE, WEARFRT A (k=1 min {M,N}) A[REAN 0 L)

TV B W Z PR OC T 5 B RIS IE IR A X A AR

S, B ILEH#RN 0.

(BRI ZZAEF) (% wri ) Sheldon Axler [F] FARik ., e [#]
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PITF AT T i@ B (7.29 F117.31) FI&F-FAH M (7.70).

EEE ARESE

R A8 (F = RTIET ) SUEMBE T | SRR P RS 8] 21 AT BEAS [a] g P4 B ] (9 2%
(F=CHWIHFET) PERESES

FRE— RIS RIS HIEIE S, — M U Y, —A2

R, T FLE U5 5 X2 O Tt
A—sE R

BT F = RIEE F = C 1A AFAYIEY] AERF=RILREF =C, IEWHRRE LK
A SE LR A TRE AP i =X, RGN R FERE R, BRI, TR
SRR, AW T € LV, W) AT AR Z G, RiFsciiss e figs fofae [ Wl
(7.77) ), FATEHTTLIASE] T (ARG, S8Rt , il scHes e FI%S £ A GHE T WA 1EAT
SE s BB 1 /s, [ W (7.78) ], FRATATLASR] T B9 77 (UL 6.68 ).
BIAE—T, WRT A, IBALNT R (7.78) g thit 70 g T 7! [ W 6.69 (a) )

775 FREFAEMETRED BE

WTeL(V,w) HTWIEARER s, ..., Sm. Ve, ..., em M fi, ..., fon 7V W H)
FIEIEACH], AR E— v e V #A

Tv=s1{vie)) fit - +5n{V,emn) frm- (7.76)
B2, ME—weWwWH A

T'w=s;{(w, fiyer+ -+, W, fn) em (7.77)
il

ﬂw=ﬁ%¢ﬁq+-~+g%ﬁﬁqr (7.78)
1 m )

EEA R veV Hwew, A4
(Tv,wy = (s1(vier) fit-+Sm (v, em) fons W)
=s1(ven) (frow) +- -+ 5 (v em) (fns W)
= (v,s1 W, fiyer+- -+ 8m W, fn) em>.
KERE
T'w =si{w, fi)er+ -+ Sm W, fin) €m
WA T K (7.77).

HIER (7.78), K weW. A
(W’ f1> + <W’ fm>

T ]
1 m
¥BTHERATEXEMN, 73
Ty = —<w’f1>Tel +ot —<W’fm>Tem
S1 Sm

= <w’fl>fl+'”+<w’fm>fm

= Prange T™W.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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He, BAARIEZEAANRN TT6) BETEk=1,..., m W Tey = sy fe, % Ja—ATLAZE R A
R (776)EBET fi,..., fon KK range T M T & range T 89 #1358 I 5 25 [ XA 30 7T DLA 2] 6.57 (i)
7] AT ERX, FEWEZ ve (mulT) [ RAFTIH8MD)), HBEE Tw 2L (16.68),
(12 v=T'w, ILH T R (7.79).

779 il RKEREHE
FEXT € LIFLF) B T(x1,x2,x3,X4) = (=5x4,0,x; +x5). FAVER T & FEH. T
(RTFhpifERE ) MHERE

M2, LB 7.67 THELRARKE, T°T RIFEME

ERHEE 2 25 F12; T dimE(25,7°T) = 1, dimE(2,T°T) = 1. Frbh, T MIEASE 2 5 fl
V2.

FRLL, SR T 2 a5, RATAUR I F* i) — B IESC 4] ey, e0 AT F? 11—
HEIESCH £, £ 15
Tv=5(v,e1) fi + V2(v,e) f5
XA v e F* Jlar.
E(25,T°T) W — ML IERZ & E & (0,0,0,1), EQ,T*T) B —# 3 IF 38 5 42 )
(350 35-0,0). FTLA, ARHE 7.70 FUERT, FATTT LA
,o,o)

= (0,0, 1).

il

612(0,0,0,1) ﬂl 62—(

5

A .
fi = e‘_( 1,0,0) il £ =

§||’ﬂ §l|»—~

RIG, AR, RATTER e, er HLE F* PIOBSEIESSLL, £, f 302 FP PIOBSEIESS
4, A
Tv=5(v,e)) fi+V2(v,e2) fio

XA v e FOlar. B4, AR T T B9 B

HRRIEER, B8 B i NAVERU T 5t PR 2 ER R . BRI, e4ih T
XMERAE R0, R AL =M R AP RORE I ROSRAR. X AIE G R 45 ) 1 i =R
g BRI 7 k.

(BRI ZIZAEF) (% wpi ) Sheldon Axler [F] FARik | 1\ [#]
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R

231

e

FEFORIX ARG R, “FIHVEIESS” —iRN xR, A0 R TFhrE LB S N BUERE
1EASH).

7.80 FREHFE (SVD ) BIERERA

WARpxnHilE (Bem>1). B4, FAEFIBIEIESRH pxm i B, XAk L hiE

B moxm XA D U RIIITEIESSH) n x m FiFE C (i
A =BDC".

UEHH A% MBE T F' > FP X TARERLWNEESET A, A4, dimrangeT = m (1R3E 3.78).

/—;7\

Tv=si{vie) fi+ - +Sm(V,em) fn (7.81)
BT WERMAR 4
B= &34 fi,..., fon B9 pxXm 25 %,
D= XMAKTLEN s1,..., Sm W m X m 3 4
C= &7 He,..., en T nxm k.

/?\ U
(AC — BD)uk = Aek — B(skuk) = skfk - skfk =0.
Frbk, AC = BD.

EMABMER C (CHEREE), 73
ACC* = BDC",

EEE CWATR ey, .., em WA R, HM, R ke{l,..., m}y, Ao TR E
X% Cex =ux, T2 CCer=er. HIM, ACC*v=Av XtFiH v € span(ey, ..., em) AL,

W& v e (span(ey,....en)", M2 (B 781 THE) Av = 0, (AR ENEXLTH)
C'v=0. T#£, ACC*v=Av X FiH v € (span(ey,. .., em))” B

Bl ACC* 47 A % span(ey, ... e,) 47 (span(er, ... e,))" E# 2 —308y, RATT LA
£ ACC = A, FH AT E AT A R AR T
A =BDC*,

E—i

AR, ]

HE, USSR A pn A~JoE. MHILZ T, VLERHERE B, D, C Bt
m(p +m+n)

MoER. Wik, R p Mo RARKKERE m L p 7l n /M2, IRAKN TR A LA
TERUIH RTCER N RO L pn /M2,

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [



232 % 7% WRER EET
= 3l TE
1T e LV, W). §iEWI: T =0, SEMCY T WS # SEEH 0.

2T eL(V,W), s>0. iEl]: s & T W&EFE, HHACHFEIER S v e V HEAEZR M &
wew, ffifg

Tv=sw H T'w=sv.

WA LAXGEF v, w AR A FEZEEXT ( Schmidt pair ) . %2545 - 78F 4 £ 1907
FAINT LA,
Sli—Hl: T e L(C?), 042 T BYME—FFIEME, T T 17 a2 5 Fo.
4 T eL(V,W), si&T WERKEGHE, s, & T WEeha5sE. k.
{ITvll v eV B vl =1} = [sa.s1].

5T e L(C)EXHT(x,y) = (—4y,x). KT H&HFHE.

6 >KiE SN Dp = p’ WHUIMAT D € LIP(R) B&5H. Hh P,(R) ERYNENE] 6.34
7.

7T e L(V) BEMR, SFHEF=CHT e L(V)RIEMA. 2 A1,..., 4, & T WL,
FEANERAE (0 H RO S T HX R AR 25 (Rl O 4R 80. IEIH . T 1A S R He R 7 HER s 1

8WTeLV,W). &si>2s5>-->25,>0, e,..., em &=V PIENEIESRH, fi,..., fm R
W RV IS, (A5
Tv =95 (V,el>f1 R ™) <V’em>fm
SHE— v € V #BIAT.
(@) WEM: fi,. .., fin 72 range T FIVEIEACHE.
(b) WEM: ey, ..., e & (null T)* BRI IEASFE,
(c) WE: sq,..., Sm 2 T W IEAT SH.
(d) WEM: W ke {1,... m}, IBA e J& T°T BHIRHEI) &, XS RRFIEER 2.
(e) JEAH .
TT*w = s3(w, fi) fi + -+ 52 (W, fn) fn
YA we W BT,
9 W TeL(V,W). WM. T AT BIEZ SEAIA.
10 % T e L(V,W) BFFEE s, ..., Sp. WERH: IR T BT pEmy, IRA T pA A

p
1 1
Sn, o S
11 BT e LV,W), vi,...,v, 02V IIRWEIESSHE. % 51,00, 5, FOR T HYAFSFH.

@) WEB: |TvilP+- -+ |Tvall> = s+ + 52
() W R w=Vv H T 2IF&ET, B4

<TVI»V1>+"'+<T\)",V”> =51+ +5,

JLTA SRS N ERR S

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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12 (a) fl—Fl. — ARG RN, L8771, #1517 8atElA8ET T 5SME

5.

(b) WT e L(V) ZIEMMY. UEM: T2 W& FESET T W4 SEN 7.
13 % T, T, € L(V). iEH: Ty 1T, & 5EME, S HACSAEAELIEE T S, S, € L(V) f#if5
T = $1T5S5,.

14 KT e L(V,W). & s, TR T WE/NTRE. WE: s, vl < ITv|| XHE— v e V #KAT.
15 WTeL(V), s; > 25, & T HETFE IEH: 058 A2 T WFHEE, T84 51 > (2] > s,
16 &% T e £(V.,W). M. (19" = (T7)".

FAMER S TiEEMYHEMER [ 7.5()] &—T.
17 W T e L(V). W TRZREMW, HEACY T & .

Matrices unfold LR BB
Singular values gleam like stars SVD fi# ZHL.
Order in chaos shines ViSRRI

Kl o F.

% . W ChatGPT Fi4fE, #A3LT34 “haiku about SVD” ( A% SVD #9Hk4) )
. WS —F R, AR TR Bk CFHEIE B—d AT

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]



234 % 7% AR LeET
TF FRESHENHEL

L MERRETRISEEY
B SEI T TR ORAY | Tv|| 1 L5

7.82 ||Tv|| B ER
WTeLV,W). &s &TWRKTFE BA

7]l < 51 Iv]]

XTI v e V AT,

. L
Tv=si{v,e) fi+-+Su(V,em) fn (7.83)

MHAEveV R TE, ZveVIllk
ITv])> = st (v, e )P+ - + 52 [ (v, e

<53 (v, e)P o+ Lo en)l?)

< stlvl.
HERE-NFEXRAENERFER (626) HFE. FEXFMEIFEF R, TENTvI < s v,
R ARE. ]
WTel(V,W) Hs &TWKa5TME L EgEREN
ITv]| < s; AT v <1 v eV ilor. (7.84)

1 (7.83) F, v =e, AT Tey =s1fi. WA A =1, FTLIXEWRE ||Te) | = s1. B4,
BT |leill =1, 7.84 FARZEL AT LIG] H A5
max {||Tv||:veV H |v|| <1} =s,. (7.85)
LRI LU E X, B T RSaEoste B Zeml, AT 243 CHmir)
Al EECH AT S (H o
7.86 TENX: ZM4BREFHITEEL ( norm of a linear map ) | |||
WTeLV,W). IBa, THSEE, iCH T, &XLH

IT| =max {|ITv||:veV H |v|| < 1}.

— e, H AR SO S TCRRIEA —E AR, SR, 7.86 RIMITTIERY], WV Bl w
PR T E0E SO s KB S A7 ( BT T W5k E 708 ).

KT “SEE” I || Xl , BRATERWAARRAE: HB—MHRER vV LmN
TR, ATE LB vl = V(vov) SHE— v € V #RST; 45 FhH:,  FHFRATHINT

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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T e LV, W) FHER TN B9 S T e LV, W) BEECI|T|| 35 A T AR S

I (WLTRE21) N ETFSCRBTRIIRE S, VRREZAENSFIT b A SO iy L.

LV, W) FREEEFRSNH AT, FARUESF R EEER (W 6.9 16.17) BilfR—

BER. () PROARSE AN ZARER, JHMMRAIXT V _ERIEEIARE 2. ETR
[ = RS, LA ST 1.

7.87 ZERBGHEHBIEARMER
wWTeL(V,W), IB4
(@ (|71 = 03
®) [T =0 & T=0;
(©) AT = AL IT|| XA A € F BT ;
(@ IS+TI < IS+ ITI| XFTA S € LV, W) JBAT.

iEFA
(@ EH|Tv|>0stE—veV R, Folg T8 ELTHE|T| > 0.
(b) E||T||=0. L Tv=03FAHL|v|<1WveV i WFuecV (u+0), L

Tu=mMT(lL)=a
]

Hb R —MIFEXRARLEEN uf|lull S 1. EHTu=0XHueV &L, Fr
PEATE T =0.
Rz, WmRET=0, WLTv=0xFHveV K, T=|T|=0.
(c) % AeF, H~4
AT || = max {[|ATv|| : v € V E |v]| < 1}
= [Almax {||Tv||:veV E |v|]| <1}
= [Tl
(d) &SeLV,W). BIS+T|HEXTH, FEveVER v <1E|S+T|=I(S+T)v|.
K,
IS+ T =I(S+Tvll =[ISv+Tvl < ISVl + TVl < ISI[+ [T,
AT (d) B9IE . [
XS, T e L(V,W), ||S—T| XMEEFEWHHR S AT ZMMEE. AIEXHUEL, 1S -7
XA NEUERE S M T e, BlnA 28 o hfg i, X FAE—T e L(V), &nf
DRENS TS T E 7.
7.88 |IT|| HIEFRIER
WTeLV,W), B
@ |IT|l =T MK 51H;
®) |IT|| = max{llTvll veV H vl = 1}
© IT|l =43 |Tv|| < c vl WA v e V SRR/ c.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]



236 7% WRTEENET
UERA
(a) 1L 7.85.

b)y AveV, 0<|v<1. Au=v/|v|. oA

% V TVl
full =||+=|[=1 # HTMH=HT(———N’= > ||Tv]l.
[Iv]| (V]I (vl

Fl, KNTv|| & vl <1 ZHETHRAER, RIMTURXEV R0 1WA LR
2, WHEERT ).
(c) kveV Ev#0. A |T|HWEXTH

1%
T\— | <ITIl,
vl

ITvIl < T (7.89)
AR c20B|Tvl <clvll XA v eV KIL. XERE,
ITv]l < ¢

MEAFRE v <18 veV R, BAMAHRL v <18 veV, BEHULEFER
EMFEAME T <c. FE, T ZES TV <clv| A veV RIWE NI c. W
TEALPRZR ML YO R, IRATRE S & I (7.89).

SR — SRR T O FRAIEIE LA AE R, BT T Va G ME, 7.88 (a) PTRER
AR, FFERETRE AT AR TR T e, FTTEALAT LR T i8S RERE(E A B
B CHILE AR EER ), RIEFFEHR, T3 7.88 (a) 153 T BEEmY I ME (X
T I

PRIEZ A AT 3k T b i A S5

N

7.90 Bl Se#

o W 1 RNV Ll HEMESEE T, B4 | =1.

o MR T e LIF) B T T F* RIS TESR 1, IBA T| = n.

o W T e LIV) H VA —MFEIEACH T FX R FAHE(E Ay, ..., A, BRI RALAL, TF4
TN 5 [l ERE SN

o WHT T e LR®) (CTHRMERE) (1 5% 5 HEFEES jATHS k IMITRE 1/(j2 +k). @JHIEL
SERAR R, T ECRAT FEHA%T 0.8, MikMIZY5%EF 107 Fik, |IT] ~ 0.8 A& (H
TE 9> 1810 FrRE5HE S ) |[T7Y] = 100, iR Hsc s i S i) ek 2 A AT e R,

R R SRAEIE R, ZRPELG e i R Bl i B0 ).
791 {FBERISEER

WTeLV,W), Ba T =|T||.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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EFA wew, A4
T WI* = (T"w, T"w) = (TT"w,w) < |ITT*wll [lwll < | TIIT wil lIwll .

M EFERERE
17wl < ITI[ 1wl »

&4 7.88 (o) TAF T < |ITI.
NN < ITI 6 T A& T, BRHLE (@) =T, T/ T < IT*|. B, T =TI,
AR -
PRATREIAAEH TE 51420 8 9 A4 DA LS50 5 — kR, JIBiE > @ifg s, ZeMEmLg e
PR %) 1E A7 (B A ).

AEERREEENELERGEITIEIR

T ORMESRIE S A AR . BUE, WL R E T & B2 )5 B,
TSR AER 2 k LM EW , FR B MEMAT AR . BT, TR AR45 R
PR T e XA PE ST ——dimrange Ty = k, JFHAE(EIRAERNZE 2200 k HYPTA 4tk
Wb, T B T RBE R RN, IXARERG T AU GE BRI OR B B R

792 RESAEBZESH  WEEBSEINREER
WTeL(V.W)Hs >-->s,2T WEaRME K1<k<m, B4A
min{||T— S||:Se L(V,W) H dimrange S < k} = Siel-

=, R

Tv=si(vie)) fit -+ {V,en) fm

& T AR, T e LV, W) SN
Tv=s1(v,er) fit -+ (v,ex) fi

SHE— v e V#NST, A4 dimrange Ty = k H. ||T — Ti|| = sgar-

Q
WElH R vev, Ba
(T = TOVI? = ket (Vs €xat) freer + -+ + S (Vs €m) foull®
= spa [voe) P+ + 50, [(v, e
< st (0 ewan) P+ (v en)P)
< si+l ”V”2
I, IT = Tell < sier. X (T = Ti)ersr = Sket frars A NT = Till = sk
% SeL(V,W) H dimrangeS < k. MKFE X k+1 M4 Sey,..., Sera LMK, EH, F
EFRAHO0OWay,..., ars € F1EE

aiSey +--- +ak+1Sek+1 =0.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



238 %75 ARER LHETF
EH—=R, BHa,. . ap T2H0, Fillarer+--- +aper # 0. KATH

2 2
(T = S)(are) + -+ +arnew)|I” = IT(arey + -+ + arrrea) |l

= [Isiarfi + -+ + Seararet fin I
= stlar® + -+ sy lagal’
> Siﬂ (|a1|2 +--t Iak+1|2)
= st llarer ++ - +ageral’.
EH are;+ - +ae #0, I EFREREkE
17 =Sl > sk
F ., 7 dimrangeS <k By Se L(V,W) L, S=T, #4F |T - S| & /b.
A SE M T iR AE T R ARG T, WA T 22, 27, Fi—EUR R4 e 4R 1S
], (A FRA A A LAMEBRS AT B8N e — Rk — Z IERT, R E i 73]

a0
HBXTL.

R 8

B —F, FATIE 7.54 Bihe T 12| = 1 B : MAIERTZARZE . FRA14k4E
AN, FREERIER 0 ISMEAN R 2 A8 AT A o FE e K

HAS AT, W z/|z], HXHEN 1.

W BB, FRATXFEREN: BAET T e LV) #ATUE l— X EHFRU VTT iE
AEAE T SRR, AR A ES R R R o, EARE S HIR T Vv ERE AT

R, WRT e LV), A TTRERT [W17.64 (@ iR ] Hik, 855 VT 26
X, T EBE OV B IERT

A TR ZRRIA I M, DR vV BB PR — L ER PR —IER TRk
L RE, FRATEERRK v AR R TS BRI R AR ISR, OF B R TR
RERE TR M RER TG A%, XIS 7 F = C B TR 7.55 {3k, WER 7 h 55
ER (7.29) FIAIEERE (7.31) #iR.

AR S, %IEF=CIEE, &

T = SNT*T

RAFT € LOV) MR, Hob S R ER T IBAMAPTE V G ISR S 6T H
AR, WAEFE V MR SC B VT e F A M. 8 WHRRERIEE—A
HULATESR I, RERIRPIS S A0 VTT AORERERSI A A SV R U T —— T i S 52—
WLIEZSHE, il VT°T %853 — AR S,

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]
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Rad (PRI F = C€), WR T ZIEHAY, AR ik — B IE RS HE, (#i15 S i
VT*T KTFiX— AR XA AR R —— WA > 3 31, Wit Xt hy: R T e £(v) H
T =SVI'T, Hf S e £(V) BRLIEFETH S M NTT T H— M IESEA AR, AT
FIERP. BARTE, FEX —Wia@m AT, e T CFRI—MEIEACHA X AR RE, tit
AR T ZIERLR [ARYE 7.31 (o) Fil () ST CR ], RIGS IR

I THI )RR AR A S5 A RR A T R AR YRR A5 ) AR BAT. , R I 63 1) 8 B A5 31k .

7.93 iR%5f# ( polar decomposition )
WTeLV), BAFELIERT S e L(V) fiifg

T =SVT+T.

R A s sm RETWEFRRME, Yen..em M fi,. fu BV HWABERA, 57
Tv=si(v,e)) fit-+8u{V.em) fin (7.94)
MHE—veVHEIL He,..., em A fiu..., fn T RAVEATER K ey, ..., e fi ..., fu-
EXSeL(V)H
Sv=(v,e)) fi+--+{v,en) fn
ME—veVHRL A4
ISVIP = [v, e1) fi -+ (v, en) full?
= [v,e)+-+ (v, en)?
= vIi*.
., SELEHF.
BT ERTR 799 FM, BREX 77 HEO T WREX, T
T*Tv = st {v,e;) ey + -+ 52 (V,em) em
ME—veVHKL. Hi, wREveV A
VT*Tv =51 (v,e1)er+- -+ 5 (v, em) em.

EKEEY, HvBREAEAEMNX —REANEFAEETELFTRET T'T. IHE—K, &
A
SVT*Tv =S (s1{v,e1) e+ -+ 5, (V,en) en)
=siv,en) fit o+ sm(viem) fn
=Tv,
HomeE—NMERBR (7.94) 72 n

AT 27 R W], LA EX—IEB R LB T S, SRR T A IES T

WA AR, Forh B S 1 30 B [l 1 2y S (B0, AR, DAEAYTER]
A HUAR LI B B A i

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



240 %1% ARER EQGAT

ERTFHEkFFEITHENEF

7.95 EX: ¥k (ball), B
VR 1, L0 OB (ball) , idh B, & XN

B={veV:|v|<1}.

WER dimV = 2, AR AFA A IR TR “BI&” (disk ) A “3K”.
SR, FEFTAT AEE FRaf ] “BK” 1A 1r] T LURE SRR L. 260, 2R dim Vv = 2,
M 2FATA I RS “BEE” ( ellipse ) MIAEFATHZE LI “HEEK”.
[IRE, TERTAYERE AR “BEBK” X Al LU SR L.

PATR & CRIMGEER T AR ER B UTEEAS fi SRAR R 50 AGFF 2100,

2 2
|<v,]2q>| AT 1}_

2
1 Sh

&

WHERAYIC T E(sifi ... sufn) FFBA BAMEF N v, A DL ERE SR V. 58
M, IWETRCRE “fi,..., fo sk VEOMTEIESSHE” X —20RRE , IWARASIE] V Rz BT Y.

7.97 il Bk

vzl
1L
2 2 vz V3
1}
3l
R* P E2f, o), £ F fi. o~ R> P WMzt EQAL L), £ fi =

R? ¢9ARfE 2L 41 —(_L L
4 A7 A 2 (\ﬁ’ﬁ’fz_ 3. 1),

l{3 q’é"ﬁ#}%i’j{ E(4f1’3f272f3)9 ';EI\-“:P
fis o, f5 A& R 8RR,

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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XF VAT —BEIESSEE fi ..., fu, BEER E(fis. .. fo) #B5TF V i RGER B [RAEIAZE L
IRfEAE 6.30 (b) ]

798 iE2S: T(Q)
XTEXIEV FIRET, Uk QcVv, EXT(Q) N

T(Q)={Tv:veQ}.

M2, R T ZEFEV FRREL, #A T(V) =rangeT.
PRI R AR, BT T e L(V) #0% v HgER B Bl v ek, FHaE
R AMER ) F Rt T 194 (B - E A5 2.

7.99 WHEEFLEKAWEBK

BT € LV) A, IRATH VAR BBk v P rthek.

IERA R T H4n T3 - 1E o

Tv=s{v,e)) fi+ +5, e fa (7.100)
M veV K, Hd s, ..., sp 2 T WHFFE, Tep,..., en 1 fiy.. ., fo BV BIHLTE IE
B)E}_E—g &'ﬂ]’{%‘?ﬁﬂﬂ T(B) = E(S]f] ----- Snfn)-

Yo veB BENTTHE, FAUFTFMEs,..., s, MALETFTO(W768). Ia, mR
(7.100) ¥ /%

2 2
(v PP | KEV TP e el < 1.

s s2
H, TveE(sifi,..., Snfn). T7, T(B) CE(sifi,..., Snfu).
HIER TG —F W EEXRR, NERweESifi,..., Snfa)s A
sy Sn
Ao, vl < 1 FR (7.100), THFTv = (W, fi) i+ +w, fuy fu =w. TE, T(B) 2
E(sifis. .., Sn.fn)- [
FATIAEIH— RG], " R I A sk —— A H2R 8 1 i sk——AR el

HAEK.
7.101 WEEEFLHEER A HEK

wTeL(V)nw, HEZVHrhaeEk. A T(E) &V Frfhek.

Q@
ERH HAEVWAEERE fi,..., fo FAIEH sy, ..., s, B/ E =E(si1fi,..., Snfa). XS €
LV) A
S(arfi+---+anfy) =aisifi+---+anspfn
Ao, SEV FHIKBBRE (R IIE) Eik,
T(E) =T(S(B)) = (TS)(B).
o tR, H¥ 79 NATTS, #7EE T(E)ZV iz [

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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% 7% ARENE L EF

mi—TF (0.3.95), MR ueVv, QcV, Bau+QELH

u+Q={u+w:weQ}.

JU L, A QM u+ QB EK—FE, (HENEAR.
TR T RAE ST, Wk dimV =2, AN EHH “FITMER” ( parallelogram ) —

AR AT

7102 EX: P(vi,...,v,)« FITH ( parallelepiped )
Wvy,...,v, 2 VI, &
P(vl,...,vn) = {a1v1 +r+ayV, tdg,...,d, € (0, 1)}
FATERIA u+ P(vy, ... v,) WS, Hhue V. [ v, ... v, NIZFEATRRR
edges ).
( g ) &
7103 fi: 4T
15
Uy KH'"? e _h_:h:"'?
U3 ."'I; ,r
05} — /
1 ; fr‘z S FI,-'{ll’
1.3 2.3

0.3

R? F&9-F 474k (0.3,0.5) + P((1,0), (1,1)).

R i — A A7 .

7.104

&UGVE_VD.

A EEFUFATERAFITE

cvn)) =Tu+P(Tvy,..

v VI WT e L(V) A, R4

L Tv,).

T(u+P(vi,..

R EAT T, BT Tv,,....Tv, 2V B T REMN, SEKFE
T(u+avi+---+a,v,) =Tu+aTvy+---+a,Tv,
A ar, ... a, € (0,1) KoL, Edb, T(uw+Pvi,...,vy) =Tu+P(Tvy,...,Tv,). [ |
TEARFRAT R N R? Hh -4 7 DU HURE X o ok — A, FAT TdL4s v e A ((defin-
ing edges ) *HAHIESSHIFAT IR B — R 1 44 757
7105 EX: KT (box )
V R TR AN

u+P(rey,...,rpe,)

en 2V BRI IESCHE.

E‘J%%, ;H\:[ZF‘MEV, rl’-'-’rnIEEJ——Eﬁ’ €p, .

ST 7.102 HEFBERY 3L
TFEHEEEREN S — A% F——#HIE (hyperrectangle ).
(PR FTZEAESE ) (FHvIm)

Sheldon Axler [#] RAR3iA . T8 [#F]
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HEED, 7R X—HREET, KARPEHEE, B “KAR” X—REEH TG

YERE.

7.106 % KAMEK
2+

V2e, V2e,

5]

k& (1,0) + P(V2e1,V2e,), #F KK P(er,2e,e3), - F e1, ex, 3 5%
R 49472 K.

€ = (%9 %)762 = (_%’ %)

WT e L(V) i A THV PaSFATRARBUR v P AT (ARG 7.104 ). Fedil s,

TRV PRI AR v A PATIR. R — L T 2B v YRRy 1
WA V RO IR 1 Rk AR A A Bl 7 S (70 A 1012 173X A ]

7107 SANAFEEFHRHRLERTEUR KT E

W T e L(V)alif, & T Has a1
Tv=si{(v,er) fi+ - +5,(v,en) fn>

sno= T WA RIE, er,. .., en M fi,. .., fo 2V IREIESS R, BT A
Fn B u eV, THRE TR u+P(rie +- - +rpe,)

;H\:EF‘a S1seees

v eV AL A, MFIALER,. ..,

WS IR Tu + P(risi fi, - . . TS .
IR WwE ay,..., a, €(0,1), r,..., r B8, ueV, i

T(u+ayrier+---+a,rpe,) =Tu+airisifi+-+aprnSpyfn.
Ed, T(u+P(riey+---+rpe,)) =Tu+P(risifi,..., FuSnfn). |
BFREITEER
. ORI S8 T8

AN AT BRI, BT Ay sl o SO TS A
AR, P UABRNUGHE AR B S, e sk R 2, AR

PRARB EDULT V5 AT LA A A G i IE R 2 S, IERFRAFIERRIER].
FAIR TR E R, AR ERAR IAEA/ NIRRT, SR

F = R X—{RiX.
(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



244 7% ARER LT

WK dimV = n, ABAATUL KRR SRR n 4EARBL ARIEZIRAZ R PR —#E&.
Hon=2M0F, FATEFIRZ N MW" AR AR, A TR —2, RATERTa4EE L
A AR XA, T HRBURFEAR B, KOrR (REE X, Hog SGAHEAIESS )
AR BUR A SCA R ERFRBL PIL, JA Mt LR R 3L

7108 ENX: KFAERIEFR ( volume of a box )

---------- B = ’ %B/A\

.....

&

Ph b SCHRVE DL R? PR A Gk FEIRATTRR AT ) AU R® KT IR F A X
2. Fln, ) 7.106 FEE—AK A EA AR (SE R, HAE R 2, WO HEE b
AU A V2 T V2 5 55 AR IR EAT SRR, HAEh 2, oA SGHMKE 1, 2, 1.

R TSV IFEERR, FRAOTHABRA EAEZE K7 Rk E
X —F4E, I B T s e KO IR R RISk, AT X2
FIAFACK T RIOT4E , siResvER s T v i —F4 , X HARFR A E
ATt

XSEARVE RAZ LR AR T 222 F153 (Riemann integral ) f&/EHEE X
1, ERARE TEAMCHAEIEAREL L FRmA. LRSS g e ~ 2 A
T LUR A H#H AT HAE R X K 5 R 8 R ARZ Fm,

7109 EX: R ( volume )
BF=R, QCV. J4 QTR iCH volume Q, A1%TEE Q ME T MK

IR B RFZ F.

FATH—Ff EULAY 5 B AL BRARAR , Tt 2 1 V7 2 (AR HE R ()AL 49114, A RIRATTHIDE
T MR IERER Q, AT I — DRI iR iE T Q XUE & ReS 2 ARTR 1Y
RFL? IR Q, FlQ, & V IAHIZZ T4, IBARA volume(Q; UQ,) = volume Q; +volume ©,?
HERAMCHEIE V PEBA S5 1) 746, IR A B oM i) F-Bel LLUEH , 33 - Rl BB Ay
HE MBI, FIFRATRHATRAY H 58—

7110 ffl: ZRERRGIECTMRR

WTe LR)ELHTY=2(v,e))e +(v,er) e,
H ey, en 52 R (FRUESE. X —ZR MRSl [ FE T e
HPLA E 2 FEITHY e ORAE. TR i LA A
EITER, T B AL R R ek, JRLG I R
B9 FAK I, AR T T8 JEOR i Wi A3 !
7 e FEBREORAH R . TR IR | & e AN ko % 42 L —ik
SRR (R MERBREME . XENMHK Bvwmes, middssrx.
D7 AR AR B EFNEEA A X AR AR R, ), T
BRIGIARFR AR A R Y 2 5.

(BRI ZZAEF) (% wri ) Sheldon Axler [F] FARik ., e [#]
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FELL LT, TAHRTHE e1, o0 IPRITRBU N ETF R — A KTTE, JATATLUAHR
TR EREBUE R, — BRI, H R R T RS AR RO R AR, SR, IRk
ITREPOE 2 19 (O A& S EMRAEEL ), IRASETIZAEM K IT R RE B 58 Tl EA
Rl — N ERR TR, a1 7.107 Fros. BRI — A, wLAERH 45 T A A4 R A H AL

7111 FRTUEHRTRENRR
wWF=R, Te L(V)nii, HQcV. A4

volume 7(Q) = (T BAT FE IR (volume Q).

ER % T H A R EL M

Tv=si(v,e)) i+ -+, (v,en) [u

XA veV KL, ey, .., en M fi.oo, fu BV AT E R H.

Rt u+P(rien,..., rpen) WK REI Q, X KT EREARZE rix--xr,. HFTH
FANKF R u+P(re,. .., rnen) #WREK T K Tu+ P(risi fin. .., FaSnfn)s EARA (s1%x---
Sp)(ry X == Xr,).

BEFTHATEL QWARK T A KA TELT(Q) WALKTER. BHATHETAH
TER QWENKTENER, SREEN 51X Xs,, PFIUREBRS T IREFNERLL
Q MR AR, B

WT e LV). FRMHEETTIA RN, RITHSES, T W& EAFBERET
|detT|, UL 9.60 F19.61.

BUR FHHEEME TR

FA AT XSRS GRA T, R, XD RBIERE A IRAEZ NI R, &
S — 5 s (R IE R T 1A BRAESZ N A s 8] L T RERA BOPES; AR 928 51 i/ i
JEAHRAY C TP E—Y HOCE R PRI AR ERRE T e T8, ZRTARAL
PRBVFARRLR L. N, FASHSH—FTie, IERAUE T 0] 002 HOCH ER A R
(KB —A7 2 FMs M — A ZAROR T IE ALY ).

PREHIR R B O AT AR BT S5 RO AT AL, AN, FAs i iR)n —1r o, 2
TS T B R S E (IRYE 7.85), MIEMBE & E—RE F = C—%F
THRAE(ERLERXE (ARG TE 518 7 ).

ENETFHIER HIEERT

A C\ {0}

SRS R

piSs {1€C:Red =0}
BB {0, 1}

iE [0, 00)

ZIE {AeC:2=1}
WENT 1 {AeC: | <1}

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



246 % 7% AT L AT

= A TF

1iEM: Gk s, 7 e £(v,w), IBA|ISI-IITI| < IS =T
AEREX MM ARBE=ZHAEX.

2 TeL(V) AW, 83X F=CHTeL(V)ZEM. iEH.

IT| = max {|A] : A J& T HYHFAEAE ]} .
3iXTeL(V,W), veV. iEH:

ITv]| = ITN IV & T*Tv=|T|v.
47 Te LV,W),veV HIITv=IT|Iv|. WEB: i ueV H (u,v) =0, B4 (Tu,Tv) =0.
5 % U ZARRYENFRZSE], T e L(V,U), Se LU,W). WFH:

ST < ISINT]I -

6 WEIAEZS H— el Wi S, T e L(V), B4 |IST| = |ITS||.
7 W @X LS, T)=||S-T| (S,T e LV,W)) [ dIE LV, W) ERER.
AR A RE BT R L.
8 (a) iEM: WRTeLWV)H|I-T| <1, IBAT ],
(b) &S e L£(V) R WEM: WRTeLv) BIS-TI < 1/||S7Y, #BA T R,
ABER, LIV) POITHEREFTHRAEESL LV)GFT4&, TEHAGLHETAF
ELHEE.
9 & TeL(V). iEH]: MTHEE e>0, #HATEATHHEF Se LIV)HHF0<||IT-S| <€
10 & dimV > 1,7 € L(V) Rl E X FAER e > 0, 8MFFES € L(V) R0 < [T -S| < e
H S AAfi,
11X F=C, TeL(V). iEM: ¥FEE e > 0, I RALET S € L(V) fHif50 <
|IT -S| < e.
12 T € L) ZEFRT. W [VT]| = VITT.
13 %S, 7T e L(V) ZIEFRT. WM.

IS =TIl < max {[[SII. 17N} < IS+T1 .

14 % UMWREVITFaEEH ||Py-Pwl <1. iE: dimU =dimW.
15 EX T e L(F) &

T(z1,22,23) = (23,221, 322).

R T = SVT'T L IERT S € L(F?) 1A
16 % S € L(V) BAIWIERF. EM: fF7E 6 > O (ifHME—IE |IS-T| < 6 WHEEAE T
T € L(V) #RIERT.
17 GEH]: AR w e VI @, &V EE SN ¢, (v) = (v, u) RIZPEZ R, B4 lloull = llull.
EERAVEAFERF A NRENE, LARA (0,8) = af ST H a, B €F . Bk,
llgull ZBP @, VEAMV B] F o 22 b e it 69 58 20

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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18 W er,... e, JE VIHILIESIE, T e L(V,W).
. 1/2
@ W max (ITerll,.... ITeall} < ITI < (ITerl> 4+ [Teall?)

(b) IEH: ||T| = (||Tel||2+...+ ||Te,,||2)1/2, M HAYY dimrange T < 1.
EXEZWey,..., e, AV AEE AR ERL, MA—ERT 4 -A0MH X, 4
Rt .50 AT OFFAL, F2ALREXRGEMNHKET (2+--+2)7, WIEFITA
11 (a) A%,
19 WEM: WR T e LV, W), BBATT| = ||T|>.
T*T| 49X A KA X, 318 T C-KR¥ (C*-algebras ) X —F &5 A
20 BT e L(V) R, TER: XFAT—IE8E &, B84 |74 = 1711 BT
21 #dimV > 1 HdimW > 1. iFB: £V, W) R0 A L $aigud, 2iE . A~
e LV, W) R A
max {||Tv] :veV H |v|] < 1} = \/ﬁ
XA T € LV, W) 85I
22 WTeLV,W). n=dmV, &5 > - >s5, ZnTWFRE EW: WHR1<k<n,
2,
min {||T|yll : U &V IFZEH dimU = k} = 5,141

23 T e L(V,W). iEWH: XF VMW FFEAHEHKERE (W 6B 1>J23), TiR—5u%
LR,
24 T e L(V) A3, {EH.

| = 17 = ﬁ%é@iﬁ%

25 WE u,xeV, Hpu+0. BXT e LIV)R: MME—veVHA Tv=_(v,uyx. IEH:
NT*Tv = M {(v,u)u

[luell
SHE— v e V #BAT.
26 BT e L£(V). WEW: T A, YHICSFAEME— X IERF S e L(V) 3 T = SVT'T.
27 BT e L(V), sty T HTTFE. Der...oen Ml fi,. .., f #52 V BTG IEASHE, fii
13
Tv=si{(v,e) fi+ - +s5,{(v,en) fn
YA veV Bior. X Se L(V) R
Sv=Av,er) fi+--+{v,en) fu.
(@) WM S BELIEMH T -S| =max {|s; —1],...,|s, — 1]}.
(b) IEM: WR E € L(V) BRZIEW, B4 T - E| > |IT - S||.
AT RGE, (ELEHT YY) ATRBLEL I T THLELTS.
28 W T e L(V). M. FHELIEET Se L(V) #i15 T =VTT"S.

(BHRH M IZZAES) (%R ) Sheldon Axler [F] R8Ik, 4T [#F]



248 % 7% AREE e ET

29 % T e L(V).
(a) RO RIER] . fEAELIEST S € L(V) ffif TT* = ST*TS".
(b) EM: (a) ZEIE T A1 T* W3 S AR

30 T e L(V),MiSe LIV)RLIERT,Re L(V) T = SRIIFHE T EM: R = VI*T.

AR, JoRBEAH T B R—A 4 BT Fo— A EHF 8 FAR (Lo 7.93 69485 FT

), AL P ELFRET VTT.

31 F=CHTeL(V)RIEMK. IEWH: FHELESET S e LV) #if3 T =SVr'T, 7H S
HANTT KTV BIFE— A IE 3 A .

RNETeLWV,W), T£0. % s1,..., sm Fen T IIEAT A, UERH: 774E (null T)* ORI IE
ey, ..., e [T

T(E(ﬁ,...,e—"’))

S1 Sm

EF range T UL O LA A 1 K.

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]



£8E EMETHLHET

FEARTER, FHATERAMBIF R TR, JRRRSER e M w] . AR
A eZEE RIS TSR s A s ), FRENIIALREE F=C. JFH, AR
TARBENEITOHAL, P AT 1247 BRAE [ s (6] X — B e k.

IR AT RYE A [ i 25 0] b, — DT AT REAN HAT R AR 1] 8 A 1 1) 25 1]
%, TRILNPEBE P2 AT SRR EAX R, B LRRBERR RS, ROITEER],
XA BRAER [y s (8] BN T, AR i A SORRAL ) A i i s (B (Y 2.
B, ) SCRFE 25 18] 23 it REAR A bt i A PR AE A2 1) 25 )L AR5

FERTRAFRAG TIRSET 0 WE T, 72 LKL RIS HTT T, B0 PEE HE)
ft. AEFATIE A FRAESD 1) 48 2 0] L A B a0 TR PO AR, DLRBIFS s SR e
WA TR

ARFELERALE T, FEM T ER M.

AT AT S E AL :
o FIUERHC.

o VUK F LAYARZA FRYE ) 23 (H).

VS-Ag8 OO I pireq

B Jy ARtk K 5 (University of Dublin ) ¥ B 44849 K /4% £ ( Long Room of the Old Library ).
B+ %% /40 (William Hamilton, 1805-1865) % Z WM KT, B XM A X EHH R X —, #b
F£ 1853 SR T RAVILAEFT5La9 PLE 25 % R4\ Z 2 ( Cayley-Hamilton theorem ) #5— AN,

249
(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]



250 %8 Awmesh Loy AT

SA TN EREMEZTET

ETHRNTZE

FATIAIFFE 3 ()T (1) 5258 [ SR AR 28
8.1 EEHEZHFET

B TeL(V). IRa

{0} =null7° Cnull 7" C - C null 7% € null 79! C -+ - .

WFEE &k B EH, HvenllTF. A4 T =0, XXW T =T(T*) =T(0) =0. A
M venull T, E b null T C null TR, R 6 #2454 [ |
TSR, R FRTmFEsh X TRRGMESRFT, LA EMG LR, T

HPAARBITAILE, ILHAE X2 G SATAG6, 7. 8.
A LA A 25
8.2 EZEFIHHEX
BT e L(V), mEIEEE, we
null 7 = null T+,
B2,

null 77 = null 7" = null 7% = null 7 =

IEBH Ak R EEH. HATEEIEYN
null 77 = null 77+,
B 8.1, HATE & null 77+ C null 77+,
H YA AR R KRR, E v enull T TR 4
TN (Try) = Ty = 0,
A it
T*v € null 7' = null 7.
FR Ty =T"(Th) =0, EvkFE v enullTF, K null 77+ C null 77, W7 58 K T
B [
FEEEEIH TN R RAAEARTUEE m, R null T = null T R TS E UL
Wy, XANERBDTE m FT T BYE 3 [ 4ER A BT

83 TFEIEILIEK
B TeL(V). IRAa

null TdimV = null Tdim V+l = null Tdim V+2 —

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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IFER BATR FIEW null 79V = null 79mV+! (g3 8.2). ik A F L. A4, B 8.1 H18.2,
KNE
{0} =null7° C null 7! € -+ C null 74V C null 79V
HYWHEEEE CEN “BaTERET. ELANENECE TR, £HED 28 1.
b dimnull 79V4 > dimV+ 1, Xt H T FE—FE A VI FZENELR T2 KT dimV.
n
V =nullT @range T HAXEANT € L(V) #KOL. A, T HEZISE A HIENRL L.

8.4 V & null 74V F1 range T4™" B EF0
WTeLV). a4

V =null T4V @ range 7%™ V.

UERR A n=dimV. #ERATEMN
(null 7") N (range T") = {0}. (8.5)

¥ ve mullT") N (rangeT"). L TV =0, H$HFHEueVEFv=T"u. ¥ T EHTHAH
W, FHFTY=T"u. EWT"u=0, XXHATu=0(H83). TAEv=T"u=0, KEIiEH
TR (8.5).

KAHF—%, B (8.5 BF null 7" +range T" Z H A (H 1.46). [FHf,

dim(null 7" @ range T") = dimnull 7" + dimrange 7" = dim 'V,

HpE-ANFEFRET34, FANETRELMERAERTE (321) LR FAREL A null T
rangeT" =V ( 5% 2.39), BIJE &A1, [

RSB RN RRAS WL~ 19.

8.6 fl: FT e L(F°), F=nullT? ® range T
EXLT e LIFY) A
T(z1,22,23) = (422,0,5z3).
M null T = {(z1,0,0) : z; € F} H.range T = {(z1,0,z3) : 21,23 € F}. T & nullTNrange T # {0}.
FJ& null T +range T ANJ& H AN [FR), RS null T+range T # F3. 2R, FA1E T3(21, 22, 23) =
(0,0,125z3). MimFATAT A
null 7% = {(z1,22,0) : z1,z2 € F}  H  rangeT? = {(0,0,z3) : z3 € F}.
G IEDN 8.4 fridt, F? = null 7° @ range 7°.

I~ XHFEEE

BUERFAE [ A ARG A A B85, TRAEA/ DT, FRATT AT SCRAIE [l A4
&, ERTEIRRE T AT T R S AR
R T B R R B AL ), FRATTOR T P AN RV R — T A S AL

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



252 % 8% AdmeaiE ey T
AT AET A FRAAZE T BUE T € L(V). TATHGES B —A “UF” W EFI-
V=Vi® eV,

(Hh & Vi #U2 V IITE T TAER 7S] SRR T, Sl iy aEE AR s ag—4Ery. M
MEACY Vv BAH T ARHE I A e, R RS Vi ARV INTE T AR
M—4EF2as il (U 5.55) XXM T Vv EARESS [\ 53

V=EQ,T)&---®E,,T), (8.7)
Hag, ..., A 38 T W E SRR (UL 5.55).

B EFER RS A, & VRN R, IBARnE (8.7) Mo g TEA B AR T
(& F=R) ZENMEMAT (4 F=C) #or, FXPIRE T RYRAE ] 41 2 LUE L v
By%E (U 7.29 F17.31).

SR, X TR TR UG, BN (8.7) MM —E T, RIS AR AL 1] H A5 (]
AR, ] 5.57 thRAR ST YRR AN R LA (8.7) M. FRATTIAEE I AT
SCRFAE ) SR SCRFAEZS 8] 0 RE 2 X P ) 1]

8.8 TEN: "WN45EM=E ( generalized eigenvector )

WTeL(V), 12T FHFEAE. FRiE v e VET XN T A BT XAFERE, #5v#0
HXHEAE#E kA

T -AD%v =0.
( )V .

EEEE Yy e VETWNT A By W RAEREL T SUFAEME, BAZERAF
TR, 4 HALY FMEATHAD. RAA: & (T-ADF s TX
NEER k FRARS, ARAT - LRAE

‘ S, Bt ARA T $9454E1A.
B 8.1 F1 8.3 N HTHEAF T — AT BPAJ45 H 3 55

FAVRTE , S pw e s a] b A3 AR AL ) e ] BEAS R AR O E SCs [ A, R IiZsig it
B, XSS AY) SCRFAL ) S B I S5 8] A 2.

(T —An* ™Yy =0.

8.9 M XHHEREBHIBME

WF=CHTe L(V). AFAEM T /Y SCRHER SR V 35,

@

IERR A n=dimV. &N FASHE. B4, FEABEERAEn=1FHR L, EHX
BWEV S EA N EEHERE T R ERE.

MG n > 1, FBEEMTLBE dmy  ERX—FALET F=CIXA L4, B
HENEA AR, AR T WM. ¥ AWRF=R, AT THAAEFIEM.
84 ST T—AI, 71%

V =null(T — AI)" & range(T — A1)".

Fall(T-AD" =V, LV FENEEREHNZT ) HERE, TEEXME
WT, FEBET WO UHFEEER RS V A ERENTE null(T - D" £V, XXH
range(T — AI)" # {0}.

(BRI B IZEMF ) (H Rk ) Sheldon Axler [F] FARiA. A [##F]
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BB, null(T—AD" {0}, EH A Z T WH—MFEE. TEKMNA
0 < dimrange(T — AI)" < n.
WA, range(T—AN" £ T TA% [ H 518, EFH p(z)=(z-)"] 4 S e L(range(T —AI)")
& FIR%| 4 range(T —AD" LWEFT. BANBENHATETS, TEHEELEH S ) URE
[ E A B By range(T —AD)" B2k, WX & YA T 0y SURFAE W &, 4 range(T - A1)" B
FE5 (T -AD" WEEIH, EETd T W) SUREREM RV . m
#F=RHdimV>1, 4V A -SEFRY) SCRHER AT v 5L, A L850
AEAZMER (5 F = CHIEAIR ). HE—F 26 AR ST BT W T8 11,

810 fl: C E—EHFHI N iEEE
EXT e LC) N MNEA (21,20, 23) € C,

T(z1,22,23) = (422,0,523).

A AFAE(E A 2 SCRIVAT T BOARFAE(EE O AT S, bk, SR TFAFE(E 0 AYRFE ) 24N (20, 0,0)
MAEZ M, XTI TRAEE 5 FRFIE R ERIZ N (0,0, z3) BAEZE MG, PG T R4 M)
AR DK BOZE 1 LS [E) C3.

BATVEH T2 (21,22, 23) = (0,0,125z3). F4& 8.1 1 8.3 £, T X FAHAEE 0 (1) 4R
TR RIEUN (21, 22,0) BYAEZ 0] &

[EEF, FATEA (T -50)3(21, 22, 23) = (1252, +300z5, —1252,,0). Ik, T X FARE(E
51 SURHIE [l IZ N (0,0, 23) AR 4] 4.

B LB RIS, AT CP bR rh R AR T 1Y) SURFEm . T2 IR 8.9
e, CWIRGEAH T 1) SURRE ] 4 ) 2.

v T e LIV) WL, ABAHXRAYFFIEIE A B FE Ty = Av ME—Hf5E, Hizdr
FEAX DA e FIAL (v #0) 2RI, & v 2T M SUREm G, IRATRNIEA RIKA R
EAE—A A € F W2 I FE (T — ADS™Vy = 0. 4F7E FIESSeSIFRAT, X &2
HEM.

8.11 | NHHEE =X M FME— R IEE

WT e L(V). IBATWEAN SCRHE R SR T T 1—FRFE(A.

W %veVETWHERBYNT T WHAANMFEE o f1 A ) AHERE. A m2iHR
(T—al)™ =08 &H/NEEHK. A n=dmV. A4
0= (T - A"
=((T-al) +(a-)I)"y
= Zbk(a—/l)”*k(T—a'I)kv,

k=0

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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Hrby=1, EAZ TR RE b WEEXREE. $EF T-a)™"' AT LR, TH
0= (a-0)"(T-al)™'v.

EH(T-al)™'v#0, il ERZH =2, WEGAFIE. [ |

TN ZRrAE R, XRTA R AR [ R AN IOR (5.01). BUEFRA RIS H
TSR R SEE, P HIEE KREGEAE 1 Z AR 4SS A UL R .

8.12 ZMLXH NHFHERE
BT € LV). MBAHRXNLT T BIESFRFEELRY ) SCRFAL ) AL i) A1 1] B 2 AR 46
PEICKHY.

Q
IEFR RBGEE R A KL, BLAFERNEEE m, EHENNTTHERHLEMEA,. .., A B
SRR E vy, .., v R EMEHEAHED (FEm>2, EhEEXT ) UHERER
EEW). TE, FEL2TIHNO(EImEAN) ¥ ay,..., a, € F{#7%
aivi+---+a,v, =0.
A n=dimV. ¥ (T-2,D" AT EXFHM, T&
ay(T = A D)"™vi + -+ apy (T = 2,,1)"v,_y = 0. (8.13)

Eke{l,....m-1}. #x4
(T = 4,,D)"vy #0

BN v BARA T W E B2 TF A EBRAEE A F7 A, ) UHERE, X4 5 8.11 #FJE.
XA
(T = 4D)"((T = 2, D)"vi) = (T = 2, )" ((T = 4D)"vi) = 0.

T, e ERBTRR (T — Aud)"vi £ T 3B THAEE A, 0] XFER 2. Hilb

(T = A, D", ..., (T = D) Vs
Bl m—- 1/ TEREEEN) BB R & AA [ R 813)], Xt m
w/NAET . % F BT A R A AL []

REHT

8.14 EX: BZE (nilpotent )

TR EREN, IWRENENESET 0.

T, V E-RTEREN, &V ERAARFE AR T XN TR 0 19 SUREE R

2

8.15 fl: BEETF
(@) XN
T(z1,22,23,24) = (0,0,21,22) 2T E

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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MEF T e LIFY) ZHEH, BHHRT>=0.
(b) KT ARuEFEA AR A
39 0
-7 9 6
4 0 -6

1 F LR RN, R Y 57 75745 SRR B Al e .
(©) Pu(R) LR AT RBEER, PR m RKIZIA m+ 1 5 3BT 0.
ER, (EXNYEROE m+ 1 iR m]h, BATHRRIZE T80 m+ 1 YA R 2R T 0.

FHAEUS, YA - AREE T AT XAE il 4 R OR, “potens”
(ORI, R IR RCE T s g &4 TR, T5E “nilpotent” #) 5 @ & St
Bv TR, — P REROR eI 8. A CRET

8.16 nAZE LEEFEFHn RXEETO

BT e L(V) ZR/EHN. BAT™ =0.

LB BN T EBEM, FUFEEEKKEET =0, FE T =V. k8183 M
[ & pull T9MY =y, F & pdmV — .

8.17 BFHFHHIEE
WTeLV).

(@) W T BEEW), A0 & T WFHIEE, JFH T 3A HA R RE(E.
(b) #F=C, HO0ZTMME—FHEME, A T B2REM.

iERA

(@) HiLW (a), X T ZEEW. AREFEEERmEST =0. XFXAT FE2E4. TR
0 & T WyH1E1E.
NI T %A LA, %A BT W IEHE. BLEEEEZnEveV 5

Av=Tv.
#TRAERT LR, TH
A"y =Ty = 0.

TFREA=0, F&HHEIE.
(b) HTF=CEHOZTWE—SEME. HS5270), THENEZARET " (P m HAEE
). TET"=0. AT ZEZZW. ]

AR 23 YL T EIREEE (b) P F = C IXAHHR A A AT 2.

(BRI ZEMESY (%) Sheldon Axler [£] 2Rk . AT [%]



256 % 8% Amesl Ly FET

BHE V ER—ART, BATHESRI v i— 3, L5 10 Tk R MR ] RER
B, BREMR S RTEEZ M 0. PIZNEEM, R TOREEN, IRAENTAT IR V i
—AEE, AR T R TIZEMER A L —FROCRET 0. (AR kB OR 15 2 4

L5,

818 BEFHEFHR/MSTATML=FRERK

WT e L(V). IBATHEAMmEEN.

(a) T BREM.

(b) T WE/NEIET 2 (m RIEFEEL).

(c) FHAEV I—AKE, (1159 T X Tz an
0 *

0 0
HApx L KA AL T )i iR EET 0.

@

IERA BRi% (@) &L, WA T EFEN. TRHEEEEEnERT =0. LW 529 T4 " &
TWRAZFRNEZARXGE. TETHRDNZTARBE 2" (m HEESH ). KIEWT () BE
(b).

P (b) RaL, WA THRAZTREZ " (e m HEEH ). #1527 @ 47, 0(" 1
E—FE ) BT W E 4. #W, d54474H, BEVIN—NE, 8T ATREER
F=faKErE FlE, B54LRE, ZEETHAL LN ATESETO0. XRIEAT (b) &
().

ik (c) RaL. A4 WS40 F(FTIMY =0, TET Z2FEW, KFHIEAT () BiF (a). MW

= ] 8A >

1% T e£(V). iEW: % dimnullT* = 8 H dimnull7° = 9, AN THIAEES m > 5, H
dimnull 7" = 9.
2T eL(V), mEEEE, vev, HT" v 0HT" =0. iEW: v,Tv,T?,..., 71y
S METCICH).
ORI R LR T 8.45 4R .
3T e L(V). UM
V=mullT ®rangeT <= nullT? =nullT.
4 % TeL(V), AeF, m HIERE, 15 T W/ EWAE (- )™ MZ0A. IR
dim null(T — A1)™ > m.
5T eL(V), miZIEBE. kW
dimnull7” < mdimnull 7.

27 3B W IM2] TRA M.

(BRI ZZAEF) (% wri ) Sheldon Axler [F] FARik ., e [#]
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6 BT e L(V). LW
V =rangeT° D rangeT' 2 --- 2 range T D range T**' 2 - - -.
7T e L(V), miBIAEREE, it
range T™ = range 7",

WERH . XFFFrE k > m, 4 range T* = range T™.
8 WTeL(V). it

range TdimV = range Tdim V+1 = range TdimV+2 — ...
9 WT e L(V), m2IEfBE. ULV
null 7" = null 7" < range T™ = range T"*'.

10 SEXL T € L(C?) FT(w,2) = (z,0). R T WA SCRHIE ) .
11 3% T e £(V). iEM: VAH T B SCRE A ag 5L, 24 ACY T s 2 m ST
(z=A) - (z=2A,) (HFA,.... 2, €F).
BX F=R, A% F=CHHH 527 (b) #= 8.9 TiE.
HAMAY, VAET 0 UREQEMRGL” k. 5 VA-ARRBFT AT
AR L ZAREET 654 (L 5.44) Z—H.
FE: wRTATVAREy,. .. ,v, FE=ZA4EME, L v, Z2TWHHFERE, 12v,, ..., v,
FR—RAT W] LHFIEE =,
12 % T e L(V) R V PR EARE T 07 SCRHE &, IEH: fFfEAeF, B 17-A1
SEREEN.
13 & S, T € L(V) H ST Z2FWER. Y. TS Z2/EN.
14 % Te (V) REEMNHT 0. IEW: T AAIxfffk.
15 K F=CHTeL(V). iEW: TaXHAEBACY T EAT SCRHEm AR Z T 14 M)
H.
FFF=C, KIJM% 555 P ARFNZHINEIIE T —ANFH 54
16 (a) Z5th—i: AHFE R EZSE ERERT S, T, HEIIE S+ T & ST A ZTEN.
(b) WS, TeL(V)ZREENH ST=TS. iEWH S+T Fl ST EHRZMH).
17 T € L(V) B2FEN, m BIERE, WE T =0.
(@ WM. T-T 2, HI-T) " '=I1+T+---+Tm".
(b) fFREAR SR AE L R A
18 W T e L(V) BREFRY. bW, Thimmnet =,
% dimrangeT < dimV — 1, ARA K Am3ET 8.16.
19 & T e L(V) REFEM. EW: V =null T9V"! @ range T4m V-1,
HTFRAFRRGILT, KIHMMIRT 8.4.
20 iV ENBEE, T e L(V) BIEMMEZFER. WE T =0.
21 W T e L(V) L null TV 2 null 74V JER . T 2RER, BXFFAMEL 0 < k < dimV
HIRE &k, A dimnull T* = k.
22 % T € L(C3) I /& range T* # range T°. UERH T JEHFEH).

i

(BMERFIZXAF ) (Fwik ) Sheldon Axler [F] FARA . FTFA [iF]
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23 2. T RA RS RS E FRE T H 008 T MME—4FEE, [H T A2REN.
AJMEH, £ F=CHiiiE, 8.17 PH2iE £ 2 (b)=(a) RAR L.
24 X 8.15 iSRG, SKRIAT I XA —A 3, I mEH T X TR n
HA 8.18 (o) iy =g
25 WV IRNEIEER], T e L(V) BREM. IEM . /776 V IN— RIS, #1157 6Tzt
MIHERA 8.18 (o) Fispy =gt

(ZMRE R IZXAEFE) (FHwhg ) Sheldon Axler [F] Fi&ik. {78 [#]
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8B | MHHIE= 8] 57 iR

T XA4FEZ (8]

8.19 ENX: | XNY%51EZ[E ( generalized eigenspace ). G(A,7)

WTeL(V)HAeF. TXNT AR XEESE, ii/E GA,T), &N
GAT)={veV:(T-AD* =0,k HIIFEL).

TR, GA,T) 2l T XILT A B SCRAER LU O 5 BT sl & .

A T W BRANRAE ) AR T /) SCREIE I (6 SCREIE ) 2t A SR & = 1 BT ),
T AREANFRAE 23 R ER AL 3 TAIXS RE () SUFRAEZS (], 52, 45 T € L(V) H 2 € F, B4
E(a, T) C G(/l 7).
WERYW, MR T e LV)HAeF, PBA) XFHES G(A,T) &V B—F=5H
( ljil 1% J:!r/\ﬁ’f PR ) Z2 28 [ R V25 ) ).

8.20 | N EIRJHEIA

WTeL(V)HaeF. B4 GA,T)=null(T - AD4mV, ;

WERA % v e null(T —ADY™Y . ) UEAEZE AW 2 LT 4 v € G(A,T). T2& G(A,T) 2 null(T -
ALdmY.

Rz, %veGQAT). TRFEEER k FHFvenull(T-ADF 81 /83 (H¥HFT
AT -1 %K), BATFTHF v enull(T - ANV, T2 G(A,T) € null(T — AD4™Y | S0t 52 K T
iE BR. [ ]

821 fil: C' E—EFHII XHHEZIE
EXTeL(C)H
T(z1,22,23) = (422,0,523).
FEB 8.10 H, FRAVSHN T AORFAE(ESE: 0 F1 S, HoRH T 52 X RiAT SCRFE ) 2 TR i
MRS, FixEeEErnl {0y BUfE, &ATA
G(0,7T) ={(z1,22,0) : 21,220 € C} M G(5,T)={(0,0,z3) : z3 € C}.
HE, CC=G6(0,T)aG(5,T).

FEB 8.21 H, € =] CF B H T T () SCRFIEZS R A LR 3% PR IESE R
B, XAMERCR S AR, BT, R SCREEUI T, MR F=CHT e L(V),
AV R T W) SURHEZS [BIR ER, X B SIUEE T AL, JFEAERTH B T 5T
—MREERE TN EESERE TR TR, (ST mEe, RIS AiR: & v
IMEIEAET258], H T fE&k 2523 8] L AP RO FATT T AL
FAPHER], MR fRLi s 1 T HRTErAA 50 SR EZS [ YR, R AR 1%
MG MTRANRT T e LV), AAFAER T 1) SCRAE R R B V IEE.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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8.22 | NYHHEZ B4 fi#

WF=CHTeLV). %a,..., A 2 T WESFHEE. B4
(@) MEANk=1,..., m, G, T) £ T TRALR;
b) AN k=1,..., m, (T = D)|Go.r) EmE;
©V=G61,T)& - &G,,T).

iERA
(@ & ke{l,..., m}. 4 8.20 Fk ¥
G, T) = null(T — A, D)4V,
TEHSI [HFH p(2) =(z- )™V ], % G, T)ET TELELH, (a) fFiL.
(b) & ke{l,..., my. #FveG,T), 4 (T-30D™y=0 (@ 820). T2
(T = 4D lgar) ™™ =0, B (T = 4Dlg.r ZFEH, b) FiL.
) ATHHGALT)+---+G(A,,T) RHF, &
vi+--+v, =0,
HbE v BT GAWT). EAT XN TERBEEN) XFEHELELX (F8.12),
Bl R A& v & F0. AT GALT)+--+G(A,,T) ZEHF (H 1.45).
R, VFENAERATRERT T XRFENENFRMAERX (F89). TE
V=G6G1,,T)® - &G,,T),
(c) f%1iE. [ |
F = R B2 RIZ5 18 0L T2 & 8.

FHEERNEH

A VERAMEERET € LV), IBAh] R E 0 (8.22) 4 v e
MR THE. %X 72 AR B, INIAE R 1 SCh s TR 4 K.

823 EX: E#H ( multiplicity )
o WT e L(V). X T WA A WEECHIXTN M) SURHEZS [E] G (A, T) HI4EEL

o MiHEZ, T WFHIEH A MERST
dim null(7 — A7)4™V,

IR RS R G(A,T) = null(T — ADY™Y (I, 8.20).

824 fl: —EFHRIFEEMEL
EXTeLCHNH
T(z1,22,23) = (621 + 320 + 423,62, + 223, 723). E2TRE

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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T KT hruERE R AR N
6 3 4
0 6 2
00 7
By 5.41 045, T BRFEERHFEXT A2 e 6 Ml 7. ARAT HATRAE, T /) RHIEZS (A&
G(6,T) = span((1,0,0),(0,1,0)) #1 G(7,T) =span((10,2,1)).
TR, FHEE 6 MEEUE 2, FrEE 7 WEHCE 1. | 8.22 Urid)™ ARAEZS (8] 7 vl 5
MC=G6,T)®G(7,T). W89 WFH, T FHENE (1,0,0), (0,1,0), (10,2, 1) f45% C?
B—AE. C HORTEAE I T O RRAE ) R i) i

TE W, T A E R s T AR, BEAMTEES R, ARF TR
3, IFR T H5E s, Fidipus  AREESF T B S AR A & B Il
W, MR FA R s i) sy R RAVKEE 831 P AR, XAMERE
DB P A

8.25 EHZFMETF dimV
WF=CHTeL(V). BaTHIARIEENERZFMET dmV.

Q@

UERR B URAE R B 0 (8.22) SEMmMEHR AR (L 3.94) B A F4GE 4t =

L4 rh 2 R EE 2] ( algebraic multiplicity ) FIJL{AIE %] ( geometric multiplicity )
PR, QPRAERX PSR, PR AR S Ak e O EEoE —FY, L
BORABN FES M AR, 52, BT e L(V) HAZ T W—FHEE, A

A BCEES = dimnull(T — A%V = dim G (A, T),
A BT AL = dimnull(T — AT) = dim E(A,T).

HE, R bk S, REEBIEN TS B, FFEAUTE L. A4 i EECE
SCHHE B AT A e e SCEN TS, 9.62 KUl I il e =Y.

#HVIRENENE], T e LV) ZIEHK, JFH A2 T H—REE, RN 7TA 35378 27 i
MATERFTFT-A1 F, BRI A BARBCEREE T A i U B iS5, S e L(V,W)
(AL v AT W AR A BRAENFRZS (8] ) A AT B T B AR St IRRIE M S (RECE
HERIER @)

T SCH A R4S ) 7S 8] _E RN R TS N 2 I R AR

8.26 EX: HHEZINI ( characteristic polynomial )
‘& F = C H T € -C(V)' é\ /11 """" /lm i%/?:\‘ T EQLELE‘F%F%?E{E, H;H;Eﬁé}%”% dl """" dm-

PRI
(z=A)% (2= )™

BT HAESTE. .

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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827 fil: —NEFHHFESTIR
BT e L(C) LU 8.24. Bk T (WRHEME 6 MITEEUE 2, FRIE(E 7 MEEOE 1, FTlL
BATTAS T (RAE LI (2 - 6)%(2 - 7).

8.28 HFEZTNHIREFIES

%F=CHTeLWV). IKa
(a) T BFHIEZI I RECE: dimV;
(b) T HFIE LAY S T WA IE(E.

Q

WA WX TERZAR LGN (825) T (a). MAEZ KB E LT (b). |
ZHHM R THNZE RFIE LT (1 9.62, B AIAL R E LMY ). AL SR AL 3
JREEIEEZ, FFal 5] BRI R e A T X RS AR
829 HIFE-MRE/RIAERE ( Cayley-Hamilton theorem )

WF=C, TeL(V), HqkTHMRFEZHA 2 q(T) =0. .

(T = D)™ a1 =0
FOUBERE AR (822) 46, vidg A - PR (Arthur Cayley, 1821-1895) £
AMHEBE GALT),....CU,T) Pl  REFEFEIMRLLT ZHBFRL
M, FE, HIEH ¢(T) =0, RMNAFIEAMTE kK HH ¢(T)lca.r =0.
B ke{l,...,m}. &ATH
q(T) = (T = 4" (T = A,1)".

EREWEETHZT B, HRBANTHRRI(T - L)% % 24N LAWK G-I
Pj}g (T_/lkl)dk|G(lk,T) %—]: 0, Fﬁu&ﬂ\]ﬁ ('I(T)lG(/lk,T) =0, )/?\{_ﬁ'/%ﬂ’/f%iﬁ [ |
FHEEERW, R T T e LV) Wi/ TRECE dimV CREBEDF AR

IM—I 5.24 ZJEHJLBE ), B4 T BIRMEZ AU T T i/ N2 T

8.30 FHEZ I ER/N ST H I E

BF=CHTe L(V). AT WFIEZHZE T KNSR 2. .

iFEE BYLE-RF R EIE (8.29) #1529 LA W15 FR 4. n
PRAE, FeATAT LASER, 1) 8.24 PR H OS5 16X T BRAYE S [ 23 18] E 0 B 5 H0 T
831 YHIEMEHZTHAEXM AL EHIARE
WF=CHTeLV). #v Vo SV I—AN 3 B M(T, (v, V) b=

. IBA T RN A 75 M(T, (vi, ..., va)) XL B BRUEL, BT A 1F
N T LR R FEL.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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B A A= M(T,(vi,...,vy). TRARZRFZAEE A2, L, ZFANALLNET
. TR, dFMNke{l,..., n}, ®HMA

Tvi =ur + vy,
H A up € span(vy, ..., Vie1). EWE ke {l,..., ny H A #0, L4 Tvy £& Ty, ..., Tvi_, 19

LMAE, AmE&MEHERETIE (219) TRHEXE Ty, (HRE 4 #0) IR AZL&ET
x .
AdExkrETirke{l,..., n} PEH L =08 B EREBTH
dimrangeT > n —d.
HH n=dimV =dimnull 7 + dimrange T, ALl _E# F %X & W
dimnull T < d. (8.32)
HFT RTHv,. .., v, AR F= AR AT, EAAL LW TRRE AL, .., [
SCHAMAM2Mb)]. EAHAL=0LEHMRLE A4 =0, ATl A" AL EEINO0WARRET a
TEAFAR (8.32) CHEFWH T H#HEHNT), KA
dimnull7" < d. (8.33)
AFTH—MEEEA, A my kT AEATWEERANER, #45d XTAHIAEA
Byxt A& B k. R (833) PW T &R T-AI, &34 &I
ST HENFAEB AR, TR EBREEANER my 2% T n, B2V IEHR (&
825). T T HFMMEAMEIRARI d) ZFETn, BHAWTALEERn M
Bk, R (8.34) WA T WP AR A KFnaF 2 — AN ER. EHib, R (8.34) 3T
THENEEEA L —EENEX. TREAENT AREENESR, S TAEANTALLE
ALk B, BYJR AR u

SRS R FEBE

N USRI TS5E, Ffi] AR R AR S AR SRR,
SN X FE RO, R AT S TR R iR AR
TR AR A HRRE 1 x 1SR, IR ATRATHCSORAREN T X fh R

835 TEX: 7RITFAIEE ( block diagonal matrix )

— o3t AR R U
A 0
0 A
TR, HH Ay A SEHEBITEXT AL BT, HAERFHAB S OTERARSE T 0.

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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836 fil: — oyt faiER

5% 5 JkE
(4) 0 0 0
0 2 -3 0 0
a=|o (0 2) 0
0 00 1 7
0 00 & J
I
Ay 0
A= As ,
0 As

BB R,
Al = ( 4 ) A2 = 2 _3
P 0 2 s
RCHL, FRATPHE 5 x5 FERF Mt —He— B AR R u@%%&M% 2K A I Bt
EZa

HEREE, LD, Ardn o ML LSS, FLAS AR LR, iR
1, RS o T P 3 T R FLAT P AR, TR, X E5IR A
SR | = R ELAT £ 1%

g bV Br=mnmgsscmer @
WF=CHTeL(V). & At ST MTLSHRHE(, CHRTES I di,. .., dn.
WATFEE V 19— 36, 078 T XU AAIA

Ay 0

0 Ap
R HS A, Hoas A IR
/lk *
Ay =

B di X dy b= FRHE . .

E%r&“@ Do MAEFEN (N 822). M& k, WM G, T) (CREHA di
WrERE) -, #45 (T - D)lca,r 2FAH 818 (c) WEE. T Tlgw.r = (T -
Do + Adlcaer s TA& Tlou,r < TZENEER LA EEir A BF AL
JTURHAE R B o (8.22) KW, M EBHRNE G4, T) ALK, BFEVH—
N TXTZEWEEREARNBF LB A, n

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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8.38 fil: M N EMEFH IR BIERE
FENXT € L(C) N T(z1,22,23) = (621 +320 +423,620 + 223, 7z3). T (KTHpifERL ) WIS

S o A

3
6
0

~N DA

OB =AM, (HAE 8.37 g gt
e 8.24 MIRNTER, T EMEER 6 M7, HA

G(6,T) = span((1,0,0),(0,1,0)) K& G(7,T) =span((10,2,1)).
TATBAFE R T 1) FRFE ] 5 i ey C° it 2
(1,0,0), (0, 1,0), (10,2, 1).

oo o
00 (7)

IZHRE BAT 8.37 gy 3 B B .

(PSSR e Sibpr e

= >l 8B

1 X T e LICH HT(w,2) = (-z,w). KIEXNWT T B EFRAERT SCRFIEZS ]
2 KT e L(V) AWM. EH: XM 1eFHA£0, GAT)=G(3,T).
3WT e L(V). &Se L(V) &y, WM. T f S5 HA A E EEAH R AR (.
4 W dimV >2 HT e L£L(V) iR null T9mV-2 2 null 79mV-1 E8 . T 224 WS 5 R EE
{H.
5 Tel(V) H3M8ZETHEHMEME. & n=dmV. iEH: V= (null7"2) @ (range T"2).
6 WTeL(V)HARTWMFEE. R Ts/h28imE i, 2 -2 B ECh
TR (T — AD™|gar) = 0 IR/ NEEEE m.
7T e L(V), 2T WFEHEHESRH d. EH: GA,T) =null(T — AD)“.
#d<dimV, ARaREmMIET 8.20.
8WTeLV), Ay,..., A 52 T W AR, UERH
V=G4, T)® - &G,,T)
LHACY T W ZHAET (- a0k (2= ) (k.. ke FIEREEL).
F=CHHd 527 @) fo) LHFIET A 5 (8.22) LBP Tk, FIAREM A ALF =R
9 WF=CHTeL(V). IEHF{ED,N e L(V) 15T =D+ N 57, HPp5ET D nix ik,
N 2®WEN, HDN=ND.

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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10 %V Z2ENZEN, e,. .., e, & T HHTEIERSHE, HT e L(V). & Ay,...,4, & T WHRHE
1B (A A ARRAE (A BB S5 T A0, IED
P+ [ < ITer |+ + | Tenl.
JLTA T TS JG0IRiE.
11 26—~ ¢ ES T, HAREZHISET (2 - 7)%(z - 8)%
12 25— C* EET, HAHMEZASET (2- D(z-5)° HR/DZWAET (- D(z-5)%
13 it —A C* EWAET, HEHMEZ s N2 WA ST 2(z - 1)%(z - 3).
14 28—~ C* LA T, HEMEZHRET 2(z- ) (z-3) HE/NZIAFET 2(z- 1) (z-3).
15 & T2 C* LWSET, EHT(21,20,23,24) = (0,21, 20, 23). Kb T WFFIEZW=CR B/ N2
iz,
16 4 T J& C LA T, & XHh
T (215225235 245 255 26) = (0,21,22,0, 24, 0).
Kl T IR Z A R N2 3K
17 % F=C, HPe L(V)iHE P> =P UM PAFFIELTAE 27 (z-1)", HH m = dimnull P
H. n = dimrange P.
18 T e L(V), A& T WM. RN AT HX P ECER A4S

(@) T E NI, 2 - A4 FE%EL
(b) R (T =AD" |car) =0 WH/NEREE m.

(c) Wi e
null(7 — A)™ = null(T — AI)™*!
1 B/ INE RS m.
(d) 2
range(T — AI)™ = range(T — AI)™*!
)/ N EFEEL m.

19 X F=CHSeL(V)ZRLXIERET. WM. S AREZI A8 8O 45 HE N 1.
20 kR F=CHV,...,V, &V WIEEF23 ] B i
V=V® - ®Vp.
WTe (V) HE Vi IET FAZE. SEA k, 2 pe 3R Tly, BFE2T. IE . T 894
MEZIXEET pre o pome
21 K p,q € P(C) ZHAMRAIZE LW E — 20 H g & p WEZWAG UEH  A/FTET € L(C%e9)
§i15 T iR E 22 ¢ H T iE/ NI p.
AIJBER, BAEG— 5 RAXAA LA LT 42 ST X
22 X A fil B &N

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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oy FAERE, e Ay A By (k= 1,...,m) ZEAMFEIR/NGEE. IEBH, AB &

e
A, B, 0

AB

0 AnBn

(A BT £
23 WF=R. TeL(V), HaeC.

(@) E u+iv e G, Te) B HAY u —iv e G(A, T¢).

(b) W] AVEN Te MR ERSE T A VER Te MFREEM L

(c) FIH (b) FIf KA MAEER (8.25) IEBUWIE dim V 248, W Te A SCFFIE(E.

(d) FIHH (c) A K Te BYSSEREME AL R (5A 20080 17) JEB IR dim v J2 2%k, W T
AEHEME (AR T 5.34 fURARIER: ).
B T 092 LI 3B ¥ 5 A2 33.

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]



268 % 8F Awmesh ey AT

8C | N4 H RIS

BEFHFAR

BIZ—T, 8T T e LV) BFITHUERRE R* =T 5T R € L(V) (W7.36 ). B EH
IR, A R s ] IR AR RN TR N, C L SO T (21, 22, 23) = (22,23, 0)
T BAFITR, AR 1 EORARIEN X — i, AR B 2, X0 IR T
AALEFFAREIR. BATE SCUE A SR TN R R TR TR,

839 EXEEFMIEIEZTEFETEAR

WT e L(V) ZREN. B4 I1+T AT

ERR ZREH VI +x WEHRAK
Vitx=l+ax+anx?+---. (8.40)

BNAFEFERG R BWH AR, BAa=; AAEEAIIKA, 4 xR
WREECTERAE SRS, EARINRMR B, 1+35 TRIFLEM VT +x,
BRI E T

AT ZEEW, FIUNEEEE m AT =0. BIERNER 840) Fthx #R T, 1
BRI MARTFAERGRRAHENERA (BHAFEk>m BT =0). FRRMNER,
[+T EH 4

I+a,T+a >+ +a,_ T"!
AR ERFEREE, RINEZREY a,a,. .., Am EREREFHFFETI+T. N
(I+aT+aT*+asT> + -+ ap, T h)?
=1+2a,T + 2a, + a%)T2 + (2as +2a,1a,)T? + - -
+ (a1 + Eay,. .., Aoy I T)T™ L.

FNBUEERENET 1+7. HRRa @2 =1 (FRa=1). BT%, Ra 7
2ay+ @ =0 (FRay=-L1). KERR as BHALRF TP WAKN O (FRa=L1) &S
k=4, m— 1 BERFTRRBT £, HEESHRHEEEREN T T FHET 08 ar.
FEERNAECE ap WHAVE, TREELBEE M ap B T+aT+ - +ap T %

TI+T WP AR ]
4
A | A S i s () R i s ] ARG, SR, R IR AS eI R A

S EAs ) BT, Flan, 1 4EsEiEaslal R BS -1 AR AN Tl
SEAAR.

UEB R — 44550, RAFHEMERNEE z € CHAIET C IR
R, Wz H e
FAR AT R R
ik —MNEH

z=r(cosf +isind),

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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Horpr B ENE SR 2 SR BKE, 0 BB SHHIE T mrkm. A
\r (cos g +isin g)

HUE z WP ITRR. AR A R L DX AN SR 3T 2 SRR AL
841 CLt, IFEFEFTEAIR

BV RA RN, T e L(V) 2. IR T AFIiR. .

WERR A Ay, An Z T MERFEMAEE. NHEN Kk BEEFZEET T € LIGALT)) #5
Tlour =0l +Te [ 1.822(b)] EH T ET#H W, AL L HFLET 0, BT HE
Mk BH

Ty
TlG(/lk,T) = /lk I+ /1_k .

BH T/ BEEW, IV T+Ti /A BEF AR (H839). BHEH A WFEFTRMI+T /A
WFFRAETE, RATR TR Tl WFFT R Ry

M) XEE R 0 (822), MEveEV I#HE—F K THFA:

V=ur+---+ Uy,
HbP L u BT G, T). FIARN R, EXEFRe LIV) K
Rv=Ru,+---+R,u,,.

RBEATIRIE, XANEF R ZT HF AR, . u

PRAT I R AS /N TS, SRR v 2R s sSmE T e L(V) A3, P4
T BRI RO TR,

ESE il

A TAE, 2R v R R E, BANENT e L(V), HFEV —P 5, iR T
T E=MER (W 8.37), RELRMRFIEHE. AN PIRNTER BT L 104518
—AFE V A, R T S TIZEEMHEFERR T XL S BRI fZRIE BT TR Z 41,
HAt A5 TCHRARIE 0.

A VIR FPINA RHEER T T

8.42 fl: EFRFNEMNEZTET
WTEC FEXH

T(z1,22,23,24) = (0,21, 22, 23)

ET. B4 T =0, I T ZRER. #v=(1,0,0,0), 24 T3, T, Tv,v & C* 3. T
KT LI

o o o O
[ R
o o = O
oS = O O

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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U“' e

%
ER TR BT Rk

843 . AEMHELXANEMNEEET
TR C FEH
T(Z1, 22,323,245 25, Z6) = (0, 21, 22,0, 24, 0)
BET. IBA T3 =0, MIi T 2FEER. ZEF MR EFITHEEE TR L, Hh
AR v € COHifF T5v, T4, T3y, T, Tv,v J& C° B—AN3&. Sk, WsRIATH v, =
(1,0,0,0,0,0),v, = (0,0,0,1,0,0),v3 = (0,0,0,0,0,1), A4 T?v,,Tvy, v, Tva, va, v3 5= CO |
—ANFE T RTFIREENE R

0100 00 o0
00 1 0
000 00 o0
000 [01) 0
000(00)0
00 0 00(0)

FATE: L TAIEX A 6 x 6 KRG/t — e — B AR R, DA DR A TR A28 2 HA il o Bkt
FRERER: BEAE 3 x3 1k (P ERAEXNMLIE LI EE 1, HRTERHA0),
—A2x2 e (AP BEIRAEXALIE e R R 1, HponRYh o), DE—1MEE0m
1 x1 A8

FATET R Bbr, WRIEN G NFEERT T e L(V) EA LG EF BA M.
BAWS, AEARZSAEE v, ... v, €V, 15 VAR Ty, BEEi s, Hhs
e N THRE n i j AR T vy 2 0 BB RAR GO my IR 0. T R TFIZEEMHEFEHZELLT L
Bl B, SRR, T TiZA PO AR, Hrp R RER T SR R IE BJ5
IR, HARKITEHAET 0.

FE R THE SLHAS A Y, RHALR LRICREE T AFRIEME A, BRI AL L e R
A 1, HAKILRESE 0 CEIRNTEA A, #02E T EEM, W 541). % 4 A—EL
Sty [N, A WATAERIUE A T BREMAR0 1 x UAERE (A ). B4 A B2 0, IBATHE X
S LB EERFOEFM S (EIZ—TF, &5 T ZFEN), B2 002 T ME—RHEA ).

WTe ./:(V) PRV I — IR YR, R T TR BA P s
A 0

0 A,

T

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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Hat A IR

Y = AR

&

UERA A BRAES e s ] BRI TR A T RS R AR, W SR T X TR
AT XA I BOUEDT . IXANRAR AR I A S 0 2 (R A A i) 2 ] LA AT

845 BNEEETHAELEIE

WT e L(V)RBEER. Mav il —HRE T a4, .

IEFR RATE X dimV B4R RIEAX AR, B8, AEE dimV =1 HJJ" IEZ b s ([
A M Hﬁ/T R EEFREOET) AAEMRL AV > 1 ASGEE R T A EHE
/I By 1] B 2 TR A R OT
AmEERT =00 FNEEH. TEFEueVHERT 'uz0. &
U = span(u,Tu,..., T 'y).
w,Tu, .., T" w2 ERRE (LBAFIM2). HU=V, B ZARIRE, #FHT
T —AMESE, IEARK. TEENTRU£V.
EREAUAET TAZ. HANBEE UA—PMEET|y S RAOTWIEA K 2, &K
AVHWFEEW, CABSET TALEHEV=UeoW. BFFAFTHBZTH, WH-HE
ETlwELE BTy MTlw hESEEIHRFET T ohE L
A @eV iR (T u) #0. 4
W={veV:pTv) =0t k=0,..., m — V4 R oL}
Mo WREVHET TAZNTFZEE [XEEN Ry e W, 2axtk =0,..., m—1%
@ (TH(Tv)) =0, HF k=m-1WEHKLEETT"=0] TERINEAV=UeW—I 7R
¥ BBtk , X ARR R 2 RAE .
ATHRAU+W REM, ZveUnW Hv#0. BEhveU, FrUAFHE co....cm1 €F
&
v=cou+c;Tu+-+cp T u
A jRER ¢; =0 WRATA. KT/ ERAT ERAM, T#&
T =¢;T" u,
KERNARTERT"=0. ¥ o AT EXFm, T4/
o(T" 7)) = cjgo(Tm_lu) #0.
FREVvew., HREIMEGEAT UNW={0}, XHEWU+W ZEF (I 1.46).

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]



~ 100e % 8F Awmesh ey AT

ATHEAUeW=V, EXS:V->F" %
Sv=(e(v),@(Tv),....(T"'v)).
TEnullS=w. FEit
dimW =dimnull § = dimV — dimrange § > dimV - m,
EHEANFTRTARMRGEATHE (321). ARLRFEX, T/
dim(Ue W) =dimU +dimW > m + (dimV — m) = dim V.

AN UeW =V (§239), Xi %R 7T iEH. ]
WAE, RIS SRz a4l ¥ -k FoRIE - &% (Camille Jordan, 1838-1922)
B BAERTNET. kS e T I8T0 FART 8.46 wiEdl.
[ as 6] AR AT,
8.46 FHLE ( Jordan form )

WF=CHTeL(V). BavaE—-TIHIET 194245

EA A A, A BT WERRAEE. W) SRR F 217
V=G.T)® - ®G(1,.T),

HE& (T - 4Dl #2FEN (N.822). TEBASHXNA, A G T) #HAELEE
(T - AD)|goaer BFESHE. B EEAHF, HARE VAR, HeET WHEYHE il

= i 8C

1T € LIC) RZEXN T (21,22, 73) = (22,3,0) BT IEW]: T BATFIiR.
2 EXT e LF) HT(xi,x2,X3,%4,%5) = (2x2, 3x3, —x4, 4x5, 0).
(@) IEM . T REER.
(b) SR T +T — TR,
3%V EEmESSE. EHV EREA B A SR,
4 WV EIEEASEL JE . Y HACY dimV O EE, vV ERET -1 AT
58T e L(C)RELHT(w,2) = (—w—2z,9+5z2) FET. R T H—42 43,
6 SKiL Py(R) I— Ik, B P4(R) BE XN Dp = p’ BT 25k
7T € LIV) BREM, vi,...,v, & TSI BV T WE/NEZTUE 2, Hdim
JE T KT v, ..o, v, HERET, SHRTEXS ML LTk 54 B s Bt 1 i kREH.
8T eLWV), ViIykv,..., v, T WA S R T2 G TR AR,
9 WT e L(V)ZFEEN. RN v, ..., v, € VHEHERER my, ..., m, 13T (@) Fl
(b) HBRLAT..
(@) T™vy, ..., Tvi,vi,..., T™v,, ..., TV, v, 52 V — 3

10 BT e L(V), VIE v, ..,v, BT B4 AT KT, ... v, CEEEIES v 1Y
JEFPA3] ) AR,

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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11 BT e LV). BN T BEAE GHEAF AR RS T B SCRHE R .
12 5T e L(V) rDXffL. WEW . SCF T A SRR M(T) HRIZXT AR,
13 BT e LV) WA WM #vy, v, VP, my,. . om, AR A

Ty, ..., Tvi,vi,. ..., T™ v, ..., Tv,, v, &V B—" 3k

PySe
Ty 4 e Ty =0
Wor, ARA T™vy, ..., T™v, & null T B— 3.
AJHEERA n=dimnullT. TAEBERGEEHR n IR ET T, MRRMT T 9%
3 AR AR AT TR
14 XF=CHTeL(V), iEM: V ARREHENPNET TAZMFEMPERM, HHAY T
Hii/ N2 HATE A (7 — )9V (H e C).

(ZMRE R IZXAEFE) (FHwhg ) Sheldon Axler [F] Fi&ik. {78 [#]



274 %8 Awmesh Loy AT

8D BERMEM SRR

AT 7 BRI TF IR AT, FEAETHe B i —2e i, SR)5 R 7 B 030 oAt 2ok
R SUFFH.
847 ENX: %EPERIIT ( trace of a matrix )

WARKITTRYET F . AT, iCh oA, &8 AWML EXITTRZAL

8.48 fl: —4 3 x 3 5EFERIT

W
3 -1 -2
A=13 2 -3
1 2 0

AN FRICRE 3. 2 M0, Uatbrll. TH/RtA=3+2+0=5.

TRk ANt e s, B0, R IZRIERM, SCHARARIT I A 52 i e R ik

8.49 AB WIT%ETF BA WU
WA JEmxnHEH B2 nxm 5l B4

tr(AB) = tr(BA).

iEER &

Am,l e Am,n Bn,l e Bn,m

mxmiEE AB A% LS jATEET Y AjuBr,. T#

r(AB) = > " A; By,

j=1 k=1

=D BujAj

k=1 j=1

_ Z(”x” Mk BAXALENE kK NMTE)

k=1
=tr(BA),
F R u
AL E LEF T e LV) WA T T V IR JERHERERIE. SR, 308 AR
BT FERYEEL. T T A A5TE U T 2 RE A 9.

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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8.50 EHFHYREFERITEARE T EAIEE

R A A= M(T, (uy, . ..., un))s B=M(T,(vi,..., V). #EAXEFERA, FETHEN nxn
B CHERA=C'BC (1.384). TX&
rA=tr ((C"'B)C)

=t (C(C7'B))
=tr ((CC™")B)
=trB,
o F ZATIRT 8.49. [ |

P 8.50, FITEAT T S5 BRAY.
851 EX: EFHIT ( trace of an operator )
WTeL(V). Tk, icffaT, &

T =t M(T, (v,
Horpy, v, &V LRt

WT e LV) HARTH—MEEE. FHZ—F, Tfi1E X A WEECHT FFESS 8] G (A, T)
B4R (U 8.23); FRATEM TIZEEZE T dimnull(T — A0V (1L, 8.20); A, &V && 1
wos[E), WA T BIFTA FEE A EAZ A% T dimV (UL 8.25).

FEFHEE, “SEREE IS T HELC WRHEEZ M, B UER A, .., A JE:
T WE SR, HEBNHR 4, ..., dy, IRARAN N

dl/ll +"'+dm/lm.
WRAR T Z WK BT FRIE L — 2T A H S B0 (P SRR (R R A VR B S T ) ok
AbBR, AR 2T A R IE R Ay, A, (HA n ZF dimV), XEERATE N
A+ + 4,

8.52 A“EEmRMEZTE L, TETHEEZM

BF=CHTe LV). IRauaTFEF T HRFAEZA, Hro SRR HBIREEE THE
.

Q

R BAEVH-—ANEERTXTZER L= AR, EXAK LETEME T WFAEE,
HAESEEHARHFTHEESL (L837). TEHFETFMEME LUK 850 (ZL4 LKA
RUEWERE), TH«T ETTHREEZM, BFEFEERARLFTLESR. 0

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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853 fl: C® F—A\MEFHE
EXTeL(C)N
T(z1,22,23) = (321 — 22 — 223,321 + 220 — 323, 21 + 220).

T KT C RbRMERE R

3 -1 -2
3 2 -3
2 0

SRIZHEFEXS AL LA ORI, AT «T = 5.
T APRFAE(ELR: 1,2+ 31,2 - 31, EMTREEHAGE | (IRA] BATHAL ). X SEAFAEEZ A (O
AL (L BB T HEA) 2 1+ (2430 +(2-30), T 5, IEW8S2 .

IAERE 2T A BRI R, B F=CHT e L(V), H Ay,...,4, & T LM
(SRR IR UCESE T HEHE). B adiE S (W 8.26), T HRHMEZ IS T
(z=A1) (2= ).
¥ iR Z IR, FATI DR T AREZ HUE Sux e
=+ )T+ (D)4 A,).

1 B FGRA S ZI A P IgEE. ZENE I T 9.65, {H9.65 LK F = C.

8.54 5 HFEZ NN
KF=CHTeL(V). ®n=dimV. B4 T 2T T W EL2mE 2 WH 2500

KL

Tgsies T NS R BRI A — MRS A R
8.55 M= E LAY
WV EBHNENE, Te L(V), e e, 72 V IHVEIEASSEE.

trT = (Tey,e))+---+(Te,, e,).

@

I EEE M(T, (e, .., en) #kATHE k FlFWTLRFET (Te,ex) [ FIA 630 (@), B v =
Tey |, BT AAGERT A K. [ |
J5 BRI AR E BT AT R B 93, QR A5 e .
8.56 ITELMEH
PRECtr: L(V) > F & L(V) iz ek, HAE
tr(ST) = te(TS)

ST S, T € L(V) #RIBGT.

FIR BE VE—AE KNEHPHAETFTHERSER TiZEN. % S,Te L(V).

(EMHRHRZXAEF ) ($ Wik ) Sheldon Axler [#] RARik . fTr8 [#F]



#ZAeF, L
tr(AT) = tr M(AT) = tr(AM(T)) = At M(T) = At T,

HPE - Ngsg—NESRTHETFNEWNEN, F-_NFERE338, ME=ANFTHTH

Hy 78 19 2 U A
e B

r(S+7) =t M(S+T) = tr(M(S) + M(T)) =tr M(S) +tt M(T) =tr S+ tr T,
HPE N —NESRTHETFNENENL, F-NFEKRE 335, MEANFTHTHE
B E X, ERTERMTY r: LV) - F 2 L(V) EH&HEZE.
A,
tr(ST) = tr M(ST) = t(M(S)M(T)) = tt(M(T)M(S)) = trt M(TS) = tr(TS),

HPE - AENANEEET 343, xBHE=ANESN kY 8.49. [
L w(ST) = w(TS) M el = dimV 1E L(V) EERNEZ & hiE—Z0 ) 1 78— UL~ & 10.
w550 tw(ST) = wo(TS) BIH T FM4EE, % T B&RGRE PRI AE, (22X FH

CEAE TR s ) AR (AT Y ARIERA R T KPP, KA

013 ), SR, XS, T RV BHNFRRISpE, B B, AR AN R SUEOT T A

AR NI R ICIRE m A ], HET IS B ASIeTE e A FE
857 EEEFAEFSTETSZE

ISR ST =TS = I [ E T S, T € L(V).

UEAH % S, T € L(V). 4
tr(ST —TS) = tr(ST) — te(TS) =0,

HPHNEZHMIFE A 8.56. M1 WLEET dmV, HEALZ0. EN ST-TS 5 I HA R,
FRULCATA T fe A 4. ]

= i 8D

1% VENESEH vwweV., EXETTeLV)RNTu=(uvIw. K rT iFRE.
2 & PeL(V)ikRE PP =P ¥
tr P = dimrange P.

3WTeL(V)HT =T. WEM: oT WSR3 AL
4 W VIRNBZHET e L(V). WEH:

tr7* =trT.

5%V ENBZE., B TeL(V)RBFET, HuT=0. I T =0.
6 XV IENBAEEHE P,Q € L(V) BIERRHF. IEH w(PQ) > 0.

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [



278 %8 ¥ AwmErm et

7

8
9
10

11

12

13

BT T e L(C) MR
51 -12 =21
60 —40 -28].
57 -68 1

FN (HERTCED ) SRR —48 F1 24 2 T (WFHEE. ARTFEAWAZIE, Kb T 15
SAVREIE(H.
WERERZA sl #5 S, T € L(V), B4 w(ST) = (trS)(tr 7).
BT e L(V) fif5 «(ST) = 0 X S e L(V) WL, WEA T = 0.
ERT ;R — A
7(ST) = 7(TS)
XA S, T € L(V) o7 il e (1) = dim V itz ek r - £L(V) — F.

Eve, ..., va VA j ke {l,..., ny, TX P € LV)A P (avi+ - +a,v,) =
agv;. XIEH

*j =k,
T(Pji) =
0 &j+k.

AaxrTFTeL(V), ARFXT =Y, Y M(T);uP;x TiEW 7(T) =trT.
VR W RBNMHZSNE, TeL(V,W). iEH: Hep,..., en =V IBIVEIERSRH £, ..., Fn
W BHEIESS 3, B4

tr(T*T) = Z Z (Tex, f;)17.

k=1 j=1

K (Tey, f;) £T X THEERK ey,..., enF fi,.. ., fn BIREFE P0G B F . B HUR
BTG R B, A2 wr(T'T) 5K, TAREBLN, RNMNEEES T FLEELN T 7
Fo 5 HLTE B R 6 BUE &

WV W A FRYEN RS [A].
(@) WEM: (S, T) =t (T*S) XL T L(V,W) EH—HFL
(b) Kep,....en &V HIIEIESZIH fi,..., fn & W BIEIERE. WEH: (2 TS

L(V,W) EMWNARYE F ErbsfERNEAER, RN £(v, W) g e R 5 (¢

THIASEBIEERY ) FRFEFECRE , #FmS P MoTRERERE.

EE RBEBHT e LV,W) B9iEH (£ X4 7.86) 5k F L@ (a) P ARG TEHR
—#. BRAEFAFHI, BB ||T| F8RAT2E L4 7.86 49784 BT L@ (a) T ARGE
KA AT N BHTEEL ( Frobenius norm ) & /RIA4F-FEZ4FEEL ( Hilbert-Schmidt
norm ) .

RIBHETF S, T € L(P(F)) i ST - TS =1 7.
FEB) 3.9 P T EEHE S e915
KM, A 85T S ELMRGLEE BTN, FEWmaTit s,

(PR LA ) (HwHR ) Sheldon Axler [#]  FARiA . A [i#]



£9IFE ZELKMERYFTIN

FATTAIFE 1) f5 25 8] b R AR RUR — R BT R AR, 3 AT 1% 1) % 22 B2 P R A
ST FATRAER, 1 n dEma 20 b, 525 n MR T A ) s RO AERCN 1. 24518
REAEFATIF AL a3t ELAVIOR T 58 74791 20 S

DA 2 AT AT 8130, A Tl B T S e WA T o S G s . il an , FRA TR
BRFTHIAZ AR, BRI TR — A 6] BT ET S FIT, A7 det(ST) = (det S)(det 7).
HA LKA, FHACE detT 2 0 R, TR, A —PEZLNHSIEH, Zrmasb By
FT AT TIZA TR A, R SRR B T

AL RAL A T kL

A TMRIRFEARE S EMIL:
o FILEREC.

o VHI WK F _LAYAEZA FRYE ) 23],

VS-Ag OO UsmMyos |siueqd

A A2 K % (University of Gottingen ) #93X 5 #F 707 ( Mathematical Institute ). iX J& 2 51 F
1930 75k, LAHAK - 4 (Emmy Noether, 1882-1935) & & XA K F12/EH FHF R R
AT KK 15 4 (L PAT S R AHAK). 1933 4, A RMBBOR MR, ARRT, E4A
StEH LB AT ARRIG R YRR, ST R RICKRAE b Tk 0 4 ZARI &

279
(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]



280 F9F 5 FRMRIATIX

9A WL MERIFN— kB

MWk 2

V ER— MR — NV x V B F BREL (-, -), BAEMADALE Eor il e e rtmy,
AR FA T ELE— M E PR, ABAMSR RS — M EAZrt s, EXE

SAE.

9.1 EX: WZME! ( bilinear form )

V ER— GBI E— PR B: VXV o F, ZEE0HE, TG ueV,

v = B(v,u)
oV ERIZAIEZ bR

v i B(u,v)

&

fan, # v ESLHEN, BAK%A T
X (u,v) € VXV X E] (u, vy BRECTZE V
LR R 2 v RAEEE NN, R
LIXA PRBCR AR W PETY, PR N BRAESS

Ele—TF, L@ sUPRA e KiE ik
T, EAMMERRERF QAR RK B
M, RiF “TEHEZE” b “WEHR" 5
2 EAA—HM RENR, BHCERA

A E ERRESYER (EoAMYE FE AERET.
BBl I 271 Sy H A ),

HF = R, IRARSEEMER S ABR 2 A TE T, WA B xRt [ 2 B0 BT
v,w eV, Bv,w) = B(w,v) ] FIEEM [ BEIXTFFA v e VA{0}, B(v,v) > 0], [HEXLEM:A
AR5 HAf S IR.

9.2 fil: ILMHR
o XN
B((x1,%2,x3), (V1,¥2, ¥3)) = X1y2 = 5x2y3 + 2x3y1
IREEL B F> X F? — F & F* Ik A
o WA nxn i, HHH jIT5 kHIICEK Ajp e F. &L F" LR By

Bal(xr - s2n)s s y) = DD Aj kv

k=1 j=1
F— O T HRAGIE 1 =3 0
01 0
A= 0 -5
0 0

B AR R L.
o WV RENMZMEHAE T e L(V). IRAESHN
B(u,v) ={u, Tv)

MIRREL B VXV — REV R PER. HTRE

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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o i n JBIEHEEL, IBARE SN
B(p.q)=p2)-4q'(3)
HIEREL B : Po(R) X P, (R) — RS2 P, (R) [ AR AL,
o W, TeV. HRAELN
B(u,v) =) -7(v)
HIERBLB: VXV > F 2V R
o B —fBiH, 1% oi,..., R T, e V. e N
Blu,v) =1(u) -1 (v) + - + @ (u) - 7,(v)
HIRREL B: VXV - F &V _FRREER.

V ERRUERMERUE V x V 2 F REL, V x VI ERIEZS ], g i —A s, —
LMTIRERWIE N V x V B F BLRPEBUN 7 TR, 9.2 e MR, BR T AR LERFIR T
OUF TR, HARIMEERA R AN, T8 3 3R], v EREPER] B2 VXV B
LAWY B = 0.

V LA R R S iC V. »

TEH B BRBOINE SR ks Hr, v 2 as .
X n iR E V ERET TV e, ..., en, WATH—A nxn HHRGH T 1Y
R BERAT ViR R R BRI At

94 TENX: W&KMHEAIEEFE ( matrix of a bilinear form ) . M(p)

W BV LRREMER, ef..., e, =V INEE. B RTIZIEMFEREE n x n JHE M(B),
HAs jAT5 k I AITE M(B); TR

M(B)j,k = .3(31', er).
WRMN ETFCATEN L ey, .. ., e, BEHL, B M(B, (e, .. ., e,)) XML5.

&

mZ—T, Frro REBICEIET F B nox n B RA RS0, HA dmF»" =2 (1L
3.39 #1 3.40 ).

IEFR MRS B> M(B) BRI V@ 2| Frm iy & bk 4t
XY]’%AEF”’", EXV,]:Q’J)@(?%‘T%@,BA?'J Xﬁ_xl ----- KXnsY1se v ynEFa

n n
Balxier +---+x,e,,y181+ -+ y,e,) = Z ZAj,kxjyk
=1 j=1

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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(ZFV=F"He,..., e, = FPWARVES, TB A% Ba dL 5101 9.2 F 8 Gl 6 H B W& EA B4
FHE ).

N V@ Z] Frn gy & B A B M(B) FA N F 2| VO B & B A A B4 BRI H
KEEN, AFEBeVD EH Bup =B, EXHTH AcF" 8 M(Ba)=A (LR EATE
i ).

T AN B AR = B A, T AT PR R AN 2 R gt AR R B 4 3k B ) dim V@) = dim Bt
=n? = (dim V)2, =

mfZ—TF, C'Fmms C WiEE. B C T 5% B in] 1525 % C.

9.6 NEMBRERETFHNES

WREV ERNLR, Te L£(V). EXV FHREMR o F1 p K
a(u,v) =pw,Tv) 5 p(u,v)=p(Tu,v).
L el,. .., e, &V . R4
M(a) = MBIM(T) H  M(p) = M(T)M(B).

EER & jke{l,..., n}y, M
M(a)j,k = a'(ej, ex)
=pB(e;, Tey)

= ﬁ(ej, iM(T)m,kem)
m=1

= Bles, e M(T)
m=1

= (MBM(T)), ;-
T& M(a) = M(BYM(T). EBLFTIE M(p) = M(T)'M(B). n
I N B T G N DAE2 3 el N X A e S oW O (A 7ok O /A= W IV AT 2 A S
MR EE AT (I 3.84) HEIRERE. MAARIMN, KHTET THAX T &HE C, A
TR A & el
WBeVD, Wey,...,e, Ml fi,..., [ RV HE &
A=M(B.(e1,....en)) H B=M(B.(fi.....[a))
PR C = M(I, (e, . . ., en), (firoo., ). 4
A=C'BC.

A SMBRATIE (34) EFREN, FEET T e LV)ERTi=e XM k=1,....n
BRI HEFRT AR

M(T, (fi,. .., fu) =C.

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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EXV EWWEMER a,p W
a(u,v)=Bw,Tv) 5 p(u,v)=a(Tu,v)=L(Tu,Tv).
XA jke{l,..., n} A Blej,er) = B(Tf.Tfi) = p(fj fi). T
A=M(p,(f1,..., 1)
=C'M(a, (fi,. .., )
= C'BC,
Hep g ZATHIEH 9.6. =

9.8 #l: P,(R) ERI— W& BRI FEFE
FESLP(R) FHIERNER B R B(p.q) =p(2) - q'(3). &
A=M(B,(1,x-2,(x=3)%)) K B=M(B (1,x,x%))

B C = M(L (1x -2, (x = 3)%). (Lx.x?). T4
010 01 6 1 -2 9
A=l 0 0 O H B=l0 2 12 H ¢c=]0 1 -6
01 0 0 4 24 0 0 1

B HFEAI 9.7 AIWTE A = C'BC, RANE I H] L i X L5 AR IRIE R S

XFFRIN Lk 1 BY

9.9 FEX: MFRMLHEE! ( symmetric bilinear form ) . V{3,
PR ERL p € VO JEIFTFRED, &

pu,w) = p(w,u)
ST u,w e VEBRAL. VBRI 4R BT V.

9.10 f5l: XHFRINLHEEY
o AV BN H p e VP & N
plu,w) = (u,w),
W4 pse vV ERIXTFRAE R,
o WV RIENAHHT e L(V). EX peV?® K
plu,w) = (u,Tw),
IBAKHAY T2 AR, p &V BRI R ( EAMEFRE T = 1 B RREE
THOL ).
o EX p: LIV)XL(KV)—FH
p(S,T) = te(ST). HTRE

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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B2 p J& LV) LRXSFRME MR, SOEFERE L(V) EZMEZE, H a(ST) = u(TS)
SHFA S, T € L(V) Mo (Z08.56).

9.11 EX: X#REEFE ( symmetric matrix )

HOTHE A 5HALEARSE, WK A E3FFRE.

VR T TR V A5 (RURRIFAE ) BT, MK T, Fiisies
B,V ERREGHRE A KT V PR AR BRAERE, B 40CT V A AR S
A

g o2 MEmmsmueWsser 5
B p eV, IBL T T M.

@ p RV ERAHRLHER,

() M(p, (e, ..., e,)) XV N e, ..., e, AR ERTFRAERE.

(©) M(p, (er,...,en)) X VIFENSE ey, ..., e, RXTFRAEFE.

(d) M(p, (e, .. en)) XV EIFAIE ), ..., e, JEXFAMFE. :
IERR JBi% (@) &L, M p BN EEE. Key,..., e, VI —NEH jke{l,..., n}.
LEK p XA, U plej,en) = pler.e;). T& Mp,(er,....en) BXFAEMRE, XU H
(a) 255 (b).

LA (b) 5 (c).

AW (@) ML, HE e, en RV BN, ER Mo, (er,...e0) RAFAERE. %
uweV. BEa,..., an, by, ..., b,eFERu=ae + --+aye, 5w=bie +---+b,e, K.

)”JJ

p(u,w) = p(Zajej,Zbkek)
j=1 k=1
= Z Zajbkp(ej,ek)

j=1 k=1
= Zzajbkp(ekaej)
j=1 k=1
=p( Yo bien D ae))
k=1 j=1
=p(w,u),

He, BZATHRLZRE A M(p) 2R AR, EREH p BXHREMEA, LW T () EF (a).
A, ROEEAT (@), (b). (c) FM. HHENIAEELZ AR, Frid ) BF (o).
KRR, FATHET A n=dimV 183 4 3% K09 (a) 2% (d).
Fn=1, MLEREN I X1 EEHZHAEE, T (@ BE ). Aikn>1HEHE
XA (@ =W KD 1 WERBRL. & @ Kx, W p ZRAHEREER. wFp=0,

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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LpRTVHENENEESZTERE, WAGAERE. ERENTEp+0, XEREFFE
u,w e VAER p(u,w) #0. FATH
20(u,w) = p(u+w,u+w) —p(u,u) — p(w,w).

Eoh ERAEMZEZE, IAEMN=Z0FLHBET0. BEhEE VeV ERp(,v) #0.

AU={ueV:puv)=0y TEURV EWEAREZFuw— p(u,v) WEZE. BHveU,
FIARAEMEZBFRELMEZEH., FTAEAMU=n-1. HHEARE, FEUHNEe,..., €n1
AR EMER plyxy & TIZEHA A A AEE.

HHhveU, Fibley,..., en1,v 2 V=" Lke{l,..., n—1}. I UKE LT
s p(er,v)=0. EH p ZXHE, FIURNTEE p(v,er) =0. TEpKTen..., en 1,V H4E
MR AT AR TR, SRR T (a) ZUE (d) Y IE A, |

FIREEIR LI X BRI O TR A XS A, AR IRATI R i 1) 123 [E] 15
U SN ARAS ], IR 27T T4 1 U A A X BRI PR B R OC T 50 1E 38 A7 0] FA AR
TR, AL NS W PERLTC .

9.13 RAHSEERXESG T IRW& MRS 1L
WV IRLHNBZSRIEH p &V _ERXTFREERL. B4 p KTV HEAEIE E 3 A X
FAE .

@

B A fi, o fu RV EHEERE. A B=M(p, (fi,.... ). B4 BREAREME (8 9.12),
AT e L\V)ZER M, (fi.....f) =BHET. TETEAFMN.

EiEEE (729) KU T AT VHEMMEERHE e,...,e, BHMAER. 4 C =
M(L, (e, ..., en), (firnns f). L C'BCET % Fe,..., e, WA (h3.84) FHLC'BC
Rt

M(p, (e, . -, e,)) = C'BC = C™'BC,
HYE - NEETRILEB T IH, FANETRIEEANCBETEANEHNW L ELEE
(xEwk#EC'=C', W757) n
PRAEFRA PR 1 B ) S A AR MR RS, TEAR TSR ISRy, BAT12# 291750, S Akt
R EAEA.
914 FENX: THEWLEE! ( alternating bilinear form ) . V»
FRONEENER 0 e V) Z2RE, X T A veV H

alt

a(v,v) =0.
V ESCH AR BT R S AT V)

9.15 fil: WS
on=>3, a:F'xF' > FELH

(X1, Xn)s (Vs 5 n)) = X1V2 = X2)1 +X1Y3 = X310 HTAE

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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B2 a5 B E RS Y.
o W, TeV, HAESN
a(u,w) = @(u)t(w) - e(w)7(u)
1)V EROERIER o EATEEH.

TSR, —DRERMERRASHE ), 24 EHACS A N A2 E R -1,
9.16 THEWLMRMZE
V _ERERPER o J2ACHERT, M HALY

a(u,w) = —a(w,u)

XA u, w € V #RNATL.

IR B ARBR% o EXEWN. FuweV, H4
O=a(u+w,u+w)
=a(u,u) +a(u,w) +a(w,u) +a(w,w)
=a(u,w) +a(w,u).
Hit, a(u,w)=—-a(w,u).

NTEHE —FHEMBEERZ, & au,w) = —a(w,u) XXTH u,w € V&KL, A
a(v,v) = —a(v,v) XATH veV #EIL, XKW a(v,v) =0XFTHveVH KL HitaZX
. ]

WAEFATUER], v EXUERAE B A i ) i 2 6], 25TV ERFRIERMERIF V. EAZHER
LTS IR A ) £ 225 (] Y L.

9.17 V@ =v{ eV

alt
by Vi BV AR VO BT, BA
Ve =V eV,

alt

Q

IEE RSN A BN EXTRE, V EEERNIAHRNEER NI Z V oy o0 & b
A, FAV EEEXFREMARUCEFENRE V EHAHRREUR. TRV EVO
WEEE. A0, EHBEVY 2 VO HFERE.

BETRENBTEAVO =vE+VD. hib, #BeVO. X paecV® ¥

_ Blu,w) +B(w,u) _ Blu,w) = B(w,u)
= 3 5 a(u,w) = 5 .

WrpeVh BaeV?, Hp=p+a. TEVO =V +v?.
e, MEARMNAREAADATERORER (0}, & BeVimnVy. T 9.6,
ﬁ(l/l, W) = _ﬁ(W, u) = _ﬁ(l/l, W)
BT u,weV R, XEWB=0. FRE 146, VO =V oV, n

alt

pu, w)

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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—RE

9.18 TENX: FEEFWELMR M XA ( quadratic form associated with a bilinear

form ) | g;

XTFV RS B, S RE qp 0V — F 9 qp(v) = B(v,v). Wit qg:V —F 2
V ERIRE, R Vv BRI B 1S g = g5

EE, R g RN, A qp =0 HAY g RHEH.

9.19 fil: ZixE
W B &R PRI MER, & L h
B((x1,x2,%3), (y1,¥2,¥3)) = X1y1 — 4x1y2 + 8x1y3 — 3x3)3.
ML R Ik A g 2

2 2
qp(x1,X2,x3) = x7 — 4x1x2 + 8x1x3 — 3x3.

EFIP R RO Fr R R BRI A AR RIS IR R
Won BIEREL, g 2 F 2 F RS B4 g 2 F B2 AL, KHACYHAFEE A € F
(j.ke{l,....,n}) flif5

q(x1,...,x,) = ZZAJ""XJ'X"

k=1 j=1

XA (x1,...,x,) € F" ili57.

@

R Rk g AP EW KA, TREGEEF FWRAUAEBER g=q5. XARBARTF
WARER I, A THA (x1,...,x,) €F", A

q(xty . x0) =B, e xn), (X1, ey x)) = ZZAf*kxka'

k=1 j=1
e, B AT Bk A 19 2
Rz, WHEER A eF (jke{l,....,n}) £/5

g(xi,...,x,) = ZZAJ?"XJ'X"

k=1 j=1
A (x1, ..., x,) €F RO, EXF EHWAMA B K
n k
ﬁ((xb'- '9xn)’(yl9'~ 7yn)) = ZZAj,kxjyk-
k=1 j=1
M2 q=qp, HEHAFIL. [

R ZUOR A SO B — ML R AR R, H R R T (2) A (b) B C R UL
B, B R AT X RO R AR

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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Wq:V—oF— R TH&amsss
(a) g z&— AL
(b) V EAFTEME—RIXSFROMEMERL p 115 g = g, 7.
(©) g(Av) = A2q(v) MG A e F v eV s, JfHRE%E

(u,w) = qu+w) = qu) - gq(w)

<

JEV X RR R,
(d) q(2v) =4q(v) XA A€ F flv eV lor, 3 HRE

(u, w) = q(u+w) = q(u) —q(w)

BV LRI FR AT,

UEER H A& @ KoL, Mg 2 KA., AREEREEEBHR g=q5. W17, FEV
ERHBENEER p oV ERREREKER o HREB=p+a. N

q49=4p =49p tq4a = {qp-
eVl Wik gy =q, A Gy, =0, NTT p' —p e VNV, XKW p' =p (H9.17).

= p
AT T (a) Z & (b) BYIE .

AR (b) KoL, WEEV LW HERERER pERg=q, FA1ecFHveV, L
q() = p(v,v) = Ap(v, ) = Lp(v,v) = Pq(v),
YL () B AT P 4 A SL.

EuweV, L
qu+w) —q(u) —qw) =pu+w,u+w)—pu,u) — p(w,w) =2p(u,w).
FREHK (u,w) = qu+w)—q(u)—qgw) T 2p, BV EBHREER, X TRT (b)

%50 (c) HYIE .

24k () 2% (d).

BB () R, A p BV EWAHENERER, & XH
q(u+w) —q(u) —q(W).

pu,w) =

2
EveV, L
_q(2v) —q(v) —q(v) _4q(v) —2q(v)
p(v,v) = > = ) =q(v).
T g =q,, ERTHKT (d) ZE (a) HIIEHA. [

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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9.22 fi: §5REMEXBAIIT TR R
B R LR A, mita .
q(x1,%2,%3) = x% —4x1xy + 8x1x3 — 3x§.
#1919 25t T —MH L g = g5 MRS LRI B, (HIX D AUEMERIA X FRIY. A1, &
XH
p((x1,%2,X3), (1, Y2, ¥3)) = X101 — 2x1y2 — 2X2y1 +4x1y3 + 4x3y1 — 3333

AR ERIEIERL p JEXIFRE), HIHR g = q,, X5 9.21 (b) Y4

SRR, R TR, A TR AR, S RRA TR R AR A A B
DA, RIS xx (j # k) BYSESLIL

9.23 RERNANK
Wq &V BRIk AL
(a) ﬁﬁvﬂ@%el,...,en *ﬂ/il,...,/ln €F, ﬁ%ﬂ;

g(xie1+---+x,e,) = Alx% +e +/lnx,zl

X‘ifﬁﬁﬁxl,...,xn € Fﬁﬁj
(b) # F =R H V ENZE, IBA () HEYFEEATECY VLG E 38 3

Q@
IiF AR
(@) BV FHAHRRERE pFEHF qg=q, R3L (F921). WHFEEV e, ... e, R
M(p, (ey, ..., e,)) X AEME (F9.12). & Ay,..., L REZEEMN AL LETE. T4
A, #j=k,
p(ej’ek) =
0 Hj+k
ST A ke {l,. .., n}y KiL. & xi,..., x, €F, L
qg(xie +---+x,e,) = p(xie; + - +xpe, X181 + - +X,e,)
= szjxkp(ejsek)
k=1 j=1
= /llx% + - +/1nxf,,
| J& 4 BRI

(b) HF=REVENRZE. A2 913 FHRAEAN, (@ PHETHRYVHHLELE 0

= i A

1 UEM . WiR g = F LR, IRALFHE ¢ € F flifs
B(x,y) = cxy
XTHTA x,y € F ROT.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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2 4 n=dimV. % B2V ERXLMERL. M. F4E o1y @neTih. .. Ty € V! H13

Bu,v) = @1 (u) - 71 (v) + -+ @ (u) - 75 (v)

STRTA u,v e V %A,
AMEAN: R n=dmV, AV EGHGAREMA | HAKHH 92 FRE—E4H
8  X.
3B VXV SFRZEV ERRERMERIMRE VXV Egttizem. iEl. g=0.
4 BV IRSENHESHE, BV FRUMEMER. JEH . fEEME—NE T T e L(V) 5
B(u,v) = {u, Tv)
STRTA u,v e V 8T,
Ay, RV AEARTNE, LV EOFAREER, HELA 92 FP&H =54
& a4y X
5 % B RESENFRAS A V. ERORERIERY, T2V EME—5 B(u, v) = (u, Tv) X u,v € V i
SEHET (WEE 4 ). ERE: BV EINER, YHEAY T2V AR EE T
6 EMIEZG T — ] ISR p A2 VO ERIRIFRORENERS, R4
{veV:p(,v)=0}
&V FasaE).
7 B4 IR AR F = RiX—{B¥5, 9.13 (FESZNFAZS a] b PRI 1F 38 S5 0 R w2k
PR AL ) FEBFA AL T
8 SR dim Vi 1 dim VY 193k (F dimV #75%).
9 WnEFEE, V={peP.R): p(0)=p(1)}. EXa: VXV >RNH
1
a(p,q) = /0 rq’.
W o &V LAY EE A,
10 % n 21IFEE, H
V={peP.(R):p(0)=p(1) H p'(0)=p'(1)}.
EXL p: VXV —->RH
1
p(p.q) = /0 rq”.

M p a2 VBRI FRALE LD,

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]
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9B KT ELIEER

ZEZMR

T IERE m, €Xvmh

J2 V B F R,
o V I m BEMBIFTH IS ILIE VI,
o AR B IRV LY m HENAY (m IEHREE0), WFRZRECN—1> S EL MR

1 ik o, Rk Buy, .. ., Uk—15 Vs Ukals - - - Up) £ k= 1 B3R (v, u, .. ., Un), TE
k =m BN Buy, ..., Um_1,V).

V ERY L MRV ERYREIZ R, Vv ERY 2 MR vV EAYER MR RATIHIE,
AT I8 SRS AR R e ias A v o) SR ) a2 ).

9.26 fl: m BLMER
o Wa,peV?., EXREL:V*SFH
BVi,v2,v3,v4) = a(vi, v2)p(v3, va).
Wz pevd.
o EXRELB: (LV)" > F N
BT, ..., T,) =tu(Ty---T,,).
W2 B LV) LB m BHENT,

BUAE, BATE S Z AR, FeR A T 78 20E itk k2 i I, e A 2R AL

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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U ( alternating forms ) . V"

B m R IEHEEL

o MTFV LMY m BLRMER o, MRREV PIEH v, ., v, FEX TIHERAFERY
Jole E ooy my v =vi, A a(vy,..., V) =0, MIFR o 3555

o VI = {a e V™ Lo BV FRIZCHS m M),

&

PRI E1FRAE VO™ 2 Vom Fasii, Sehk 2 TP BT L1 0.15. ok 3 FL e
HO 9 7L 534 2.

RS ERINT, WA — NP AL RS TR MRS A, TS 714 15
T 0.

9.28 WiEZELMRIFNL R

j
=0. [ |
THEZEFREV, WRm > dimV, IBARRE XAE V" EREEEE 0 LSh, Vv EAFER
B m EEZ A,
929 Xftm>dimV, ANEEIESHE m SELIEER

Bem>dimV. 402V FEME—ASSEE m B PR

@

U % a2V EWX4EmELMER, Hv,..., vm €V. BEH m>dimV, FUZHALRZEL
MREMH (F222) TEI28%FH alvy,..., V) =0. Hlba BNV FHHZEEH. MW
RiE o EE M EIFIHES

9.30 TMIEEZELMENBNCEE
Bem SRR, o2V BRI m AN, Hovi, ... v, 2 V  PRYEEL. IR2scH

Vi) AR ALE ERY RS o AR RORAY -1 4.

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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iEHH Eﬁﬁ%ﬁ\{iﬁjﬁm Vi+ Vv ’“]—?%“

O=a(vi+vy,vi+va,v3,..., Vin).
MA a§ZELE, Tir9.16 BiE A — % EXAMET, 75
a(va, Vi, V3, ..., Vi) = —a(vi, vy, V3, ..., Vi)
KW, Zdkav,..., V) FEERRMIE LW ENE o WEXARERN -1 ™

FHEWEZ RS A R B EA A, Wa &V Ak 3 mEMRIH v, vy, vs € V.
FH a(vi,va, v3) TR a(vs, vi,va), F88F a(va, vi, va) SE— DB = MCE TR E e, 15
] a(vs,vi,va) = —a(va, vi,v3), FREFICA DS —A O B A B I e, Al S

@(v3,v1,v2) = —a(va, vi,v3) = @(vy, V2, V3).
e, AT R AR A I Bk sc e, IB4 o BIEAE MFEORAY —1 £%; midnRa& a1
B, B4 a IEARA.
HT BT R 2R B sc e, FRATTT B — 2 SCHES B AR,

9.31 EX: #E% ( permutation ) . permm

B m JEIEHEEL

o (1,..., m) W —PHEFLEAE A AL S 1, ..., m WA (i, ..., Fm)-

O (({saa0s m) T HES TR B4R G 18 A permm. .
W, (2,3,4,5,1) € perm5. ARBEF permm B—NICEF BTk m S IE KA EHE.
H—HES G, Jm) ZERIARERHEST (1,.. ., m) FT A AR B 5 A8 4 1) VA O

THE XAIFTE T, BRTAHREIR T T A XoE BT
9.32 ZEX: HEFIHKIFFS ( sign of a permutation )

HEB (1, - oo i) BORFSRE SN
sign(jis - -s jm) = (DY,

Horp N R A BB (k,6) (1<k<€<m) ¥, HEkTEH (..., Jm) THHE € Z)5
M%H. !

&

i, AP AR S BRI Z AL, WHAFSET 15 M —H g ar ke
AEHRFZ A4k, WHATZSET -1

933 fil: S

o (1,...,m) (PRFF AT A ) MFFSIE 1.

o TE (2,1,3,4) XAH, ME—IH 2 k HEFE ¢ ZJE B0 (K, 6) (k<€) /& (1,2). HUbHE
5 (2,1,3,4) FIFF5E 1.

o FEHED] (2,3,....m, 1) ", R k HETE ¢ ZIEWEBHET (k0 (k< ) A
(1,2),(1,3),..., (1,m). B SEOS A m - 14>, LA 5 %+ (-D)m L

HALHY N LFR A AL

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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9.34 AHRHES RN

SCHHES B P I 2 RE HES AT 3R DL -1

Q

I BRRNAFENES, EFE A RBI RS —NEFI FHRRAGFE . ERUX
BT S —AHEA A G RIRFHEA], B2 eI S AP Pt R4 2 B AT H
7l RZ4k. TRIEBMHALE, FEAARMTHBEN N ET/MEN 13 -1 (FEFTH).
ERFNMPRBENTZANET. EEANFERRAEWE BMHEHAAEH L8 RIET,
WL CREEFANB L EW TR ARG A BRIUF. B0, TENTETRWE BAH X $
WIRAAFKEERITF, B2 ERES A MR BN TRALE EKINT. FEANFEFAEA
BERMUR BT —HFEERRT, BoaREMZwk. TE, XTHAEREE - EE
T BT, AEEERIMF RSN B AR NEN 2, 05 -2 (FEEHK) 2
MTHMWHAAEI A, CNETHEERMFHEASARE. TR, FHEERIETHHK
MW BENEERTH. HhE AN F S ETE N HEFINF SR -1 ]

9.35 HEFIFNZEE B EL MR

BWm B, HaeVi. M4
a’(le, ce ’vjm) = (Sign(jla cee 7jm))a'(vl’ ey vm)

XV AR v v TR (G1s - -, jm) € permm BT :

R %ovi, .o osvm €V EH iy o oujm) €permm. BATTEIAX o FRMLE LW HEH#HT— R
IR, EETHMEEHIE (io..oujm) B (1,...,m). BRXEHE o BETEU
-1 (#930), el BHANAETRU -1 (H934). E—FHEHNREZE, RIEFE

THA,. .., m, CWFEE L TE%&sign(jy,..., Jm) =1, B a WEREFSEHRL; &
sign(ji, ..., Jm)==1, W2 a WEKTHFFTTEHR, I HRISGE S8, ]

EE—, FIHHEES, FRATHAT LR B RS2 T X MBI AR, B FRIE n i
S [E) FY) n LR PERL

9.36 V EXE (dimV) ELMERMAK

An=dimV. Kep,...,eo 2 VH—PEHv,,...,vp e V. XN ke{l,...,n}, &

bl,k,~~"bn,k€F‘?ﬁj/@

n
Vi = E bj,kej.
J=1

R4
oz(vl,...,v,,)=a/(el,...,e,,) Z (Sign(jl’---,jn))bjl,l"'bjn,n

(Jj1>-+2jn) €permn

TV EEASEE n EAMERIART.

2001 9.33 MR e — B, FSSHHES Y 2 F1m, WAL & — AR IRII0 3 AR (1, 3), (2,3), (3, m), JESCHHANRR G BRI Y
2 (1,3), ZHEAFE BRI BRHE (1,3), (2,3), (3, m), EHhER 2. XTHAb R4, ..., m— 1, R

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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W Ha RV EWIREnELEMEE. T2

a(Vi, ..., V) =a/(2bjl,lejl,.. th ,,ejn)

]n—

_Z thl bj,nalej,....e;,)

Ji=1 Jn=

= Z bjl,l---bjmna/(ejl,...,ej")

(J1seees Jn)E€permn

=aler,...,ey,) 2{: (sign(js - Jn))bjii - bjyns

(J1se--sJn) EPErmn
EEEZARTRBNOR i, o FRERBER, AL alen.re;) = 05 RE—FTH
e # T 9.35. .

T HEESSET T — 4P TR e S G,

9.37 dimv{™" =1

i dk s ) V™) BRSO 1.

B A n=dmV. Taefao 2V EAXEn EEAMEHa # 0. 42 e,...,e, HE
aler,...,e,) #0. T ceF R
a'(eg,...,ey) =cale,...,e,).
WA, 928 KW, er,...,e, BAMER KN, ARV -1
Wvi,eoovn€Ve A by (jok=1,...,n) & X4 9.36. A4
@ (vi,...,vp) =0 (er,...,e,) Z (sign(jts-vvsju))bji - bjin

(J1>+-sjn) €permn

=caley,...,e,) Z (sign(jis- s j))bjii - bjun

(J1se--»Jn) EPErM N
= CCY(V], e ,vn),
HBE ARG —ATRT 936, LXK o =co. TR\ o FREMMEL, HHE
dimva(lf) <1.

BT RREH, RNREERAV EAFEEENR S n EEBEA o (d I HR dimV =0

WA ). M, Sen,...,e, EVHEE-AE, #H#450,...,0, €V BV EREBEZE,
HEeMNTRAUEV WEANATESEREN e1,...,e, WEEDAE, LR ZH

v = Z(pj(v)ej

sENveV R (W 3.114). HAEM vi,...,v, eV, EXL
CY(VI,...,V,,) = Z (Sign(jl’---’jn))QOﬁ (VI)"'QOjn(Vn)- (938)

(ju ..... Jn) €permn

B a £V LW n ELMEAR

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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HTHA @ BRAM, v, vaeVERvi =va. XTEAD (..., ja) € permn, #
F (o s s o ) WH T ZAFRE T, EH v =va, FEOLR (9.38) Bk oo A K A
PR MAE. B a(vi,vi,vs,...,v,) =0. EWH, WRHAv,...,v, FEEHAN T E
HE, B alby,..., v,)=0. TE o ZXHN.

E, ER038) FIRE v =er FH gi(e0) T 0 (BRj 2 k) A1 (WRj=k),
FroAk R A R AR TH (I,...,n) W—TFEEEWN, TZTH aler,...,e,)=1. TERK
MAMEET V EREERE 0 EERA, UEAREFL. o

HTTRATIEN THCHE S RAH IR EAET A T3 B R SR 6
FAIHEALME 0 (Wo2s). FEARE KO RRT 036 THAX, fEHTH
ST 9.08 1 n = dimV Y FIILAMEL, {5 A ARBRH S T RER0ILRAE,
LR, “a EET B a ARV IR EREC0 (T AN 0% 0077 SR )

9.39 5 (dimV) ELMR ST XM
A n=dimV. & a &V FRAEEZEE n AR, Hey,....e, &V HRHEL. A

a(er,...,e,) #0
MHALY e en FEERMETC Y.

W A% aler,...,e,) #0. L H 928, e,...,e, mEETXH.

HTEHE—FEAWERRR, A& e,..., e, TLHMLKE. BH n=dmV, Fril
en,..., e, = VI —/% (N 238)

AN azEEnEEER, AUFEVL...,va€eVIHL a(vy,...,v,) #0. I 9.36 %
aley,...,ey) #0. [ |

= ]l 9B

1 & m ZIEEE. WY dimVO™ = (dimV)™.
2#%n23Ha:F'xF'xF" > FEXLH
a'((-xl’---’xn)’(yl,---ayn)’(zla---,zn))
= X1Y223 — X2Y123 — X3Y221 — X1Y322 + X3Y122 + X2Y321.

UEMY: o 2 F' BRsSss 3 BV
3 m B, o BV B m EEMWAR, D HE v, ..., v a2 VP —d g, H

vi=vig MTHREDNje{l,...om= 1} O, A a(vy,...,v,) =0. UEH: o 2V ERSCHE
4 WIS R e eV, B4

{(V],Vz,V3,V4) eVt a(vy,va, v3,vy) = 0}

& VA IRFasTE).

(BHRE B IZEFES )Y (F i) Sheldon Axler [] 2Rk, T [
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5 % mBIEEBE, BREV PR m ELAMR. EXV Fm TLMER o N
e va) = Y (SiEnGin ) B ).

(J15--2Jm) Epermm

HAo, vy, . .,v, € V. B4 @ EVd(l:").
6 & m ZIFEEL, BV L m BRI E XV LW mBELHER o R

a(vi,...,vp) = Z BWj,...,v;.).

(J1-+-Jm) Epermm

;H\:EF" ViseoosVin € V. %*%%H“/A
aWiyseoosVi,) =@V, .o Vi)

YA vis. .., v € VA (ki,. .., ky) € permm 0T
7 G —: R LAYAEERACHE, 2 MR o 5 RO P—RMETE R vy, va, 15 a(vy,vy) = 0.
AR, dBEMEn=dimV X—E&, 939 THERRLT.

(ZMRE R IZXAEFE) (FHwhg ) Sheldon Axler [F] Fi&ik. {78 [#]
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9C 17%51zC

EXTHI

N SCRHEFA 1T 10 87 AT T8I — MR . SR EAORE T E .

ﬁm%ﬁ?&ﬁ,TGL(V).Xﬂ‘aeVéﬁT),m E Vins

BT eLV). MHaeV”, v, vy &V HIIEL EXEA j 2 K AF1E vy = vy, A
L Tv; =Tve, XEW ar(vi,...ovw) = (v, Tv,) =0, TREH @ ar 2NV B
H S L.

WAV, dim V™Y =1 (W9.37 ). FAS—ZE i 2s [A F% A WA B A2 vEme g,
SR 5 R RE bR AT, AT det T & SURNEIEMU @ — ar HIRIEMHZ
HIAR AR .

941 EX: EFHI1T5IX ( determinant of an operator ) . detT

WTeLV). THITHIR, i2fF detT, ESCH F rpofE—ffify
ar = (detT)a

ST @ € VmY) HR RS L

9.42 fl: EFHTIINK
4 n=dimV.

o H IV ISR T, MAXMITH a eV, ay=a. T detl=1.

o WM, M AeF, WAMIAH eV, ay=21a T det(dl) =2

o M, #T e LV) HAeF, WAXMIH a eV, ay =" = 1"(detT)a. T2
det(AT) = A" detT.

o WT e L(V), er,...,e, B T RYFHER R (S BT A, .., 4, ) FIBHY V AYEE.
Hac Va(l:') , B4

detT =4, A,.

AL PRIALSS, R SOOI AL Jhitt, JAOPERATTREARS —5
TORBREA, ARG E SO AT 9 2R H B IR B33 511581

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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943 ENX: 5EPFERITTHIZN ( determinant of a matrix ) . detA
Wn P, HARSIGEYBETF W nxn K. 42T e LF") T F* prifER

AT A, A 475K, i detA, E LK det A = detT.

9.44 fl: FHEFERIITHIN

o A7 I J& nxn fHEEMR, IBAEXIMF FRETRF EESET I TRl 942 05
—fB AT AR E SRR R A T A U 1.

o V& A BN, XMLk EILERN AL, A ARAFHXFRI Fr BT — AR )
A= FrBbRiES, o ma or A TAREIE A4, A, THEH 9.42 WG —BInT 5
detA=2,---1,.

T REEAR, ¥ F B EAE a AFE v, v, SRR AT nox 15
B XEE, 8T (v e v, )RR K IR v (k=1,...,n) B nxn i

945 TIRXBXRESELMER
Won IR B F HEEH ..., v, XN E] det( vy --- v, ) RUBRSGEE F EAE
G n BLRPER.

Q

EAR A e,. .., e, = FP ARES, HE&E v, .., ve BB PN EELA. A Te LFY) £ &

Ter=v, (k=1,..., n) WEF. TET XTe,..., en WIEER (v, - v, ). TREER
WATZ Ay E L, det( v, -+ v, ) =detT.
AaF LN EEAER EFER ale, ..., en)=1. IL4
det( v, --- v, )=detT

=a(Tey,..., Te,)

=a(vy,..., Vi)
EFE=ARAETNAARG L EXELR B F P AEA ..., v, B det( vy -+ v, )
WB 4t 2 F* LR n EAER o [

LiRZSA U EEES. BN, diZEiesr 2RI, A SRR R RE R R A8 205 T 0.
ARG 2 L SR e HARIES, TR ATRAT1Se% h T T A mfZ—TF,
R AR, IR Ay 38 A jATH kK SIPRICER.

9.46 EREMITIRHAT
Won 2P H AR nxn HIE. R4

detA= > (sign(ji.. .. ju))Apare Ajye

(J1s---»Jn) EPErmn

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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UERR EH 9.36, EHEV =F". e,....e, A F WRREE, o H F" L v, v, X E|
det( vy -+ v, ) IXEn ELEE (N945). FEvi FTANE k7], 936 FHE b,
%% Aj,k- f&)ﬁ’

ale,..., e,)=det( e -+ e, )=detl=1.

T2 936 PRARRA T AL R A K. |

9.47 B#l: 7KK EETSG
o A AJE2X2HE, R4 9.46 HHYARAL N
detA = ApiAss — AsyAp.
o 1 AJE3x 3, IRA 9.46 YA
detA =A;1A20A55 — A2 1A10A55 — A3 1420413
—A11A32A25+ A3 1A12A05 + A1 A3 AL .

9.46 T AALE nt KAWL BHME n 35K, n! 2038, BT LARPEEXT T &5/
B n A T80, 9.46 RGAZOKCREMEWR AT T, Flin, 10! #id =577, 100! L 108,
B e bR B L e B e 2 T 2 F. AR PRI T B — L kb B %12 9.46 sk
Fn=CEE e A7 5 R B 7 75

948 Lt=fAMEFEMITIIRN

MEk=1,..., nH Arr =, RELTH detA=2,--4,. [ |
T3 ER

T80 RT3 1A T8 ] etk i an B Wik

9.49 1THIRXEFEN
(a) & S, T € L(V). HRA det(ST) = (det S)(detT).

(b) Bt A M B ZIV/MARIEITT . A4
det(AB) = (det A)(det B).

iEEA
(a) 4 n=dimV. i;’kaeV;l:’)E_vl ..... v, eV. W4
ast(vi, ..., vy =a(STvy, ..., STv,)
= (detS)a(Tvy,..., Tv,)
= (detS)(detT)a(vy,..., Vi)

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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HAPE - ANEREH asr WEXTIR, FNFREE detS WEXTR, F=ANFRN
JET detT #yE . R EK W det(ST) = (det S)(det T).

(b) A S,T € LF") /3 M(S)=A X M(T) =B (RIEAFHHETFTHEEHZXT F' 1
FrEZE ). A M(ST) = M(S)YM(T) = AB ( L3.43). T2

det(AB) = det(ST) = (detS)(detT) = (det A)(det B).

HEEANEFTET (2 T &b [
AT e T TR nl
950 T — 1THRESE

BT e L(V) AT, 25 HAY det T # 0. BeAk, 25 T JEAT0H, ARA det(T~) = -

detT*

IEFR R T A, TREIT'=1. HAH949%
1 =det] =det(TT™") = (detT) (det(T7")) .
B M detT # 0 H det(T") & det Tt 5 3% .
KHTIERAE—Fm, &KdetT 20. &EveV Hv+0. 2 v,e,..., e, VI —/13, F4
acVW HR a#0. T4 a(v,es...,en) #0 (H9.39).

alt

AT Ty 0. FEMT 7. ]
AT nox on JEFE A T30 (AP 0E PR E UL 3.80) M HAY Y S A (@ Fr AUbRERL ) &
PRy Fr AR, TR LSRR, A nl HALY det A # 0.

9.51 4HFAEEFITIRN

WTeL(V)HAeF. AT HRAEE, HHAY det(AI -T) = 0. .

R BARTHWHREEYERY T - AT (N57), XENTAU-T AT, #WF
T det(AI —=T) =0 (& 9.50). [
WTelL(V)HS: WV Ea[WiekEmt. HUEW det(S™'TS) = det T, FoATAI 24340
9.49 F19.50 5
det(S7'TS) = (detS™") (detT)(detS)

=detT.
HW =V, IBART XA HUE w 2 v, IRk sea =2 X, FR 0020l —14
) s () B H [ B LR R 2 S, 1T S R WoBRES R v, 0] det S JCRE . T TE AYIE RA AR
TRAN R, HIA W VI AT.
9.52 1THXEHEMULEE
WTeL(V)HS:W—VE&awekEps. IFA

det(S™'TS) = det T.

(EPRE P IZEAEFE) (FHwRR ) Sheldon Axler [#] FARiE . A [i#]
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E A n=dimW=dimV. EreW!. EXaeV h: tv,... v, €V,

alt

B wi,. .., w, €W. A4
To-irs (Wi, ..., wn) = 7(ST'TSwy, ..., S'TSw,)

= (detT)t(wy,..., Wy).
A EREGHET STITS B4T5 K898 X 4 det(ST'TS) = det T. u
XFV=FHe,..., e, 7 F ARIESEIX RIS TE . B AR R AT 91 200 e SCRITT T2
WL, g S MK T IR E G, X R U 5 3 A pEBOE K.
9.53 HEFHITHIRXETFHERKERITIIN

wTeL(V)He,..., e, 2 VI A4

detT = det M(T, (ey, ..., €n)).
Q

ERR 4 fi,..., fo BRI A S F SV EBESfi=e (k=1,..., n) Hy % BT
T2 M(S, (fi,..., fa), (ers. .., en)) 1 M(S7, (ers. .., en), (fi,-.., ) BET nxn BEEEE.
F 35 F 3.43 Wk AR
M(ST'TS, (fis ..., 1) = M(T, (e, ..., €n)), (9.54)
T=
detT = det(S™'TS)
=det M(S7'TS, (fi, ..., 1)
=det M(T, (ey,. .., €n))s
HAPEATRT 952, & TR THEENTIRNEN, FZATMNdHR (9.54) 73] ]
THERE T —FERFTIIRN TR, B HATHIE LEk9.46 AR HW. K
MITAT LUK R 251 i 45 th AT 9 U4, VAT BRAES nl i s B) B35 9 A E 3, X
FERDTE, BT SO I T3 A HE L — 4518,

9.55 HF=C, BATIHIAETHAEEZR

WF=CHTe L(V). MAdetT T T HFFEEZ A AP ERAREALE L BRREEE T
FCEH).

@

W BAEVI—AE, GRTXTZEF L= fAME, EREETAREETERRET 45
M, BRAEEAARETHER—N837. TE953M948 KW, detT 4T T WiH/E
B2 (HFENMFEEEARKETHENR). ]

PP ORXAREERRI, XTI E . B R B AR 8] L 10 R X S A
118 2B AT AR A i .

(EPRE P IZEAEFE) (FHwRR ) Sheldon Axler [#] FARiE . A [i#]
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(a) WA P4 det A' = det A.
(b) & T e L(V). A4 detT’ =detT.
() WV ENHZEMHAT e L(V). B4

det(T*) = detT.

TER
(@ 4 n HEEHK. ZLa:(F) > Fh: #FHH w0, € B,

a'(( Vi Yy, )) :det(( Vi Yy )t)

9.46 FHHEEMATHI A AR KA o Z F* Lty n ELHEEL
& vy, ..., v, eF XX ENj#k Hv,=vi. EBEnxnEHE, B2 (v, - v, )tB7]<
ETEEEE, A (v, - v, )BWE jAMELTHE FTE (v, - v, ) T
Tk, kA (v o v )) =0 Bl BF bRH s BRI
EEAG e FATF WITERSBRE L BAF EXEn ELARAHRG HER 4%
B2 (Hh937), ik ¥ a st RAAKXEHKS. T& (@) K.

(b) H (a), 9.53 % 3.132 154 K detT’ = detT.

() HMVE—PMBERE T AT ZENWEERT XA TZANEENEREE (F79).
TRZH 953, 9.46 X (a) 7 1% det(T*) = det T. [

(@) R WA TRV , WIS T

(6) 1% A RV, HL B RMRSCH A LRSI W detA = —detB.
(©) EAHE TP THIEIITRLA— Mt HATHISU (L 2Rl — M .
(@) AP OR RA A BSEErh 55— 51, WA 9 AO A

(¢) ol IV AT bR A SR B 55— 17, WLAF IR AO A

0
UERR EREERF AT R, HEET vi,...,vadet( v - v, )M
Visoove o det( vy o v, ) EKEANBREHEZF By EAMEA [ 19454 9.56 (a) ]
i, HER D), Evi,...,vacF" BceF. W4k
det( Vitcvy vy o oee- Vn)
=det( v, vy -+ v, )+cdet( vy va v oo v, )
=det( vi vy - v )s

B E - ANERBETFAARY S EABER, FAERURTFAARGRERE EX %
P, W A R B E A S — ) R R HATA R . A TR
WA R RIS, TR @ KL

(e) By3E ¥ 7T B (d) 7 9.56(a) %% . (a), (b) #7 () HAE A FT A F M, A E K. m

SR (v e v )R (v o v ) OFAIR

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]



304 % 9% 2 ERBRIAITH X

T4 CRAS A BB A RE, LR ES R T 5] —Fp LL BRI 9.46 o ST
WRATHR k. RS, MAHRIEoEk, scsmits [ H9.57 (b), Xfufrsl=a
FFEHA —1 15 ) B — TR R R [ f 9.57 (¢), sOKHtATaITR AAARH % ] LB —
A RmE S —47 [ B 9.57 (e), XAMZEITHIMME ], "R I = fMAERE, i L
SMAEFERATI R AL EAICREZ A (1 9.48). WRIRAYEIFREIC SRAS B AT IR,
PABCHG— 473 LA H B T PR 8, IR0l DA s S5 R A 751 X

AL A € FRET T e L(V) BFFFE 2 HAY det(A - T) =0 (1 9.51), /RAJREMIL
B —FPRECR RRAEE R i BV — 1, & A= M(T), Kili det(Al - A), SRJEKI#%
T det(Al — A) = 0 K454 A SR, XIS BRAATEAER, BRAE dimV =2 (83 4, W
B =S YRR ARG ). AAMBE, MBS (Flanar - A i
) B, EBIGAMITFEATI R BAE T IR, S RO s e R
B S R AT 0, MR AEW R AT A k=0 e 2.

FHZ—T, HBRGENFZN EMEFELIERN, HAMCYE AR (W 7.51 XHE
M—E ). LIERF RN ERHERSE 1 (1 7.54). TRLIERFRRFEEZ B4
SHEAE 1 HE (2D F = CHET ) KZIERFITHM4e G2 1 (f 9.55). THgsie
BT AR T F = C XA HTHEAYIFE.

9.58 {ANKXEEFHITIXEIHEEH 1

BV ENHZNE, Se L(V) RLIEET. B4 |detS| = 1.

IERR E A S RZIEW, FUT=85S (L 753). T=
1 = det(8"S) = (det §*)(det S) = (det S)(det S) = |det S|*,
EHEANFFZET49@, F=AFFET 9.56(). EAKH |detS| = 1. u
AR ) E IS AT 91 25 K3k 0 X o AR 7 SRR R L) B A AR B
9.59 BANEEFHAEFERTHHK

WV IRNZEHE T e L(V) BIEET. B4 detT > 0.

IEEA @it e (7298 731), VAR T WREHEHRWACERHE. TREHINLHWERE
—Bl, detT T THWHMAEEZR (EFTHAELZNEMEME). T WENMFAEESEE 73K
(H738). TARRMNFHED detT > 0. ]
WV RENHSEIE T € L(V). [FHZ—TF, T*T BRI AR B (%000
PRUREL S T AR A BB AR ) WlPRoh T 8T SEA B4l (UL 7E 75 ).
9.60 |detT|= (T HIFREZR
WV RENBZRE T e L(V). A4

|detT| = Vdet(T*T) = (T W7 FHZF).

(ZBMHRE T ZXAEF) (FHarr )  Sheldon Axler [] Z44ik . A1 [iF]
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IEFR ®ATHE
det7|* = (detT)(det T) = (det(T*))(detT) = det(T"T),

HPE_ANEFTET 956 (), HE—NEFTHET 949 (). # LKW F A7 RatiE 7
|det 7| = \/det(7°T).

A sty Sa RART WA FEMBE A, TR . ..,s2 2 TT WHEEHKRNA (THA
FH), BNl TT WA EMK S V G ERE. FHikd 9.42 thi g — 145

det(T*T) = 57 - - - s2.

T & |detT| = s;---5,, B AMFiL. [ ]

SENRAS ] SR TR TR, 2o R A T i e B2 AR (i 7.111). T 7.111
F19.60 57 RIAT A4 TR LR, X EERMERE T WA A1 2 B A e i A b 24
AT A A 4 %A

9.61 T AT AE |detT| &

wTeL(R") HQCR" 4

volume 7'(Q2) = |det T'| (volume Q). .

X T A BRYE S ) 25 ] b 53T, FRATTIRE LA T 90 X ST Wi i) — > 2 0 U R k.
962 EHF=C, BATHHFESTKET det(z/ - T)

WF=CHTeLV). 2 A,...,0, Fm T WEAHFENFIEE, JF2 d,. ... d, 3R
ENMEL B4

det(zl —T) = (z = )% -+ (z = A)°m. ;

R BEVIW—AE, E8TXTREALZ AR, BE& L BEESTALEA dok (&
837). XTZH, dI-THEZAXEE, HE z- 4 BEXTALE N d K. AT H 948 7
BHGE %R, [

WF=CHTeL(V). 7E826 ", T HFHEZIAME XAE 9.62 g . KTz
AT ANS A BRE S ] 28 []_E A 5578 SURRIE 230X, PR IS T ARV A RRAE(E, FH 9.62
T S ke SO G IS T

AT BFRE 2T — e L, TR 9.62 i K. X8 SO 5[] %5 1]
M 2 AR, 9.62 R, F = C B, XAHE M TRATZRIFMER E X
(8.26).

9.63 TEX: $FEZ I ( characteristic polynomial )
BTeLv). &Xh

z > det(zl = T)

M Z IR T FHES .

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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9.46 FHIAXEH, BT T e L(V) FIFIEZ T2 —NRECH dimV (I —Z2T. T
FIRFIE 23207 F S8 T RRIE(E (i 9.51 ).

ZRTEARE T ZEAEE T k-G R UE R (8.29). BAAERN T X R LRI R R
S 1) s ) BT T

9.64 PlE-MMZE/RIMEIE ( Cayley-Hamilton theorem )

WTeL(V)H q2TWFREZI. IBA q(T) = 0.

iFE #FF=C, A4 9.62 71829 154X ¢(T) = 0.

HEF=R MEVH-—NE, FLART X TZENEE. A SECIY FHET, #
S (RTCImV isrvg) WEMERZ A, XA zeR, RINA

q(z) =det(zl = T) = det(zl — A) = det(zI — S).

TRgESHWRHRELZAR. ABF=CHEL (KIEAE—HiE) HF0=q(S) =q(A) =q(T).m

K- HRTERE (9.64) £, BT T e L(V) BWEEZ T2 /N2 0 2 0%
(H529). T2, Wk T Wi/ REEET dimV, B4 T WFIEZET T i
Ui, g REZBOE T, Nt 99.999% (1 4 x 4 FEFERT R T [ MR TR s E.
AT [-100, 100] X fH], WX (5.25) Fii—B ), #B0 R FpiE L.

ZRTIRATPE R BUETE TR T F 4 R b i/ — A& (O 8.54 ). BUAEFRAT AT 45 th7E s
T gt 4% (R R i) 2 () 83 P A .

9.65 4YFESIMK. TEFITFHIR

WTeL(V). n=dimV. IBA T BFEZTAE R

= (UT)Z e (1) (et T),

ERl X F W ERRBHENEHA, REZSFARE z=0 RN E. TET HWHMESLHA
R E BT E T det(-T), et E T (~1)"detT (1 9.42 & = 5[ 1% ).
WEVWE, HLART X THENERE. 2I-T X THEWEERE 2I-A. 946 4 1
By det(zl — A) AR, kREEEHY {1,. .., n} IR
(z=A) - (2= Ann).

ERFAERF TN EABEE (A 4+ +A,L), BFET —uT. det(zl-A) AR F % B permn
WHMETEFNTEL A n -2 M z— A WETF, ElET T WAFESRAF 7 1
R BORH TR |

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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TETFHIX LR, Haxn Ay TEIFERBIESL - AL (Jacques
KBIE R P I, b4 Filirriisss  Hadamard, 1865-1963 ) F 1893 SR,
AT P EbMERNRL BUZ—TF, THEIEHHRIES R BN R M5 k5 (€ XF
3.44).

9.66 PTiEDAZ%R ( Hadamard’s inequality )
WA nxn i 2y v, TN A 5. R4

det A] < T l1vall

k=1

WEFR #F A RF#, W detA=0, FWAELREREWREFEL TR

TERMBEATH. QR M (7.58) HFA&N, FE-NMLEEKR QM-I AL ETE
HHEHN E=ZAEER, #/5 A=0R RHNAH
|det A| = |det Q| |det R|
= |det R|

= H Rik
k=1

< TRl
k=1

=[JlIoR.«l
k=1

n
=TT Ivell.
k=1

HPE —THET0490b), F_ATHET 958, F=4THET 948, FHATH LN EZHT Q B4
ik 5t u

T HEZ PR RS AU R, F=R. AT e LIR") JEHE Ter =vi (k=1,...,n,
el ... en & R IBRERS ) BT A THK T P(er, ..., en) BBCPATIE P(vy, .. v,) [
[ Bk P S RS, R 7.102 F17.105 ). KT Pley, ..., en) BIRRERE 1, FTLAX
LW (1 9.61) AT P(vi, ..., v,) BIRBUR [det T|, Wik%T |det Al T LRRIk A%
AR, ERHEHR il ..., vl BIETA AT, RBUR K A& A IR IE S P4 T
7R CHAARRA Tz Ivell).

BTk Sh AN AR AT A5 I FE R A WL T A >0 18,

TR IR AR A P YRR AR N SE 1B 5 4EPE ( Vandermonde matrix ) . (RS G AE L
T . 2 WU B AR S g s T A A W . T A R AR G R B T AR SR
R RN e 5 =2 ) ok [l D46 ) Jg

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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9.67 SEERMEEMITIIN
Ben>1Mp0,..., B, eF. R4
1 B ﬂ% ﬂ?—l

LB B By
det i = H (Br = Bj)-
i 1<j<k<n
1 B, ﬂ%; ﬂg—l
Q
iEEA A 1,z,..., 7V & P (F) TR, HA e .., e, = F AR S, E & w4t

S:Pui(F) > F' %
Sp=(p(B1),. ... P(Bn)).
AART LESEREHTNEERERE. EEE
A=M(S,(1,z,..., "N, (en, .. ., €n)).
AT :Pu(F) = Py (F) 2P (F) LWHET, CHATI=1URMT k=1,....n-1,
TZ" = (z=B)(z=Ba) -+ (= Br).

A B=M(T,(L,z,....,2" "), (L,z,....,z" ). WL BEMAZETEFHA N I E=ZAEE N
il detB =1 (1 9.48)
A C=M(ST,(1,z,...,2""), (e, .., e.). TAC=AB (H3.81), KL

det A = (det A)(det B) = det C.
HC, SMTWEXTH, CHT

1 0 0 0
L B=p 0 0

I B=p1 (Bs—=B)Bs—p) - 0

1 :Bn _ﬁl (Bn _ﬂl)(ﬁn _ﬁZ) U (ﬁn _ﬁl)(ﬂn _182) U (ﬁn _ﬁn—l)
M detA=detC= [[ (Be-pB;), EFRAITAZET 9.56 (a) 1 9.48. ]

1<j<k<n

= I 9C

1 EHE S — 9. S, T € L(V) = det(S+T) =detS +detT.

2 W A BER—IIBREE— A I0R A AT NESN R, 2 A B —1 TR —31, 19
FIHERE B. UWEF: detA = A, detB.

3T e L(V) BREEM. WM det(I+T) =1.

4 % SeL(V). UEH: SEXIERN, [HAY |detS| = ||S]| = 1.

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]
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5 W A eIk b= MR

Hrp XHALk EEEA A B2 RE. ER
det A = (detA;)--- (detA,,).
6 1% A= ( Vi v )%nxn%ﬁf@, Hodrv 28 A WS k3. WERH: WA (my,...,m,) €
permn, 93[3/4\
det( I ): (sign(my, ..., m,)) det A.
7T e L(V)# 4 pFoR T WRHELTE, 4 q Fn T FEMEL T, IEM .
— L dimV l
10=Tm° P (z)
S AEZE 7z € F 0T
8 WTeL(V) BEAFEEMNE T (XK/RT F=R). UM detT > 0.
9 &V IR EEAE Sz ZsE], T e L(V), HdetT <0. iF: T 2/ W SRR (.
10 % V Bar e mssm), T e L(V). EAMEHE/NZIR BT, IEH . T AR EE.
AL AATH) XA IE S AR LT, AR ATHGERA T —I 5.34.
11 JFAESAE— Rl R F=R, T e L(V), detT >0, B4 T AR,
R F=C, TeL(V), dtT £0, AT H-FH4 (JL8.41).
12 1% S,TeL(V)HSAW. EXLp:Fo>FH
p(z) = det(zS - T).
WEM: p BRECH dimV 2, HizZumih 4V 1) 250 det S.
13 % F=C, TeL(V), n=dimV>2. %&21,..., A, TR T RIS, A RRIE(E S PSS
FHEEHL

(a) 3K T FEZ I 22 REEAS (A, 4, F9R).

(b) R T WFRHEZ I 2 RERAX (A, .., A TR ).
14 % VIEWEEERE, TRV ERERF. k.

det VT = VdetT.
15 %V EWEESEl, T e £(V). FIFRMSM R, TR .
|detT| = /det(T*T).
TZUEBH R A R F- A48 ATER (I 9.60 ).
16 T e L(V). X g:F—FHgx) =det(I+xT). iEM: g’(0)=trT.
ARBR— /R, MR EMGATH) X 69 ARA R\ H 2P 5 Z a9 X,

17 ¥ a, b, c JEIEEL SRIEER

2 2 2
3. Yz
{(X,y,Z)ER .;+ﬁ+§<1}

(BHRH M IZZAES) (%R ) Sheldon Axler [F] R8Ik, 4T [#F]
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AR, Hak— 2ok . T—MEAHEMES Q c R?, Bk R ER—81 T [#i15

7(9) % Tl 1k,
18 1 A SEATHOTFE, GEW]; BT ARG (0.66) B, M ELLLY A M SIS A E

19 % V IENFESTHE], ey, ... e, &V BIHILIERSHE, T e L(V) BIEAT
(a) UEM: detT < [[;_, (Tex, ex)-
(b) WEMY: MR T AT R4, (a) PIARSERIRGEE, HHACYY THE—k=1,..., n #A
ex 72 T WRHIE] &
20 B A nxn i, Vo SRR THA jok € (1,... 0} WA |A; 4] < c. TEW:

|det A| < ¢"n"2.

FEMEATI R AG AR (9.46) &R |detA| < c"n!. K, AHML B GETREIFH S, H
do, deFE c=1mn=100, A% c"n! ~ 1098, {2 K@% H694EHE% 100, NG %, 4R
nE2WERRE, RLAALREFRXZEREFAHRGT.

21 Wn BIEEEL, 6: C — C 22— REL, W LIT &0
5(AB) = 6(A) - 6(B)
XA A, B € C" jlior, HXFAE—XMAHME A € C" A §(A) 5T A MXTALITRZFL
JEE
5(A) =detA

XA A e C" AL

HHA—TF, C" ATFAEHEC P nxn EHEMRHES. AEAN, ZXEH%
bwg @l , I RARE——ATREAEA AL LA RN R A
8D i JAL 10 KAk, AREALIEA 69T iy € 8 RECHE FTE—

A, 15 EVSFERCEEIRET, T8 By % e, FRBCREITII R E T, R
AT #E BRI A SRR TTR M RIA S, 2R E b e AU &R
X, AT R BGE E AR A A, NI RER AT, SEmigiifs 7 A CaRE 2%
1.

— 3 A4 - SRR (Felix Klein ) ( S ML5 F 6975405 JUFT)

( Elementary Mathematics from an Advanced Standpoint: Geometry )

(ERMERF D ZEXAEF ) (% wh ) Sheldon Axler [#] FIRik. T8 %]



9D KEAMR 311

9D K=FR

7 [ E = A K ER

PR B, R TIRAIF @ 05 v e V MR w e W TR X — U
TR vew, &E “vEFw” (“viensorw”) 4, WRLEMEFA VoW ([FFHEEIE “V BEf
W) BB 2S M OTER.

TATEAA TmE=E v xWw (WET 3E), BEHFN VAW R K, vxw 53
A EEIASRE, Ko E It $e it —fh B 2R 2okl v o=k Ll w bt k.
MIAS RS, SRR RO R —Se i WL . bean, W6 amctei, 2R, kv, vy, veV
Hwiwy,weW, ¥F

Vi+v)@w=vi@w+v,®@w F v W +w)=vOw, +v®w,.

WATE 7 BAR R X g e s & TEX FHEN \otimes FFT473H ©.
CHLEALLL”, 2R
Avew) =) @w=v® (Iw)

YA AeF, veV fMlweW 7.

Ji5h, RV RS W BT IEARSE ST LIS E V o W RSEL, IREELr 1. AR
a5, Wiie,. .., em = VINEE, fi,..., fu W RS, AKNEE, He, ® fi (DHERNT)
FIRLAL R V e W W3k, Jorf j IGE 1 2 m 1 & BUl 1 8] n. XEKRE, dim(V e W) MizE
T (dimV)(dimW). [F—TF, dim(Vx W) =dimV +dimW ( 1}, 3.92), XEH V x W x—3f
FUSTRATT AL 1) B ANAE.

J T SRR VR WARRIAEECK (dim V) (dim W) By mlarasi), FRATOGHERE
PEIZ RS R ) s [B], o LR

9.68 TEX: VW _EBIMEZMZEE ( bilinear functional ), [EE %8 B(V, W)
o VX W LHNEMZEZHRE B: VXW > F, fliff: XTHE—weW, v Bv,w)

MRV ERLMEZE; ST E—veV, w Bv,w) #iE W Rz R,
o VX W LMENMEZ pRFS LAY R B2 0], i0oh B(V, W).

WRW =V, AV xW _ERXEENEZ R T (I 9.1).
B(V, W) LRIIMEMEORZE, & SO R BOE F B IMERR IR, /e LURIE, X4tz
B B(v, W) BN RS, HAMEESITTRMN V x W B F % R4

9.69 fil: W&MHiZH
opeV HreW. LB :VXW —=F HBW,w)=o()t(w). B4 BV XW LRI
PEVZ M. TR

MR R, T CRORT. CIORY GEH—EC ARIRARERGE DS, WATRLEME v KRR w”, 15 tensor — RN

(ERMERH D ZXAHFE) (FHwhg ) Sheldon Axler [F] Figik. {78 [#]
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oveVHwWeW. BLB:V'XW —=FHB(p,7)=p(v)t(w). A LRV xW I
LANEZ PR,

0 SEXB: VXV —=F HBWv,¢)=0(v). M4 BV =V FHNLNMZ K.

o peV. BUB:VXLIV)-F HBWT)=e(Tv). IABREVXLV) FHLIEZ H.

o Wm Ml n BIFBE. EXB:F"" xF*" - F J} B(A,B) =tr(AB). B4 BJ& F™n x Fom
BRI bR

9.70 XLz R A Y 1] 8 == (BT Y 4E EY

dim B(V, W) = (dim V) (dim W). .

i 4 ey,..., em = VINE, fi,..., fo EWHE TREMRZE BeBV,W), 4 M(PB)
REJIAFEKINTLEN Blej, fi) Imxn . B> M(B) X —BAZN B(V,W) 2| Fmn 1Y
2% M At

MFHEECeF™, ZEVXW EEIXNEELZE Be A

Belajey +---+amen, by fi+---+b,f,) = chj,kajbka

k=1 j=1

W BV, W) Z Frr 5 S B M(B), §AF™" 2| B(V,W) lEMEBRE C— pc &
AWy, X RE Ny, MTE BeB(V,W)H Bup =B, TxtiiH CeF™ H M(Bc)=C
(R BLiZ B AT 3 3E ).

B, XSS ERN, MECI AR XHANZ LB T, dimB(V, W) =
dimF™" = mn = (dim V) (dim W). [ |

RSOk, WSV o W —S i e L. BAOEARAEMTESR T, S SUR
BEEETIR,  ROA ZEBORA [R) A AT R A 1] o 25 (R ER 2 R A4 1.

DL EgERAEH, B(V, W) MAEEUEEIRATZRM, LV, W) Fl FamV-dmW g 5 o n]
BEBEHRANE Ve W @S B8(V,W), L(V,W) 8 FinV-dmW —o_if X8 LHEARRES | H
vew (veV,weW) M—M5HETCEHE L.

TR FE X, REF—FA RGNS, 26 ERMIE, SUel—f 55T
KTEXLT veow. AT Ve W & CHTE V x W LIS R LR 25 [, i
ANREV W BB URERATRERAERXFEE ).

9.71 EX: HE=#R (tensor product) . VW, vew
o WERR VW ELN BV, W).
o XfTFveVAlwew, RKEBRvew Ve WHILE, &XN

(vew)(e,7)=p()r(w)
ST (p,7) € V! X W 8T

TR, RHIBAULV o W NTTHAATLIEK v e w B

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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AT AR PR V © W BiX — 2 X RELLE A AT Z 45
9.72 WEEZ BIHKEFRALEE

dim(V ® W) = (dim V) (dim W).

Q
UEFA B i & 2 B Ry B xHE e 24 B (ARFE 3.111), Br A% AT dimV/ = dim V #2 dim W’ =
dimW. HEH, 9.70 EFHAT BV, W) th4EH % F (dim V) (dim W). [ |

T HEME Yy e V Hlw e W SR ER v @ w IUE X, R v @ w 5T 3 i fpe il
FIXTSR. VoW MIGEE V/ x W LMz R, Flih, B2M Vv x W 5| F R4
I, BIAV xW hIEANITR, B F i —1ook. DL SR EA SRR,
v ewEHT V' x W B— IR (o, 1), SLEERE] o(v)T(w) X5

vew XA SMRIATT, NIZTOXKEE. FHOAE TR, B TR AL R
WY, ) Ak AR AT R A P 1 ot

9.73 KERIMLE

Wv,vi,va eV, wowi,wy €W, 1eF. IBARA
WVi+v2)@W=vi@Ww+1v,®@Ww HM v W +W))=vOwW +v®w,
L&
Avew)=(v)@w=v® (Iw).

WERA % (@, 1) e V! x W', F 4
((vi+v2) @ w) (@, 1) = p(vi +v2)T(W)
=p(v)T(W) +p(va)T(W)
=(view)(e, 1)+ (v20w)(p,7)
=(vi®@w+v,®@w)(p, 7).
W, (Vi+v)®@wW=v,@Ww+v, ®w.
7 AN R T R R . [
MR S, “4” AP, FARAREE, gl l—F 1o F— A FEM Ry,
KEET, ROMGAMER— e mEas.
THEGXARLERE (@) T, Ve W FInRMLEM I M, Bn TX— M. Ve W HimHE
ZIHMRAR, Bajek Bkt (19.73), BARREEHE T V sl W Hr e a2 14k
PEFOCHE, UM A N T

974 VoW HRE

&el 777 emIEIL:VEPE/‘J—zH.m%, fl 55555 fn%WtPE/‘J—gﬂrﬁ.]%-
(a) ﬂn% (2 P €m ﬂ:ﬂ fl ’’’’’ fn %K%gﬁll‘iﬁa‘ééﬂ ) %B/A\

.....

2V e W FIAMEIC . #TNO

(ERPBEARI T IZEFEF) (5 WiR )  Sheldon Axler [¥] FARiA. TrA [#]



~ 1007 % 9F ZFRMERIEAATI X

b) R e, e BV EIE, fi, o fi W B, BAH {e;® i} s 0 B
VoW Rk
AW (a), Key,..., em M fis. .., fo MREAM TR, X —EM T RMUREEBR
513 (34) 4%, & ¢1,..., om EV F T, ., 7, € W fE1%
1 ;é: ':k, 1 ;é: .:k’
6i(ex) = / fon(fo) = /
0 &Hj+k 0 % j+k,

HPE - AXNTFFjhe{l,..., my, E-ANXFH jke{l,..., n}.
L E—AE, R

) Z aji(e; ® fi) = 0. (9.75)

k=1 j=1

=1,...,

ERE, (e;@fi)(em,n) Ej=MELk=NHFRIRTET1, HXHFATFT0. AL, ¥9.75
BT (prv), #HBE apun =0, EHT {e;@ fi},, .0 HEEE.

A —K, RAE (@ B dim(VeOW) = (dimV)(dimW) [ 1.9.72 ], PLR “KE B4 6 & %L
KAF—NIE" X—4F (N 238), TIiEFF (b).

HRAELL_ L5 (b), VoW ME N ILREGEIE M vew FITRARRFM, HhveV,we
W. SR, WER dimV > 1 H dimW > 1, A3AH2J58 4 A%

{vew:(v,w) eVXW}#VQW.

9.76 f: F" BWITERHM F* BT RETAEKER

Bem Mon BIERE. e, ... en R F7 SRR, & fi,. .., fo 38 F* BUBRIERE. %
v=0..., V) €EF"Hl o w=(wy,..., w,) € F"
A2
VW= (Z viej| ® Zkak)
j=1 k=1
= Z(ijk)(ej ® fi)-
k=1 j=1

Bk, F Fr e F' i [1R4E 9.74 (b) #5119 ] % {e; ® fi}

Jj=1,...m;k=1,...,

,,,,,

K BITEEH vows TRZTATRTEUE v @ w S5 m x n HilE

Viwr o ViWy

VmWi o VimWh

VA BB T —FPAERIOCR, IRANEE IR 5. 6 DR SR Ifafiz X Fh A ) 4.

(BMERFB T ZIXAEF ) (FHWrR ) Sheldon Axler [F] FARik . T8 [%]
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AT LR, AT IEAMZ bR, SERNEBGT A H bRz (8] a] LU AR — ) 23
], A FUE bR

9.77 TEX: WZEMES ( bilinear map )
M VW S [0 525 [0 U B9 MEBRGH R IXFE—RELT : VW — U, Hffiff v — T(v,w)

ME—w e WHLZEN V 3] U BLRIEBS, w o D(v,w) ME—v e VEZAW R UK
LRI

9.78 5l XLk MERLET
o VX W LR WEMEZ BRABEN V X W | F [0k ML

o EXHT(,wW)=vOw IR T :VXW S VW MV W F Ve W RIS (1R
#£9.73).

o EXHT(S,T)=ST HIRET : LV)X L(V) = L(V) N LV)x LV) B L(V) BN
WS

o EXHTWT)=Tv IR VX LV,W) > WMV XLV,W) B W RS,

PP R ARE R, SR E RN TREINS v x W R ML 30 v o W 2t
WSS (R ZIRER ). TERC SR, R IS5 RY () PRSI “IZPEBT” (universal property ).

9.79 LINERMERRET b LR ERR B

WU Z s ).
(@ WT:VXW - U ZMRMEIGT, ALY T ve w - U flifd
Fvew)=T(v,w)
XA (v,w) € VX W Rl
(b) RZ, BT : VoW — U LMW, IBALFAEME— MBS T . VX W - U
15
T*(v,w) =T (v @ w)

XA (v,w) € VX W ST

Q
EHH Aen,..., em e VI, & fi,. . fu 2 WHEE R L EBATIIE (34) UK 9.74(b),
HEE—WABBAT VoW - U #E1G
['(e; ® fi) =T(ej. fr)
MEE je{l,..., myFke{l,..., n} L.
WEXK (v,w) € VXW. BE ay,..., Am, by, ..., b, e FHEHRE v = aje, +-- + ape, T

W=b1f1+"'+bnfn. IEIHQ

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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n

Fvew) =TI Z Z(ajbk)(ej ® fr)

k=1 j=1

= Zajbkf(ej ® fi)

\

BAEEA KL, EFF _TRIZENT BEMN, FZARIZENT HEX, FHEAT
RSB A TR .

HiE9.74 (b), THBET(voOw)=T(v,w) hE&MEBRHE T LH%E -, Wt ZRT W
E .

HIEH (b), EXBEKT :VXW > U A THv,w)=T(vew) A (v,w) e VW kL.
MKERENEE (N973) FaT W &M, & TH 2 REMEN.

B, RN T g —. [

FHIEY 9.79 (a), RATARERFEHME L T(v @ w) =T(v,w) M v eV flweW ST
(REH T Lt 284N vew L), HAVe W KGRI AREME—ih R aUE an
vew IR IARRA. FRATRUEBIHT T v BUEAT WAL L G 3 )

BARFRATAE 9.79 (2) BUIEIIH X T BRI BT V Rl W A93E, (2 T(vew) =T(v, w) X
i veV  HlweW oL, KGRI T RKHT VAW IEAREERL

AR = ERYGKRER

THMEAREE =MAR—TVew Li. v BB W iy, [EERATEHAR RS

9.80 FWAMR=EPATAKER LRIAR

WV W RENHEsME. B4, VW FIFfemE——fh N EE

Vew,u®x)={v,u){w,x)

SRR v,u € V il w,x € W AT .
M Ber,....eq 2 VEMTBERE, fi,....fi EWHALERE EVOW EEX—A
R

Zij,k€j®fk,ZZCj,k€j®fk = be’km‘ (981)
k=1 j=1 k=1 j=1 k=1 j=1

X 9.81) EXT VoW bW — A RZREEE [ A 074 1b)], X F4iEx7T.
BvueV, wxeW. 2v,..., vm EFHFERv=vier+ - +Vvpmem, T u., wx kK

AU EH®R. A2

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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m n m n
Zvjej ®Zwkfk,2ujej ®Zxkfk>
k=1 j=1 k=1

5
|

ZZVjWkej ®fk,ZZujxkej ®fk>

k=1 j=1 k=1 j=1
n

vOwW,u®x)=

HAVeW NENTEBTUE R mvew WTENEEAS [RIE9741) ], Al
VoW ERAE—FMARERSE vow,u®x)=WV,u)w,x) A Hv,uecViwxeWmkir. =R

THEXVeW E—HRIHNE, 1 9.80 CL&iE] 1 iX—& XAgE M. WA e
B3, FRATHARER HE L (v @ w,u®@x) A (v, u) (w,x)y (IRJE 7050 A1 B 0 ] it &
YHETmRZVOW 1), HRVeW BHITRIFAGEME MR AL v @ w ITTE 1A FRFL

9.82 EX: MARMTEETHKETR _ LA AT (inner product on tensor product of two

inner product spaces )

WV MW ENRZEN. VeWw FRHNBUEME 15
vew,u®x)={v,u){w,x)
XEH voue VM w,x e WHAZH, (VW) x (Ve W) | F R (. -).

HERXPE u=v Mx=w, BIFHTE, 15
lvewl = vl llwll

XEE v eV FIFTA w e W aE.
£ 9.80 KIUEWT R, WERBIMIE BT vV RO IESSHE e, .. e, F1 W BRI IE ST HE

fioeoos fo RO8) BRI, {e; ® fi} s 2V O W HIBUFARREIER A, i
VoW MHNEIESE [R5 9.74 (b) 1 HETORXARARZTATEE, Ry H A B ARG IE
A, MTLIARNTRIT 9.80 HE SCNARIT I IESC . BUARE 9.80 AYTEMIRIT X — &4 R
KEESLHYIL TR —FERY, (2R E N T AL R RS IS, ©

WV MW REARZER, He,... e, &V H—IHEIERE, fi,..., fn 2WH—DH

HIEsCHE. R4

.....

2 Ve W H—HEIEASHE.

ORAIEI, REHRLLN 9.83 FIE T 9.80 i SCPRRHT BT FH s — % S0 I A8 3.

(EMRE G ZXAEF) (H IRk ) Sheldon Axler [F] FARiL . 470 [iF]
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R RMTBE 2%, {e;® fi}

J=lemik=1,...,

BIEAEERE. A, M e{l,.m BN e {1 n) Mz
I Fj=MAk=N,
<€j®fkaeM®fN>:<ej’eM><fk’fN>: 0 ;EL:/T&
B, WTAR4 {ej®fk}j:1 ..... mik=1,..., ARRYV W H - AREEXE. )

KT VoW FHWREHMM S v Fw A THHEAERR—F, W11,

ZENEETERKER

P BIRZE [ o 25 ] B K AR AP o, RATIE@iieid 7. BUE RN R E R 4w, £
A R4 A S (R s AR, X — AT R 2O, AR B SR RO S R L
T EEE IR ARAR L PRA P 1) i s (] B SRR AR, ORI RENE— 2D PR 22 T A 1) s (A Y
S eial

I, X —/NRGHIEN. Pt mEERER, iz LI el e T
P 1] 225 (] S AR A R R T P B 401

B T RIC S .

Vi #RF7S A FRYE 1 25 1]

AT ZE L om EEMZ oK, X—BESHET T Mz (W 9.68). [IBi—T, “%Zpg”

— IR PRI R, DL, Cm AN X AREHTRREE Vi = =V, (I
9.25). B(Vi,..., V) E—ICTHE " THAVREH B(V, W).
Vin)
o Vix oo xV, LB m BLMIZ R E I TR AL B Vi X - xV,, — F:
WBC, ... ) WE— L EIFRZ AL B Z AR & [ e, W) B #BR OIZ AL il
1Z 1R
o Vix---xV, B m BEAMZ R A EZE ], 28 B(Vi, ..., V). .

9.86 fl: m ELMIZE
PN ke {l,..., m}, oreVy. EXB:Vix--xV,—>FN
,B(V] ----- Vm) = ‘Pl(Vl) Xoeee X‘pm(vm)-
M2 B IRV XXV, LI m ELIEZ AL

T ORIXZRAR, ATLAOTIR 9.70 BOIERI 7 kL.
9.87 m BL&MIZEFTRHEES B4

V) = (dimVy) X - - - X (dim V,,,).

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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BAERATATUE X, ZA iz m sk i, LGS 2SR oo R skl LU 2
SCRIFATTSEHITE m = 2 T T B S (9.71) 5822,

988 EX: HK=FR (tensor product) . V,® - @ V,. V| ® - Q v,

o KEMR Vi@ - 0V, LN B(V,...,V,).

o XMFviev,..., Vi €V, KER VI Q- Qv EVI®---QV, NILK, EXH
(Vi® - ®vu)(er,. .., Om) = e1(v1) O (Vim)

XA (@1, .., @m) € V] X -+ X Vi AL .

BET X G SRR, AT AZ IR m = 2 1512 T 2R MIZE R AIEm 7=k (I 9.72).

9.89 SKEFRHILHEE

dm(V;®---®V,) = (dimVy) --- (dimV,,).

BEPRLRGIRAE) T 9.74.

990 V,®---®V, HE
B dimV = n, H et m). A4

{e}l®~~~®em

Jmd ji=1 s =i,

ZVI®-- 0V, K

Wm=2, e,..., ey, =V I, ef, ..., e, &V, EE WA, vieV, LR, KTLUL
SR (e} ® e} REL L m o SRR, JOI A7 91
IICERE e} ® e BIREL ML, ATHER VI @V, TR, ATHZE— R A~
PR E AR

WK m > 2, AL SRR ATTREE A m DT RRUE R, R ER Vi®- - -V,
—MERICER. FrlL, YRATEHRXTZ RS 24 TAnny 8 s Ent, rraestas ik &
28

PR A8 SUHES T R PEBLS TS (UL 9.77 ). RSB MG —#¢, H HbRas
S AT ) s ).

991 EX: m BELMBST ( m-linear map )

W Vix- XV, Bl 25 ] U (m B RG24 T PR REL T : Vix- - -xV,, > U:

BIE TC,. .., ) PR E SN R, HRREFF RN E E AR,

FETORIXARAR, WIS 9.79 BIER 7 =0OKIE.

(BRI ZEMESY (%) Sheldon Axler [£] 2Rk . AT [%]
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9.92 1t m BEMERRET A LR &
& U J&In) 5 2S[h].

(@) BT :Vixe - XV, — U m ERIEMGT, IBAFAEME— RS T 2 Vie- - -0V, —
U it

Fvi® - ®vy)=T(y,..., Vi)

KA (v, ..., Vvm) € Vi X - XV, ST
b RZ, KT :Vi®---®V,, — U EL&IEmit, IBAfFTEME—R) m ELPEBSG T
Vi XXV, - U fifg
T*(vi, ..o sv) =TV ® - ® vy)
XA (vi, ..., Vi) € Vi X -+ XV, IO

ZA-WRRE R kR, LT 12, 13 AL

= i 9D

1 &veVMweWw. iE#H: vew=0, BHNYv=08w=0.
2 Bl —l: R AN DAFERIEE vy, v, va, wi, wa, wa, 15
VIOW+ V1V, ®@Wr+v3 Qw3 =0,

M v @ wi,va ® wa, v3 ® wy 4H1, (E—JCEAARZIZAF H—IoE bRl
3 v, Vi 8 VST, ik w,. .., W e W R, {5

VIQWi+--+V, ®w, =0.
WEH: wi=--=w,=0.
4 % dimV > 1 H dimW > 1. UF#H;
{vew: (v,w) e VXW}
AV OW IF2s[H).
T OAMERE, R dimV > 1 HLdimW > 1, R4
{vew:(v,w)eVXW}#VQW.

5% mMln BIEEEL. WTveF" fMweF, 16 9.76, ¥ vew EFT—4 mxn M.
X —FERER T, U
{vew:veF" HweF"}
BMEZRH—1) mxn 5l (HITRAEF ) WRINES.
6 Btm Mln BIEEBEL S S B, RBREZ N 0 mxn M (HOURAEF ) MY
EA.
7 % dimV > 2 H dimW > 2. UE#H.

viewi+v,@wrivi, v eVHw,w, e WHVRW.

(EMARFTZEAEFE) (H W) Sheldon Axler [F] ZARiA. T[]
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8 Wvi,....vme VHwW,...,w, e W, ffif§
VIOWi+: 4V, ®w, =0.
VU SEEZSE], TV X W — U AR EMS. i
Cvi,w)+---+T (v, wy) =0.

9 SeL(V)HTe LW). IEH: VoW LFfEME—— N RXFEMNE T XFHEveV M
weW, Brveowm Sy Tw.
ARG VOW EX—HF L2 FHMAA ST (XZHRATE5T)

10 SeL(V)HT e L(W). iEH: ST E2VeW L WiE 1, HHAY S AT #ZE]
W, IHEH . R S T AR EE T, Ba (SeT) " =steT ! (GXHIRIHET
559 UNERR R B IS ).

11 &%V AW RHNESE. B, R Se L(V) HT e L(W), BA(S®T) =S"oT* (XH
FTATHR 75 9 BUNEF LR AICS ).

12 ®Vy,...,V,, BARGENRZ0E. I\ vie- eV, LAEEME——FINE, ffifs

WVI® @V, 1 @+ Q) = (Vi uy) -+ (Vins Um)

XV X Vo A (01, vim) B (s ) ROE
2%, EX&%A
[vi @ @vnll = [vill X - X (vl

SRR (Vi V) €ViX - XV, AR L.
13 &% V,...,V, A RN A, A 12 8 E LN, Ve oV, BENHTZS
. BXHME—k=1,....m, #H ek, ... ek J& Vi WHEIESCH. IEH]: Mg

{e}l®---®em

Jmd =l ne m=Le

'/,

VI ®--- eV, LI

A ABE HMH TIES T e RO BESCP AT RE X, N @ H G LAY B SRERILm M PENUR ALY okt
i) AR LM B, X BEI S o T FRET. LS SA BT RER b, (B RO TR,
FETORILEHUN S © T 456 T ICK IR, A 7 AE LS.

(KR F T ZXAEF) (i)  Sheldon Axler [F] F1RiA. T [iF]



B F SRR

%5 ii 71. B>k H Carrie Heeter 1 Bishnu Sarangi. 343 408 & .

% 1 U Pierre Louis Dumesnil R G]IH/E, T 1884 4-H Nils Forsberg Ilfi%%. /A 4k 4]
A, 202243 29 HTF#HA
https://commons.wikimedia.org/wiki/File:René_Descartes_i_samtal_med_Sveriges_drottning,_Kristina.jpg.
22 5L AAYIE S, T 20224F2 A 4 HF#A
https://commons.wikimedia.org/wiki/File:IAS_Princeton.jpg.

5543 7. MRFTOR A Stefan Schifer, RIS Z -7 2LV n PRl T 2022
i3 1 28 HTF#H

https://commons.wikimedia.org/wiki/File:BurgDankwarderode2016.jpg.

55100 51 BRF K H Alireza Javaheri, SRHIFIRILZFZZVFATIML. T 2023423 H 12 H
THEH

https://commons.wikimedia.org/wiki/File:Hakim_Omar_Khayam_-_panoramio.jpg.

% 111 T: Alireza Javaheri T 1863 FE5E )l IME(L. 18 A 3K H Hans-Peter Postel, % FHI1A
HEFELAVFATEML. T 202243 H 14 HF8EHA
https://commons.wikimedia.org/wiki/File:Leonardo_da_Pisa.jpg.

55151 51 IAK A Matthew Petroff, SR HIAITRIL 5238 44 AR D7 AL =V T RS T 2022
4E3 A 31 HFHHA

https://commons.wikimedia.org/wiki/File:George-peabody-library.jpg.

55 190 51: HRFOR [ Petar MiloSevié, >R AR R B2 AR 7 ALV a] ppisl. T 2022
43 730 HTF#H

https://en.wikipedia.org/wiki/Lviv.

5249 5. BETR A David Iiff, SRIVHIRILEE L -MFEDT 2SI VF I PR T 2022 4F
330 HTF#H
https://en.wikipedia.org/wiki/File:Long_Room_Interior,_Trinity_College_Dublin,_Ireland_-_Diliff.jpg.
5279 JU: MR >K A Daniel Schwen, >R FHRITRIL 82 A F 7 ALV al B T 2019
£7H9 HF#HHA

https://commons.wikimedia.org/wiki/File:Mathematik_Géttingen.jpg.
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A7, 76
A, 62
A 58
Ax, 62
ar, 298
A, 65

A*, 194

B, 240
I, 315, 320
B(Vy,...,V,), 318
B(V,W), 311

C,2
o, 47

deg, 25
A, 163
det A, 299
detT, 298
dim, 37
®, 18

E(A4,T), 137
E(slfla' --,snfn), 240

F,4
F=, 11
F™n 61
F", 5
F5, 11

G(A,T), 259

1,44,76
—,19
Im, 101
—00, 25

L(V), 44

(BRI IZZAF) (IR )

SRcEE]

L(V,W), 44

M(B), 281
M(T), 58, 129
M), 74

perm, 293
P(F), 25
, 85
Pn(F), 26
p(T), 116
Py, 179

qp, 287
,6

R,2
Re, 101

S®T,321
C, 251

T*, 191
T’,90

T*, 315, 320
T, 69

™, 115
7], 234
T(Q), 241
Tly, 112
T, 185
T/U, 119
trA, 274
trT, 275
VT, 211

T, 86

U+, 177
(u,v), 153

Sheldon Axler [#]

U% 91

vV, 12
v, 281

v 285

v, 283

Ve, 14

v/, 88,171

V™, 87,291

vm 291

vim, 292

-v, 12

vl 155
v+U,83

V/U, 84
Vi®-®V,,319
VI® @V, 319
Vew,312

vew,312

|z, 101
z, 101

. fTre (]
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BERAERGERTHR. FH LB TAETTEAR, FEABFPAKRER “~7 MRETEGER. B3
APARLE AR IFG LB TRAA B[ MBE] BXSF, BiALE (5F58 ) EMEELRL. #lde, “In
s (addition )" 4B T49 “4EM49 ~ (of matrices )", BP &7 “46FE694ni%” (addition of matrices ).

A

Fp 2 Je e 2538 (Apollonius’s identity ), 163

FA[ ik T ARN%550 ( Hadamard’s inequality ), 307
BAEIR - A - SLE%F (Abbott, Edwin A. ), 6
YRWSTE - Jiti%FF (Schmidt, Erhard ), 168, 232

WK - WiE (Noether, Emmy ), 279

BAKIK - BAE ( Artin, Emil ), 67

(BN 225527818 ) ( Through the Looking Glass ),

9

DAy - BHEI % (Cholesky, André-Louis ) ,
222

BT %) - #TPS ( Cauchy, Augustin-Louis ) ,
158

LR - ¥ Wi ( Khayyam, Omar ), 100

B
% - /R (Halmos, Paul ), 22
D ZE/RAEESL (Bessel’s inequality ), 166
FLBEIF 4922 ( Leonardo of Pisa ), 111
Bk afhiirE ¥ ( Pythagorean theorem ), 156
Frig (scalar), 4
PRk (scalar multiplication ), 8, 10
MRS ~ (of matrices ), 60
RZS A 7Y ~ (in quotient space ), 84
ZePEBLETAY ~ (of linear maps ), 46
FrufEFE ( standard basis )
F" [ ~, 33
P (F) Y ~, 33
{ABHE L5z ( Bernstein polynomials ), 41

AAEF23[6] (invariant subspace ), 112

C

C*-AR%L ( C*-algebras ), 247

ChatGPT [ —AN N TR REIA = KBAY ], 164,233
C HHYPAL7E (unit circle in C ), 218, 224

e (multiplication ), JL3RFX ( product )

FefH (product )
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Fra Al B AP ~ (of scalar and vector in
F*), 8

P MR PR RS ~ (of scalar and linear
map ), 46

Frig A ) ~ (of scalar and vector ), 10

Z1izH) ~ (of polynomials ), 116

ZHH) ~ (of complex numbers ), 2

HEFERY) ~ (of matrices ), 61

LMY ~ (of linear maps ), 47

[ 2S[H] Y ~ (of vector spaces ), 81

D
B A E . (fundamental theorem of algebra) |,
105
RECESL (algebraic multiplicity ), 261
g (injective ), 51
SEEEILGT (isometry ), 215
R E R ( De Moivre’s theorem ), 105
A5 (point), 10
S5 (dot product ), 152
AR A2 (University of Dublin ), 249
YHFRFERE ( symmetric matrix ), 224
YRR PER] ( symmetric bilinear form ), 283
XM ( diagonal matrix ), 136, 228
Xy ( dual )
£ ~ (of abasis ), 89
VB TFAY ~ (of alinear operator ), 118, 135,
145
ZEVEMLETAY ~ (of a linear map ), 90, 128
%5 [ 1) ~ (of a vector space ), 88,171
Xt F R ks (closed under scalar multiplica-
tion ), 15
XHFhnikEr ] (closed under addition ), 15
Z 1=, ( polynomial ), 25
2 REL ( degree of a polynomial ), 25
LI AT AR (division algorithm for polynomi-
als ), 104
Z IR ZE 5 (zero of a polynomial ), 103
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ZEM A ( multilinear form ), 291

E
W (quadratic form ), 287

F
JZ e =S5 (reverse triangle inequality ), 109,
161, 246
JUAEZAE R4 ( Vandermonde matrix ), 307
TR a2k (diagonal of a square matrix ), 130
B4 (nonsingular matrix ), 76
AW IR (Fibonacei ), 111
WL ( Fibonacci sequence ), 145
SrHT fAFERSE (block diagonal matrix ), 263
SrfictERt (distributive property ), 3, 10, 13,47, 67
(22 B W ) ( Frankenstein ), 42
AT - B (Riesz, Frigyes ), 171
1% LB B4 ( Frobenius norm ), 278
345 ( complex conjugate ), 101
%Ak (complexification )
~ BT UHRFAE ) & ( generalized eigenvectors
of ), 267
~ BYHFE{E (eigenvalues of ), 118
~ BYHFAEE R E L (multiplicity of eigenval-
ues ), 267
~ i/ 2R, ( minimal polynomial of ), 128
WFRZE[E] 1 ~ (of an inner product space ), 162
ZEMEMLT Y ~ (of a linear map ), 57
Ja] %5 [A] i) ~ (of a vector space ), 14, 36
i g (complex spectral theorem ), 205
244 ( complex number ), 2
HHRE: (division of complex numbers ), 3
08 (subtraction of complex numbers ), 3
H W43 A (complex vector space ), 11
EA%BEEI (Fuglede’s theorem ), 207

G

BEUEICE (Gaussian elimination ), 43, 55, 304
FHEMR K2 (University of Géttingen ), 279
MEFLUR -l 25 453 72 ( Gram-Schmidt procedure ), 168
AR ARE 2 ( Gershgorin disk ), 142

FaAT RAKIR 2 B ( Gershgorin disk theorem ), 142
FEHEXFFRYE ( conjugate symmetry ), 153

I SURRiEZS 1] ( generalized eigenspace ), 259
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] XHRFfE i ( generalized eigenvector ), 252
HIEIEAS (orthonormal )

~ 3 (basis), 166

~# (list), 165

H
150453 ( column-row factorization ), 65
175158 (determinant )
HEFERY) ~ (of matrix ), 299
BFHY ~ (of operator ), 298
ZIEFH ~ (of unitary operator ), 304
1EZFH9 ~ (of positive operator ), 304
1 (sum ), JLINEE (addition )
¥ (kernel ), 50
/R - JtiFCZ% ( Schwarz, Hermann ), 158
{EZESER (identity matrix ), 76
[EZ5F (identity operator ), 44,47
JE AL (backward shift ), 45, 50,70, 118
AN ( change-of-basis formula )
& T ERIAY ~ (for bilinear forms ), 282
& TE T ~ (for operators ), 78

J
F# (basis ), 33
B SCRRAE 7] S A9 B ~ (of generalized
eigenvectors ), 252
FRFAE ) A ) ~ (of eigenvectors ), 137,
204, 205, 208
il ( trace )
HEFERY) ~ (of a matrix ), 274
HFHY ~ (of an operator ), 275
He43f#% ( polar decomposition ), 239
JUATESY ( geometric multiplicity ), 261
Jnik (addition )
F* Hiaj &) ~ (of vectors in F* ), 6
EH ~ (of complex numbers ), 2
RR%LHY ~ (of functions ), 11
HEFERY) ~ (of matrices ), 60
RiZSEH Y ~ (in quotient space ), 84
eV ~ (of linear maps ), 46
Ay ~ (of vectors ), 10
F42[B]f*) ~ (of subspaces ), 16
Jii3% 7T (additive inverse )
F" i ~ (inF" ), 8
CHE~ (inC), 3
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[a] & 25 B H ) ~ (in vector space ), 10, 12
A5 m EANMER] (alternating m-linear form ), 292
AEAE LR (alternating bilinear form ), 285
56/ (matrix ), 58

~ 7% (multiplication ), 61

T 1) ~ (of T*), 194

T )~ (ofT"), 95

WEH T ~ (of nilpotent operator ), 256

MY ~ (of bilinear form ), 281

BH¥HY ~ (of operator, 129

LAWY ~ (of linear map ), 58

LML Z B ~ (of product of linear maps ),

62,77

[i] &1 ~ (of vector ), 74

HE R LIS ( conjugate transpose of a matrix ) ,
194

FEFERHRE ( column rank of a matrix ), 64, 96, 200
H¥EFERYFTRL (row rank of a matrix ), 64, 96, 200
FEFERYFE (rank of a matrix ), 66, 96, 200
HEFERY%EEE (transpose of a matrix ), 65, 194
P B f/IME ( minimizing distance ), 182
#5%F{H (absolute value ), 101

K

LR L
43

FKHB - A4 (Jordan, Camille ), 272

PIL3K-M5 2% /K i€ # ( Cayley-Hamilton theorem )
306

K42 1A] 1% ~ (on complex vector space ),
262

oy PG -Jiti BU 25 4453 ( Cauchy-Schwarz inequality )
158

BIAHr R 3% ( Cholesky factorization ), 222

Al X1k ( diagonalizable ), 136, 143, 147, 204, 205,
246, 257, 265

A Cadditivity ), 44

] 32 AE T ( commuting operators ), 116, 146-150,
175,197, 207, 213

Azt (commutativity ), 3, 6, 10, 20, 47, 62, 67

gk &P (associativity ), 3, 10, 47

T[R4 (invertible matrix ), 76

AR L) (invertible linear map ), 69

i B 75 -+ =3 (Gauss, Carl Friedrich ),
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PRI F (Laplacian ), 163
N - /R (Descartes, René ), 1
BEUE B M (discrete Fourier transform ), 224
BT R REH (Riesz representation theorem ), 171,
175, 181, 188

FIRFK (Lviv), 190
FRK (Lwéw), 190
ZAtF (annihilator ), 91
% =3[8] (null space ), 50

T* i) ~, 193

T 1y ~, 93

FFIIFER ~ (of powers of an operator ), 250
X4 - £% /R (Carroll, Lewis ), 9

M

Moon [ EERMG, HAEEFN “A5" ), ii, vii

m BELMIZ K (m-linear functional ), 318

m MR (m-linear form ), 291

m LM (m-linear map ), 319

FT - PRETIE SR RAF - 53 (Shelley, Mary Woll-
stonecraft ), 42

WS (surjective ), 52

FEBE T (nilpotent operator ), 254,271

JBEIR-22 2 Hidi ( Moore-Penrose inverse ), 185

N
PR (inner product ), 152
%S [H] (inner product space ), 154
i (inverse )
FEFER) ~, 76
ANVEBE ) ~, 69

(0]
FRJLFLAS AL ( Buclidean inner product ), 153

P

MZEFL/R1ESE S (Parseval’s identity ), 167

HE ( permutation ), 293

HEFBYFTS (sign of a permutation ), 293

J 15l [ F1E (Peabody Library ), 151
P33 ( partial differentiation operator ), 146
(i E ) ( Flatland ), 6

SEATIUHIE L (parallelogram equality ), 159
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¥ (translate ), 83

AR = 2R F 5T B ( Institute for Advanced Study ),
22

TEERE (spectral theorem ), 204, 205

Q

QR 43fi# ( QR factorization ), 220, 307

ZFSUER (singular matrix ), 76

Zr 5 (singular values ), 226, 304

ZF SES % ( singular value decomposition )
PEBRY ~ (of adjoint ), 229
i) ~ (of pseudoinverse ), 229
LEMERR ST Y ~ (of linear map ), 227

FFR L T #E 4L (homogeneous system of linear

equations ), 55, 80

5P (homogeneity ), 44

HiE A% (forward shift ), 118

Bk (ball ), 240

R

Fi Mi4e F 75 ISR ( Christina, Queen of Sweden ),
1

# M3 (Jordan basis ), 270

24 (Jordan form ), 272

S
SVD, LA S{EH 3 ( singular value decomposition )
=M%, (triangle inequality ), 102, 159, 235
7 (quotient )
~ 23[i] (space ), 84
~ WS (map ), 85
~%F (operator ), 119,128,135, 145
| =#%EF% (upper-triangular matrix ), 130—134, 220,
222,264
Ji 4t ( Schmidt pair ), 232
SR (real part ), 101
SEEE R (real spectral theorem ), 204
SZ[H) 45 (A (real vector space ), 11
H—2%iz{ ( monic polynomial ), 120
#F/REH (Schur’s theorem ), 170
XL PRAE (two-sided ideal ), 49
WMz pR (bilinear functional ), 311
PR ( bilinear form ), 280
MWL ( bilinear map ), 315
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WE X 23 [8] ( double dual space ), 99

B IL - L5 (Banach, Stefan ), 190

¥ (operator ), 112

FFHISLFHR (cube root of an operator ), 207

FFHIFHHR (square root of an operator ), 207, 209,
210, 268

T
FHEZ T3 ( characteristic polynomial ), 305
E 4538 AT ~ (on complex vector space ),
261
FFEZS[A] (eigenspace ), 137
FFfE M]3 (eigenvector ), 114
FHIEE (eigenvalue )
PEBER) ~ (of adjoint ), 200
AH Y B ~ (on  odd-dimensional
space ), 126,267, 309
HFnY ~ (of operator ), 113
LMER T BIXHEAY ~ (of dual of linear opera-
tor), 118
ZIEBFHY ~ (of unitary operator ), 218
1EBFH) ~ (of positive operator ), 209
AP T ~ (of self-adjoint operator ), 195
FHEEAYESC (multiplicity of an eigenvalue ), 260
AT (volume ), 244,305
K Ik ~ (of abox ), 244
PEAI K%L (harmonic function ), 163
[7)#) (isomorphism ), 72
[F) ¥4 1] F: %5 [8] (isomorphic vector spaces ), 72
[A] %) f 4k ( simultaneous diagonalization ), 147
[AlB 7] =4k ( simultaneously upper triangulariz-
able ), 148
E kIR (photo credits ), 322
Wisk (ellipsoid ), 240

W
B« WK1 ( Hamilton, William ), 249
WAyt (differentiation linear map ), 44,47,
50, 52,57, 59, 67, 116, 174,255
Aii % - AiJe WA I3 (Bunyakovsky, Viktor ) ,
158
24%4 ( dimension ), 37
F=3[0) Z Y ~ (of a sum of subspaces ), 39
fhigi ( pseudoinverse ), 185,208, 212, 229, 233
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TR 4k ] #2516 (infinite-dimensional vector space ),
26

>

A RAA - FE 4 (Hilbert-Schmidt norm ), 278
i RMAFFERS (Hilbert matrix ), 213

T =M ( lower-triangular matrix ), 135,222

275 ( linear transformation ), 44

£ V7 pR ( linear functional ), 88, 171

2P 75 (linear equations ), 54-55, 80

ZM:JEK (linearly independent ), 26

ZVEMISC (linearly dependent ), 27

ZEMEARCPES [FE (linear dependence lemma ), 28

ZEVEBLST (linear map ), 44

e RS FERE (adjoint of a linear map ), 191

LRMEMLETAISEEL (norm of a linear map ), 234

ML AT ( graph of a linear map ), 86

2Pk i A E B (fundamental theorem of linear

maps ), 53

ZePEm 5 BE (linear map lemma ), 45

2Pk =5 18] (linear span ), 24

2V F23 0] (linear subspace ), 15

144 (linear combination ), 23

[ (vector ), 7,10

] AY7E%L (norm of a vector ), 152, 155

[a) 523 [E] ( vector space ), 10

BIE T (skew operator ), 201, 207, 224

W - PP AEST - 454 AK ( Gershgorin, Semyon

Aronovich ), 14

M (imaginary part ), 101

Y

W - JI3E (Cayley, Arthur ), 262

WIEMZE T ( hyponormal operator ), 201

% E4ERs (unitary matrix ), 219

ZIEEF (unitary operator ), 216

—X—HY (one-to-one ), 51

f9€ - #7/K (Schur, Issai ), 170

B (onto), 52

KFER ( companion matrix ), 128

F PR 4E ) i %3 [ ( finite-dimensional vector space ) ,
25

B (field), 8

Jeél (tuple), 5

2R - L ( Gram, Jgrgen ), 168

(&R 3K

VIZ AR ) (IR )
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BT - PURZENTHY ( Sylvester, James ), 151
5K (spans), 24
s ZS B (span), 24
FKEFN (tensor product ), 312,319
FHEAT ( positive semidefinite operator ), 209
1E5E (positive definite ), 222
IEHAF (normal operator ), 197
1EAZ (orthogonal )
~ %} (complement ), 177
~ $% (projection ), 179
~ [i)E (vectors ), 156
1E%&F (positive operator ), 209
&4 (range ), 51
T ) ~, 193
T/ ~, 94
BT IR ~ (of powers of an operator ), 257
HA (directsum ), 18,35, 82
null 74™V F1 range T4V {9 ~, 251
F25[A] e HEZE# MY ~ (of a subspace and its
orthogonal complement ), 178
Tl ( principal axes ), 240
HPEEF ( self-adjoint operator ), 195
F7s[A] (subspace ), 15
F23[BIAY AT ( sum of subspaces ), 16
2H (list), 5
mlig ~ (of vectors ), 23
A KJE (length of list ), 5
= ERE (Supreme Court ), 176
/N2 5z ( minimal polynomial )
~ A% X (definition of ), 121
~ K2 Ii4% ( polynomial multiple of ), 124
~ 25 (zeros of ), 123
~ Farxt Akt (and diagonalizability ), 141
~ 50350 (and invertibility ), 125
~ 5 =% (and upper-triangular matri-
ces ), 133,170
~ 54 E£L i, (and characteristic polyno-
mial ), 262
~ [ bR fﬁlﬂﬁﬂiﬁ(/\.—t (ged with its de-
composition ), 1
~ HIJT R E I‘Eﬂ (and generalized
eigenspaces ), 266
~ 57 SCRHEZ W 43 f# (and  generalized

eigenspace decomposition ), 265
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~ S5l SCRHE A KA B (and basis of
generalized eigenvectors ), 257

PR ~ (of adjoint ), 202

YHEWSS Y ~ (of dual map ), 128

ZAUH) ~ (of complexification ), 128

P14 ~ (computing ), 122

WEETH ~ (of nilpotent operator ), 256,272

TIETH) ~ (of quotient operator ), 128

ZFRETH) ~ (of restriction operator ), 124

Jo HA43f# (no direct sum decomposition ) |,
273

FEEFEH) ~ (of companion matrix ), 128

IEMUE T ~ (of normal operator ), 202

HPEE FH) ~ (of self-adjoint operator ), 204

AF5 (coordinate ), 5
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